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Since their inception in 1979, the Linz Seminars on FuzzyT®ebry have
emphasized the development of mathematical aspects of f&tz by bringing
together researchers in fuzzy sets and established mathizms whose work
outside the fuzzy setting can provide directions for furttesearch. The philos-
ophy of the seminar has always been to keep it deliberatedll nd intimate
so that informal critical discussions remain central.

LINZ 2011 will be the 32nd seminar carrying on this traditemd is devoted
to the theme “Decision Theory: Qualitative and Quantiga#\pproaches”. The
goal of the seminar is to present and to discuss recent aglvamehe theory of
decision procedures and to concentrate on its applicatioverious areas.

A large number of highly interesting contributions were mitited for pos-
sible presentation at LINZ 2011. In order to maintain thalittanal spirit of
the Linz Seminars — no parallel sessions and enough roomigouskions —
we selected those twenty-eight submissions which, in oimiam fitted best to
the focus of this seminar. This volume contains the abstraicthis impressive
selection. These regular contributions are complemenjesixinvited plenary
talks, some of which are intended to give new ideas and irepufl®m outside
the traditional Linz Seminar community.
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Impatience and myopia through belief functions

Zaier Aouant and Alain Chateaunetif

1 College of Business and Economics
Qatar University, Doha, Qatar
aouani@qu.edu.qa
2 PSE-CES
Université Paris |, Paris, France
alain.chateauneuf@univ-parisl.fr

Abstract. Building upon Choquet’s integral representation Theorgnye char-
acterize several continuity properties of totally monet@apacities defined on
the Borel sets of a Polish spa€k in terms of the specific properties of the re-
lated o-additive Mobius transform. In the case of bounded and ovedre in-
come streams, we show that these continuity propertiesacteize myopic or
impatient behaviors of decision-makers evaluating incetreams« through the
Choquet integral ok with respect to the belief function

1 Introduction

Real-valued set functions which are not necessarily additie extensively used in de-
cision theory. According to the interpretation they mayressent a transferable utility
cooperative game or else non-additive probabilities arigfbfeinctions. These func-
tions also appear through Choquet integration as repliageteecision rules for multi-
criteria decision problems and, in particular, multi-perand choice problems.

In multi-period choice problems, the use of totally monaoapacities (belief func-
tions for short)v for ranking income streamsthrough the Choquet integral &fwith
respect tov, has been intensively proposed by several authors induitie pioneer
papers of [5] and [4]. It has also been recognized that in thentable time setting
some continuity properties of totally monotomenable to disentangle myopia from
impatience (see for instance [1], and [2]).

The purpose of this paper is to allow an extension of the pressanalyses to the
general case of possibly continuous time. Therefore thiepaainly focuses on the
characterization of several continuity properties of ltgtenonotone capacities de-
fined on the Borel sets of a Polish spdeeBuilding upon Choquet’s integral repre
sentation Theorem [3], we show that some classical cottyiqubperties are directly
connected with the characterization of the related extrbatief functions, thus pro-
viding a way to compute the desired belief functions throtlgh use of the related
o-additive Mobius transform. In particular, it will be shawhat extreme points of the
set of outer-continuous belief functions (resp. outertitmous andg-inner contin-
uous, inner-continuous) are tleefilter games (resp. unanimity games w.r.t. compact
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sets, unanimity games w.r.t. finite sets). These resultslene to derive integral rep-
resentations for belief functions satisfying the varioastuity properties. Finally we
investigate the link between different notions of intempmral myopic or impatient be-
havior and continuity properties of belief functions (wtka decision-maker evaluates
income streams through the Choquet integral with respexcbigief function).

2 Preliminaries

Let Q be a polish space. Deno®= B(Q) the g-algebra of borelian sets 61. Let ¥

be the set of all games defined Bri.e. ¥V = {v : B — R,v(0) = 0}. The termcapacity
will be used to designate elementsf 7 which aremonotoneé.e. satisfy By € B, =

v(B1) < Vv(B2)] andnormalizedi.e. satisfyv(Q) = 1. A capacityv : B — [0,1] on the
o-algebraB is calledtotally monotoneor abelief functionif v is k-monotone for all
k> 2ke Ni.e. if for every family(By,By, ...,By) € B,

k
v(Us)+ % -1V (NB)) =0 (1)
' 1L,k jed
Lemma 1. [3]
The extreme points of the set of belief functions defined omrasuanable space
(Q,B) are the filter games.

A nonempty sep of elements ofB is called dfilter if

(i) VA,Be B,[Ac p,ACB = Be p),

(i) VA,Be B,[ABe p = AnBep|.
The filterp is calledproperif 0 ¢ p. Agamev : B — {0,1} is called dilter gameif the
setp:={B e B:v(B) =1} is afilter. In this case is denotedi, whereup, is obviously
defined byup(B) = 1 if B € p, andup(B) = 0 otherwise.

A gamev € V is calledouter-continuousdf it is outer-continuous at everg € B
i.e.ifvBe B,Bhe 8,B,/B = v(Bn)rH—o>ov(B).

Agamev € V is calledG-inner-continuous at & G := {open setsif G, € G,Gn 1
G = V(Gn)r:w(G).

3 Some results

Proposition 1. The setextBel, := {“extreme” outer-continuous belief functiohds
the set of filter gamesguwhere p is a proper filter closed under countable intersec-
tion.

Denote byz, thec-algebra on ex@ek, generated by the familf8: B € B,B # 0},
whereB = {up € extBek, : B € p}.

Theorem 1. For every outer-continuous belief function v there existsadditive mea-
sure | on X, such that for all Be B,

v(B) = /extBe|E0 U(B) dhi(U) = w(B). ()
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Conversely, given a-additive measure [ 0By, the expression above defines an outer-
continuous belief function oB.

Proposition 2. The set

extBek, ; := {"extreme” outer-continuous and;-inner-continuous belief functiohs
is the set of unanimity gameg tor some nonempty compact subset Kotk (B) = 1
if B 2 K, uk (B) = 0 otherwise.

Denote byz, ; theo-algebra on eBeIEO‘G generated by the familf8: B ¢ B,B +#
0}, whereB = {uk : K compactd # K C B}.

Theorem 2. For every outer-continous ang@-inner-continuous belief function v there
exists ao-additive measureonz, ; such that for all Be 3,

v(B) = /eXtBeIEO‘(J, u(B) duy(u) = pv({uK : K compact0 # K C B}). (3)

Conversely, given @-additive measure | o, g, the expression above defines an
outer-continuous and;-inner-continuous belief function aB.

4 Myopia and impatience in continuous time(Q =R )

L*(Q) is the set of bounded real-valued measurable function€omB) with B the

set of borelians of). Interpretx € L*(Q) as a continuous stream of incomes. ket
be a weak order obh” representable by a Choquet integral w.r.t. a belief fumction

(Q,B).

Definition 1. = is myopic if for every B By € B such that B | 0, then for every y €
L*, ce R: x >y implies x- y+ ¢ 1g, for n large enough.

Theorem 3. 7 is myopic if and only if v is outer-continuous.

Definition 2. - is impatient if for every x L®, and for everye > 0, there exists a time
To(x,€) :=To € Ry such thatvT > To @ (X+ €)1 1] > X.

Theorem 4. v is G-inner-continuous—>- - is impatient.
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Cooperative games with a
hierarchically structured player set

René van den Brink

Department of Econometrics and Tinbergen Institute
VU University, Amsterdam, The Netherlands
jrbrink@feweb.vu.nl

Abstract. A situation in which a finite set of playef$ C N can generate certain
payoffs by cooperation can be described lmpaperative game with transferable
utility (or simply a TU-game), being a pail,v) wherev: 2N — R is acharac-
teristic functionon N satisfyingv(0) = 0. For anycoalition SC N, v(S) ¢ R is
theworth of coalition S, i.e. the members of coalitiogBcan obtain a total payoff
of v(S) by agreeing to cooperate.

In a TU-gamg N, v) there are no restrictions on the cooperation possibilifebe
players, i.e. every coalitioBC N is feasible and can generate its worth. Various models
with restrictions on coalition formation are discussedhe literature. One of the first
game theoretic models with cooperation restrictions agdimes in coalition structure
in which the set of players is partitioned into disjoint s@tsch represent social groups
such that for a particular player it is more easy to coopendtte players in its own
group than to cooperate with players in other groups. Arratiedel in which there are
restrictions on the possibilities of cooperation are ghenes with limited communica-
tion structurewhere the edges of an undirected graph on the set of playenssent
binary communication links between the players such treteyk can cooperate if and
only if they are connected. A coalition that is not conneatad only earn the sum of
the worths of its maximally connected subsets or components

Games with a permission structure

In this presentation we mainly focus on models of restricteoperation where the re-
strictions arise because the players belong to some higcatcstructure. One of the
first models in this class are tigames with a permission structundich describe situ-
ations in which the players in a TU-game are part of a hieiaatlorganization, refered

to as gpermission structuresuch that there are players that need permission from other
players before they are allowed to cooperate. Thus, thelplitsss of coalition forma-
tion are determined by the positions of the players in thengsion structure. Various
assumptions can be made about how a permission structectsaffie cooperation pos-
sibilities. In theconjunctive approaclit is assumed that every player needs permission
from all its predecessors before it is allowed to cooperate. Comseiyua coalition is
feasible if and only if for every player in the coalition it ldg that all its predecessors
belong to the coalition. Alternatively, in thdisjunctive approacit is assumed that ev-
ery player needs permission frahleast oneof its predecessors (if it has any) before it
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is allowed to cooperate with other players. This means tleagéition is feasible if and
only if every player in the coalition (who has at least onedgeessor in the permission
structure) has at least one predecessor who also belors ¢coalition.

By union closedness of the set of feasible coalitions, egeafition has a unique
largest feasible subset. To take account of the limited ecadfon possibilities, for every
game with a permission structure a restricted game is defitnéch assigns to every
coalition the worth of its largest feasible subcoalitiorthie original game. The disjunc-
tive and conjunctive approach yield different restricteangs. Asolutionfor games
with a permission structure is a function that assigns tayesach a game a payoff
distribution over the individual players. Applying knownlstions for TU-games to the
restricted games yields solutions for games with a permpnissiructure. For example,
applying theShapley valugo the conjunctive, respectively disjunctive, restricgeane,
yields thedisjunctiveandconjunctive Shapley permission valu&gmilar, one can ap-
ply the Banzhaf valueNucleolusor any other solution to the two restricted games. In
this presentation we discuss comparable axiomatizatibtiseo(conjunctive and dis-
junctive) Shapley- and Banzhaf permission values.

Some related models of restricted cooperation

After discussing several solutions for games with a periarisstructure, we mention
some other (more general or specific) models and applicatidriirst generalization
concerns games where the set of feasible coalitions anéimatroid i.e. sets of fea-
sible coalitions that contain the empty set and areclfdsed under uniot, i.e. the
union of every pair of feasible coalitions is also feasip&)d (ii) accessiblg,i.e. for
every feasible coalition there is a player such that withbig player the coalition is
still feasible). Further, the sets of feasible coalitionattcan be the set of conjunctive
feasible coalitions of some permission structure are dtaraed as those antimatroids
that areclosed under intersectiolhe sets of feasible coalitions that can be the set of
disjunctive feasible coalitions of some permission stitetare characterized as those
antimatroids that satisfy the so-callpdth property An example of antimatroids that
cannot be obtained from permission structures are thebieasoalitions inordered
partition votingwhere there is an ordered partition of the player set, suattthacti-
vate players in a particular level, a qualified majority apyad in every higher level is
necessary.

Compared to the properties that define an antimatroid, ritstout that the sets of
connected coalitions of players in an undirected (comnatitin) graph are character-
ized by a weaker union property, but stronger accessilglibperty. The weaker union
property isunion stability(, i.e. the union of every pair of feasible coalitions that ar
not disjoint is also feasible). The stronger accessibjityperty is2-accessibility(, i.e.
for every feasible coalition there are at least two playachghat without any of these
two players the remaining coalition is still feasible). Adgladditional properties char-
acterize special subclasses of undirected graphs. Forpeaadding closedness under
intersection yields the sets of connected coalitions ofesoycle-complete graph.

A further generalization of games on antimatroids are gawits restricted co-
operation where the set of feasible coalitions can be angfggiayers that is closed

15



under union. An example which is not an antimatroid im@jority cooperation situa-
tion where the player set is partitioned in a coalition structueh that a coalition is
feasible if, whenever it contains a player from an elemenhefpartition, it contains a
(qualified) majority of the players of that element.

Looking at applications of games with a permission strugtitris useful to know
thatpeer group gameare a special subclass of games with a permission strudiore.
be specific, a game with a permission structure is a peer gyaoye if and only if the
permission structure is a rooted tree and the game is aédjtive. every player has a
weight, and the worth that can be generated by any coalifiptegers is just the sum
of the weights of the players in the coalition). Although &dtfsight this seems a narrow
class of games, it contains many applications such as augdimes, dual airport games
and polluted river games. Another class of applicationshéearchically structured
firms where the permission structure is a rooted tree, and the gameonvex game
defined on the ‘lowest level’ of the hierarchy (, i.e. the @eg/that have no successor).

Finally, we mention that peer group games are also a spdakd of the so-called
(weighted)digraph gamesin these games every player has a weight, but to earn that
weight it needs all its direct predecessors. A digraph ganaepieer group game if and
only if the digraph is transitive.

Acknowledgements. This presentation is based on joint works with the following

thors: Rob Gilles, Guillermo Owen (games with a permissimacsure), Encarna Al-
gaba, Mario Bilbao, Andres Jiménez-Losada (games on atriiiads), Peter Borm (di-
graph games), llya Katsev and Gerard van der Laan (gamesion closed systems).
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Overlap functions, ignorance functions and bi-entropic
functions in pairwise comparisons

Humberto Bustince, Javier Fernandez, Edurne Barrenéched Radko Mesiar

1 Department of Automatica y Computacion
Universidad Publica de Navarra, Pamplona, Spain
{bustince, fcojavier.fernandez, edurne.barrenechea}@unavarra.es
2 Department of Mathematics and Descriptive Geometry
Slovak University of Technology, Bratislava, Slovakia
mesiar@math. sk

In the literature, two main approaches can be found to dehlpveferences, which
can probably be considered the most natural ways of corisgleuch a problem. The
first approach evaluates its preference individually, reigas of which the other pref-
erences are. The second approach compares preferences totlear. This latter ap-
proach makes use of binary relations in order to expresemmetes in a qualitative
way.

Recently, some methods based on pairwise comparison adrprefes have been
proved to be useful for problems of classification in the fieldnachine learning. In
particular, Hullermeier and Brinker([3]) propose a metffior learning fuzzy preference
relations that can be used to solve multi-class classifingiroblems. This method is
based on the use of t-norms and negations to model concegtsasuncomparability
or indifference.

In this talk we propose a different functional approach taleldhese two key con-
cepts. The new approach is based on the concepts of ovenletiou([2]) and ignorance
function ([1]). Overlap functions provide an analyticabtdo measure up to what ex-
tent a given element can be considered to be part of two diffelasses. This is clearly
connected to having data that simultaneously support tfferdnt alternatives. Over-
lap functions can be seen as way of generalizing t-normsiptivious modeling, by,
in particular, dropping out associativity (although we feeed to impose positivity).
Since associativity is not crucial for the constructionradifference relations, overlap
functions allow to model this sort of relations. Neverthslealthough some of the most
common used t-norms (including the minimum) are part of hescof overlap func-
tions, there are t-norms that are not overlap functions dsaseverlap functions that
are not t-norms. Hence we are dealing with a class of funstibffierent from that of
the t-norms.

On the other hand, ignorance functions measure in an acallytiay the lack of
information that an expert suffers when trying to deternifrsegiven element belongs
to one class or another. This can also be seen as linked tmm&sdence, in the sense
that data do not support neither one nor the other alteendtivthis sense, ignorance
functions allow to build in a different way incomparabilitylations that do include but
are not restricted to those given in terms of t-norms and ticega
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Finally we introduce in this talk the concept of bi-entrofiiciction as a unifying
frame for the previous concepts. Bi-entropic functions lsamunderstood as a measure
of non-information, or as an extension of the concept ofagytiwhen dealing with a
preference comparison problem. Both overlap functionsigndrance functions can
be recovered in a functional way from bi-entropic functio@enversely, if appropriate
overlap and ignorance functions are known that fit well foivaiy problem, they can be
used to build a bi-entropic function that in some sense epesses both of them. In this
way, we are able to provide a theoretical framework whichiffeignt from the usual
one to represent indifference and incomparability, tottieem as analytical concepts,
to link the techniques that make use of these two concepectmiques that are used
in other fields, and to derive different properties intaatielg all these concepts.

Acknowledgments H. Bustince, J. Fernandez and E. Barrenechea have beenrsgpo

by Spanish Ministry of Science, Project TIN2010-15055. RshMr has been supported
by grant APVV-0012-07.
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Grouping functions for fuzzy modeling of pairwise
comparisons

Humberto Bustince, Miguel PagdleRadko Mesiat, Eyke Hullermeiet, and
Francisco Herrefa

1 Department of Automatica y Computacion
Universidad Publica de Navarra, Pamplona, Spain
{bustince, fcojavier.fernandez, miguel.pagola}@unavarra.es
2 Department of Mathematics and Descriptive Geometry
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A widely used approach dealing with preferences is to canrpairwise compar-
isons in order to build a binary relation that allows to exgsréhe preferences in a
qualitative way. Recently, some methods based on pairwasgparison of decision
alternatives have been used for problems of classificatiding field of machine learn-
ing. In particular, Hullermeier and Brinker([3]) propaka method for learning fuzzy
preference relations from data that can be used to solve-otadis classification prob-
lems. This method makes use of the so-called indifferendeircomparability rela-
tions, which are a very suitable tool to represent, respalgtitwo different types of
uncertainty when it comes to predicting the class of a newaim®: conflict, which
appears if data provide evidence supporting simultangdbsl two considered alter-
natives and ignorance, if none of them is supported by ddtasd two concepts are
usually modeled by means of very well-known operators astas and negations. For
instance, an indifferendebetween alternative and alternative is usually built from
a weak preference relatidhas follows :

I =T (R(X, % ), RO, X))

with T a t-norm. On the other hand, incomparabillthetween alternative and alter-
nativex; is modeled by means of a t-noffnand a negatioil in this way:

Ik = T(N(R(X,% ), N(R(X, X«))) -

In this talk we propose a different analytical approachtdad of modeling the amount
of evidence supporting simultaneously both preferencesintvoduce the concept of
grouping function, that is, a symmetric, non-decreasirgy@ntinuous mappinGg :

[0,1]2 — [0, 1] that vanishes only at the poif@, 0) and that takes the value 1 if and only
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if one of its inputs is equal to one, as a functional measutb®fmount of data that
supports either one of the alternatives or the other. Fatigwhis line of reasoning, it
can be related to the concept of overlap function (see [Iduah a way that we arrive at
a theoretical framework for fuzzy modeling of pairwise caripon that allows a new
mathematical description of the concepts of indifferenue iacomparability, different
from the one in terms of t-norms, but that also recovers thetrimoportant cases of
the latter approach (in particular, the modeling by using thinimum t-norm). We
will explain in the talk also the conceptual motivation bahthis new approach, that
allows to connect preference problems with other fields sischmage processing. In
particular, also the way in which the concept of strict prefeee can be rewritten in
terms of grouping functions will be explained in the talk.

The efficiency of the new approach is proved by applying itparticular case of
the decision rule proposed in the context of multi-classsifecation by the authors of

[2]:

1 Ni
Xselection= &rg Ma¥c (1 . ny Pa—5la+ Ji

1<1%ken 2 Nk + N;
wherePy, denotes the strict preferencexgfoverx andNg is the number of training
examples belonging to clasg. This formula is nothing but a generalization of the
well-known weighted voting but it accepts further genezatiion in terms of grouping
functions.

Acknowledgments. H. Bustince and M. Pagola have been supported by Spanish Min-
istry of Science, Project TIN2010-15055. R. Mesiar has lsegported by grant APV V-
0012-07.
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Determinization of hondeterministic finite automata is dlvetaborated problem
that plays an important role in text processing, naturajleage processing, compiler
theory, system verification and testing, and many othersaséaomputer science, but
also in fields outside of computer science like moleculafdgp. The standard deter-
minization algorithm, known asubset constructioar powerset constructigrconverts
a nondeterministic automaton withstates into an equivalent deterministic automaton
with up to 2" states. Although in the worst case subset constructionlyial deter-
ministic automaton that is exponentially larger than thmitmondeterministic automa-
ton, which sometimes makes the construction impracticaldige nondeterministic
automata, this determinization algorithm is renownedt®gbod performance in prac-
tice.

Determinization of a fuzzy finite automaton is considererkhas a procedure of
its conversion into an equivalestisp-deterministic fuzzy automatowhich can be
viewed as being deterministic with possibly infinitely mastgites, but with fuzziness
(vagueness) concentrated only in final states. This kindetérdhinism was first stud-
ied in [2], for fuzzy finite automata over a complete disttibe lattice, and in [16], for
fuzzy finite automata over a lattice-ordered monoid, whadhslgorithms were given
which generalize the subset construction. Another allgaritprovided in [9], is also a
generalization of the subset construction and for any iitmenerates a smaller crisp-
deterministic fuzzy automaton than the algorithms froni g}, This crisp-deterministic
fuzzy automaton can be alternatively constructed by mettiedNerode right congru-
ence of the original fuzzy automaton, and it was called ir] {h® Nerode automaton
of this fuzzy automaton. The Nerode automaton was consflnt[9] for fuzzy finite
automata over a complete residuated lattice, but it wagdrtbtg the same construction
can be also applied to fuzzy finite automata over a lattickz@d monoid, and more-
over, to weighted finite automata over a semiring. Neroderaata and some their
improvements were recently studied within the frameworlweighted finite automata
over strong bimonoids [7, 11]. Note that strong bimonoidsleaviewed as a semirings
which might lack distributivity and include both semiringisd lattices.

The above-mentioned determinization methods give cretprehinistic fuzzy au-
tomata which are equivalent to the original fuzzy automatanfthe aspect of recog-
nition of fuzzy languages. However, in addition to the futagyguage recognized by
a fuzzy automaton, there are also other important typeszzyflanguages associated
with fuzzy automata. For instance, fuzzy languages geeefat fuzzy automata play a
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very important role in the theory of fuzzy discrete-everdtsyns. These languages can
not be represented by means of crisp-deterministic fuztonaata, because they require
to keep fuzziness not only in the final state, but also in &lkostates. Here we introduce
a general definition of an automaton with fuzzy states, drippts, and the transition
function which acts deterministically on fuzzy states andinputs. Such an auto-
maton is called just anutomaton with fuzzy stateéd/e show that an automaton with
fuzzy states can be easily constructed starting from artrarpicrisp-deterministic
fuzzy automaton, and these two automata recognize the samg fanguage. On the
other hand, considering fuzzy states as crisp singletaesy eutomaton with fuzzy
states can be transformed into a crisp-deterministic fazzgmaton. We also show that
two important types of crisp-deterministic fuzzy automeda be regarded as automata
with fuzzy states. First, we show that Nerode automata catohsidered as automata
with fuzzy states, and we prove that they are equivalentdémtiginal fuzzy automata
both from the aspects of recognition and generation of fuamguages. Another im-
portant example of automata with fuzzy states isdpévative automatomssociated
with a fuzzy language. It was introduced in [10], and it wasved that it is a unique
(up to an isomorphism) minimal crisp-deterministic fuzayt@maton recognizing the
given fuzzy language. Here we prove that the derivativeraaton can also be consid-
ered as an automaton with fuzzy states, that it is a minimalaaton with fuzzy states
which recognizes the given fuzzy language, and that it geasithe prefix-closure of
this fuzzy language.

In the modeling of fuzzy discrete-event systems, in [3, 428] the classical fuzzy
automata were used, but in [5,14,17-20,23, 24] fuzzy diseeent systems were
modeled using automata with fuzzy states and fuzzy evertsrenfuzzy events are
given by fuzzy matrices associated with input letters. €Hagzy matrices represent de-
grees to which inputs cause transitions between crispsstatel consequently, this kind
of automata with fuzzy states is nothing but Nerode autommftazzy automata. Here
we determine necessary and sufficient conditions undertvwari@automaton with fuzzy
states can be represented as the Nerode automaton of sayafiuamaton. They are
given in terms of solvability of some particular linear srsis of fuzzy relation equa-
tions. We provide an example of a finite automaton with fuzayes which can not be
represented as the Nerode automaton of some fuzzy autonvéeoaso show that au-
tomata with fuzzy states are computationally more poweinfah the fuzzy automata, in
the sense that they generate a larger class of fuzzy languaggther words, we prove
that every fuzzy language generated by a fuzzy automatorefslosed, that every
prefix-closed fuzzy language is generated by an automattimfuzzy states, and that
there are fuzzy languages that are generated by autométduaity states but are not
prefix-closed. However, this is not true if we require auttara be finite, since we can
provide an example of a fuzzy language which is generatedzzy finite automaton,
but it can not be generated by a finite automaton with fuzzgsta

It is well known that fuzzy automata are the basis for the wtfdnultistage fuzzy
decision processes, which was initiated in [1] (see alsp2215]). The automata in-
volved are automata with fuzzy states, fuzzy inputs (regoresd by fuzzy subsets of the
input alphabet), and the transition function which actedatnistically on fuzzy states
and fuzzy inputs. Fuzzy inputs are used to represent fuzagtaints, whereas fuzzy
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goals are represented by fuzzy states. Here we also corsidkera model of fuzzy
automata, its semantics, and relationships with other tsoBepecially, we discuss re-
lationships with the above-mentioned model of automata Wizzy states and fuzzy
events, which was proposed in [19] as the best way to build BF-Becision model. It
is worth noting that such a FDES decision model was applid % to HIV/AIDS
treatment planning.

Acknowledgment. Research supported by Ministry of Science and TechnolbDiea
velopment, Republic of Serbia, Grant No. 174013
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Abstract. We briefly survey earlier and recent results concerning titge gap of
functions, and present an explicit classification of aggtieg functions accord-
ing to their arity gap which is shown to be either 1 or 2.

1 Introduction

The process of merging or combining sets of values (ofteln/edaes) into a single one
is usually achieved by so-called aggregation functionsidllg an aggregation func-
tion on a closed real intervéd, b] C R is a mappingM : [a,b]" — [a,b] which is order-
preserving and fulfills the boundary conditiokKa,...,a) = a andM(b,...,b) = b.
Classical examples of aggregation functions include weigfarithmetic means (dis-
crete versions of Lebesgue integrals), as well as certamaddlitive fuzzy integrals
such as the Choquet integral [3] and the Sugeno integrallBl5For general back-
ground, see [1, 11] and for a recent reference, see [10].

In this paper, we study the arity gap of order-preservingfioms, in particular, of
aggregation functions. Loosely speaking, the arity gap bfretion f measures the
minimum decrease in the number of essential variables whsenéal variables of
are identified.

Let A andB be arbitrary nonempty sets. finction of several variables from A to
Bis a mapf: A" — B for some integen > 1 called thearity of f. If A= B, then we
speak ofoperations on AOperations on the two-element & 1} are calledBoolean
functions.

We say that thé-th variable off : A" — B (1 <i < n) is essentialjf there existn-
tuples(ay,...,&-1,&,&+1,.-..,an),(a1,...,&-1,8,8+1,--.,a) € A" that only differ
in thei-th position, such that

f(alv"'aaiflaaivai+la"'7an) ?é f(al,.--,aifl,ai/,aj+l,---,an).

If the i-th variable off is not essential, then we say that itnessentialThe number of
essential variables df is called theessential arityof f and it is denoted by eds
Fori,j € {1,...,n},i # |, the functionfi_; : A" — B given by the rule

ficj(ay,...,an) = f(ay,...,8-1,aj,8+1,...,an),

for all a3,...,ay € A, is called avariable identification minoof f, obtained by iden-
tifying the i-th variable with thej-th variable. Note that théth variable offi_; is
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necessarily inessential. Two functiohandg are said to bequivalentdenotedf = g,
if each one can be obtained from the other by permutation mdlbkes and addition or
deletion of inessential variables. ClearlyfiE g, then es$ = es9.

Thearity gapof f: A" — B (essf > 2) is gapf := min;j(essf — essfij), where
i andj range over the set of indices of essential variablek dfote that, by definition,
1 < gapf < essf. Moreover, iff = g, then gagd = gapg.

Example 1.Let F be an arbitrary field. Consider the polynomial functibnF3 — F
induced byxiXs — Xox3. It is clear that all variables of are essential, i.e., efs=
3. Looking at the various variable identification minors fofve see that eds, > =
essfy, 1 =0 and es$;, 3 = essfs, 1 = essfy,_ 3 = essfz, » = 2. Hence gap = 1.

Example 2.LetAbe afinite set witlk > 2 elements, sap={1,... ,k}.Letf: A" A
2 < n <Kk, be given by the rulef(ay,...,an) is 2 if (a1,...,an) = (1,...,n), and 1
otherwise. It is easy to see that all variablesfodre essential, and for dll# j, the
function fi_; is identically 1. Hence gap=n.

As shown by the examples above, every positive integer istiye gap of some
function of several variables. Are all positive integersgible as the arity gaps of func-
tions of several variables from to B for a fixed domainA and codomairB? Does
the size of the domain or the codomain have any influence oeethef possible arity
gaps? Or even, could one hope to classify functions acogtditheir arity gap? These
questions have been raised and studied by several authors.

Salomaa [14] showed that the arity gap of any Boolean fundi@at most 2. This
result was extended to functions defined on arbitrary finimains by Willard [17],
who showed that the same upper bound holds for the arity gapyofunctionf : A" —

B, provided that es6= n > max(JA|, 3). In fact, he showed that if the arity gap of such
a functionf is 2, thenf is totally symmetric. This line of research culminated into
a complete classification of functions according to theilyagap originally presented
in [5] in the setting of functions with finite domains; in [A]\Wwas observed that this
result holds for functions with arbitrary, possibly infimilomains.

Salomaa’s [14] result on the upper bound for the arity gapaafiBan functions was
strengthened in [4], where Boolean functions were compyleassified according to
their arity gap. Using tools provided by Berman and Kisigtaw2] and Willard [17],
in [5] a similar explicit classification was established &rpseudo-Boolean functions,
i.e., functionsf: {0,1}" — R. As it turns out, this leads to analogous classifications
of wider classes of functions. In [6], this result on pse®tmwlean functions was the
key step in showing that among polynomial functions of badhdistributive lattices
(in particular, Sugeno integrals) only truncated ternagdrans (ternary medians, re-
spectively) have arity gap 2; all the others have arity gagsing similar techniques,
[8] presented explicit descriptions of the arity gap of walbwn extensions of pseudo-
Boolean functions to the whole real line, namely, Owen anddsa extensions. As the
latter subsume Choquet integrals, a complete classificafi€hoquet integrals accord-
ing to their arity gap was also attained.

Both the Sugeno and Choquet integrals constitute parti@damples of aggre-
gation functions. Thus, it is natural to ask for extensiohthese descriptions of the
arity gap of aggregation functions. This question was a®rsid and answered in [8]
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via a dichotomy theorem which completely classified the ppieserving functions
f: A" — B, for “bidirected” partially ordered set andB, into those with arity gap 1
and those with arity gap 2.

In this paper, we present a corollary to this result wherrictst to the case of
chainsA and B, which explicitly describes those order-preserving fiord that have
arity gap 1 and those that have arity gap 2. As a by-producthwairo similar descrip-
tions for the class of aggregation functions, in particuarthe classes of Sugeno and
Choquet integrals.

2 The arity gap of order-preserving functions

Let A andB be chains (totally ordered sets). A functibn A" — B is said to beorder-
preservingif for all a,b € A", f(a) <g f(b) whenever <a b, wherea < b denotes
the componentwise ordering of tuples. An example is theatgrmedian function med
given by meda,b,c) := (aAb) Vv (anc)Vv (bAac)=(avb)A(avc)A(bvec). The
following result provides an explicit classification of erdpreserving functions (on
chains) according to their arity gap.

Theorem 1 ([8]).Let A and B be chains, and: fA" — B be an order-preserving func-
tion. Thengapf = 2 if and only if n= 3 and f = medh(x1),h(x2),h(x3)) for some
nonconstant order-preserving unary functionh— B (heremeddenotes the median
function onimh). Otherwisegapf = 1.

Choquet and Sugeno integrals are usually defined in termestafic set functions. A
fuzzy measuren [n] = {1,...,n} is any order-preserving map 2I" — [0, 1] satisfying
v(0) = 0 andv([n]) = 1. TheChoquet integrabf x € R" with respect tov is defined by

G(x) = Z]X(i) (V(AG) = V(Aiz1)) 1)

where(-) indicates the permutation dn| such thak ) < X < -+ < X, andA;) =
{(i),...,(n)} andA, 1) = 0. As it turns out [12], Choquet integrals coincide exactly
with the Lovasz extensions of those order-preserving gadioolean functions that
fulfill f(c,...,c)=cforce {0,1};infact, from (1) it follows that Choquet integrals are
idempotent, i.e.f(c,...,c) = cforc € R. As an immediate consequence of Theorem 1,
we get an explicit description of Choquet integrals withyagiap 2.

Corollary 1. A Choquet integral f R" — R has arity gap2 if and only if
f=AX2)+ (XIAX3) + (X2 AX3) — 2 (X1 AX2 A X3).

Any other Choquet integral has arity gdp

Proof. Clearly, the condition is sufficient. To see that it is alscessary just observe

that the functiorh given by Theorem 1 must be the identity function since Chbque
integrals are idempotent.
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As observed in [9, 13], a convenient way to introduce Sugsetegrals is via lattice
polynomial functions, that is, functions which can be ob¢ai as compositions of the
lattice operations and variables (projections) and caontst&ugeno integrals can then
be viewed as idempotent lattice polynomial functions. ThysTheorem 1, we also
have the following explicit classification of Sugeno intaigraccording to their arity

gap.

Corollary 2. A Sugeno integral f A" — A on a chain A has arity gap if and only if
f = medxy, x2,X%3). Any other Sugeno integral has arity gap
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Abstract. Three important properties in aggregation theory are tiyat®d, namely
horizontal min-additivity, horizontal max-additivitynd comonotonic additivity,
which are defined by certain relaxations of the Cauchy fonetiequation in sev-
eral variables. We show that these properties are equivatehwe completely
describe the functions characterized by them. By addinges@gularity condi-
tions, these functions coincide with the Lovasz extersi@nishing at the origin,
which subsume the discrete Choquet integrals.

1 Introduction

A noteworthy aggregation function is the so-called disef&thoquet integral, which has
been widely investigated in aggregation theory, due to @ayrapplications for instance
in decision making. A convenient way to introduce the dige@hoquet integral is via
the concept of Lovasz extension. Arplace Lovasz extension is a continuous function
f: R" — R whose restriction to each of tmésubdomains

Rg={Xx=(X1,-...%) ER":X501) < <X} (0ES)

is an affine function, wher8, denotes the set of permutationsoh= {1,...,n}. An
n-place Choquet integral is simply a nondecreasing (in eatkable)n-place Lovasz
extension which vanishes at the origin. For general backgtpsee [5§5.4].

In this paper we investigate three properties of the disgCébquet integral, namely,
comonotonic additivity, horizontal min-additivity, andtizontal max-additivity. After
recalling the definitions of Lovasz extensions and discf@hoquet integrals (Section
2), we show that the three properties above are actuallywelgmt. We describe the
function class axiomatized by these properties and we shatvip to certain regularity
conditions (based on those we usually add to the Cauchyifuradtequation to get
linear solutions only), these properties completely cti@r@ze thosen-place Lovasz
extensions which vanish at the origin. Nondecreasing nanmiaity is then added to
characterize the class nfplace Choquet integrals (Section 3).

We employ the following notation throughout the paper. Ret= [0,c[ andR_ =
]—00,0]. For everyA C [n], the symbolls denotes the-tuple whosdth component is
1,ifi € A, and 0, otherwise. Let alsb—= 1y and0 = 1. The symbols\ andV denote
the minimum and maximum functions, respectively. For evanction f : R" — R,
we define its diagonal sectidn : R — R by 6¢(x) = f(x1). More generally, for every
A C [n], we define the functiod?: R — R by &(x) = f(x1a).

29



It is important to notice that comonotonic additivity as vat horizontal min-
additivity and horizontal max-additivity extend the cliass additivity property defined
by the Cauchy functional equation fosplace functions

fx+x)=fx)+f(xX)  (x,X eR"). (1)

In this regard, recall that the general solutibnR" — R of the Cauchy equation (1) is
given by f(x) = Y¢_; fk(%), where thefi: R — R (k € [n]) are arbitrary solutions of
the basic Cauchy equatidp(x+Xx') = fi(x) + fk(X') (see [152—4]). If fy is continuous

at a point or monotonic or Lebesgue measurable or boundeddre side on a set of
positive measure, thefy is necessarily a linear function ([1]).

2 Lovasz extensions

Consider gpseudo-Boolean functiothat is, a functiorp: {0,1}" — R, and define the
set functionvy: 2 R by vp(A) = @(1a) for everyA C [n]. Hammer and Rudeanu [6]
showed that such a function has a unique representation attiblrmaar polynomial of
n variables

@) = 3 2lA) [
AC[n] i€
where the set functioa,: 2N — R, called theMobius transformof vy, is defined by

ag(A) = BZA(—l)‘AHB‘V(p(B)-

ThelLovasz extensionf a pseudo-Boolean functiam {0,1}" — R is the function
fo: R" — R whose restriction to each subdomdtf (o € S,) is the unique affine
function which agrees witlp at then+ 1 vertices of then-simplex[0,1]"NRY] (see [7,
9]). We then havey| (g 13n = @.

It can be shown (see [85.4.2]) that the Lovasz extension of a pseudo-Boolean
function @: {0,1}" — R is the continuous functiofiip(X) = ¥ ac|n 8(A) AicaXi- Its
restriction toRj is the affine function

fo(X) = (1*Xc(n))(P(0)+Xo<1)th(Ag(1))+;(Xc(i) — X)) Vo(AS(),  (2)

whereAl;(i) = {a(i),...,a(n)}. We say that a functioh: R" — R is aLovasz extension
if there is a pseudo-Boolean functign {0,1}" — R such thatf = f,.

An n-placeChoquet integrais a nondecreasing Lovasz extensfgn R" — R such
that f4(0) = 0. Itis easy to see that a Lovasz extensforR" — R is ann-place Cho-
quet integral if and only if its underlying pseudo-Booleandtiong = f|;q 130 is non-
decreasing and vanishes at the origin (se€$%4]).
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3 Axiomatizations of Lovasz extensions and discrete Choquet
integrals

Two n-tuplesx,x’ € R" are said to becomonotonidf there existso € S, such that
x,x" € RE. A function f: R" — R is said to becomonotonically additivé, for every
comonotoniar-tuplesx,x’ € R", we have

f(x+x)=f(x)+ f(X). (3)

Givenx € R"andc € R, let [x]c = x —xAcand[x]¢ = x —x V c. We say that a function
f:R"—Ris

— horizontally min-additivef, for everyx € R" and everyc € R, we have

f(x) = f(xAc)+ f([X]c)- 4)
— horizontally max-additivé, for everyx € R" and evenyc € R, we have

f(x) = f(xve)+ f([x]°). (5)

We now describe the function classes axiomatized by thes@toperties. To this
extent, we Ietﬂé(i) ={0(1),...,0(i)}.

Theorem 1. A function f: R" — R is horizontally min-additive if and only if there
exists g R" — R, with 8; and &|r, additive for every A [n], such that, for every
gES,

n 1o
f(X) = 8g(Xo(1)) + _%59%(') (Xa(i) = Xo(i-1))  (XE€RG). (6)
=
In this case, we can choosegf.

Theorem 2. A function f: R" — R is horizontally max-additive if and only if there
exists h R" — R, with o, and 5@|K additive for every AC [n], such that, for every

ogeS,
" Akl) \
f(X) = 3n(Xo(n)) + Z O (Xo(i) = Xo(i+1) (X ERG).
=
In this case, we can choose-hf.

Using Theorems 1 and 2, one can show that each of the two mbaizadditivity
properties is equivalent to comonotonic additivity. Thusave the following result.

Theorem 3. For any function f R" — R, the following assertions are equivalent.

(i) fis comonotonically additive.
(ii) f is horizontally min-additive.
(i) f is horizontally max-additive.

If any of these conditions is fulfilled, thép, }|r, , andd}|r  are additivey A C [n].
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We now axiomatize the class ofplace Lovasz extensions. To this extent, a function
f: R" — R is said to bepositively homogeneous of degree d@iné(cx) = c f(x) for
everyx € R" and everyc > 0.

Theorem 4. Let f: R" — R be a function and letgf= f — f(0). Then f is a Lo&sz
extension if and only if the following conditions hold:

(i) fo is comonotonically additive or horizontally min-additiee horizontally max-
additive.

(i) Each of the mapay, andES/f*OhR+ (A C[n]) is continuous at a point or monotonic or
Lebesgue measurable or bounded from one side on a set af/pasitasure.

The sefR. can be replaced bR_ in (ii). Condition(ii) holds whenever Conditiofi)
holds and&;\o is positively homogeneous of degree one for evety[A.

Remark 1.(a) Since any Lovasz extension vanishing at the origin stpely homo-
geneous of degree one, Conditigi of Theorem 4 can be replaced by the stronger
condition: fp is positively homogeneous of degree one.

(b) Axiomatizations of the class ofplace Choquet integrals can be immediately de-
rived from Theorem 4 by adding nondecreasing monotoniSitpilar axiomatiza-
tions using comonotone additivity (resp. horizontal médiivity) were obtained
by de Campos and Bolafios [3] (resp. by Benvenuti et ak43]).

(c) The concept of comonotonic additivity appeared first @ll&cherie [4] and then in
Schmeidler [8]. The concept of horizontal min-additivitgsyreviously considered
by éipoé [10] and then by Benvenuti et al. j2..3] where it was called “horizontal
additivity”.
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A multivalued relatioramong set# andB is any function fromA x Bto V, where
V is a set of values withV| > 2. If B = A we talk about a multivalued relation on
A. The most studied type of multivalued relations frzzy relationsin Zadeh'’s origi-
nal definition of a fuzzy relation [11] values were taken frtma real unit intervalo, 1],
whereas Goguen [7] proposed the study of fuzzy sets andomdatvith values in an
arbitrary lattice. Another important type of multivalueglations are multivalued rela-
tions among finite sets with values in a field, ring, or a semgiriThey are well known
asmatrices

Distributive lattices and related lattice-ordered stoves, such as residuated lat-
tices, lattice-ordered monoids and others, represent aallert framework for the
study of multivalued relations. Namely, ordering and darggood properties of these
structures, such as idempotency of the supremum and dititlp of the infimum or
multiplication over the supremum, enable many importaopprties of the classical
two-valued relations to be transferred to multivaluedtietes. For example, it is possi-
ble to define transitivity, fuzzy equivalences and fuzzysingaders (or fuzzy preorders,
in some sources), to effectively solve fuzzy relation et and inequalities, and so
on. In our research, fuzzy equivalences and fuzzy quasirendere used in [5, 10] to
reduce the number of states of fuzzy automata, and it has ¢femm that they give
better results than crisp relations, which were used far phirpose before. Moreover,
the main role in the study of bisimulations for fuzzy autoananducted in [4] hadni-
form fuzzy relationswhich have been introduced in [3] as a kind of fuzzy equivedss
that relate elements of two possible different sets.

As far as matrices over fields, rings, and semirings are cordethey were usually
studied in terms of solving systems of equations and inéipsgland were not con-
sidered as a generalization of two-valued relations. Thsae for this probably lies
in the fact that, unlike the ordered structures that are usdite theory of fuzzy sets,
semirings are not required to be ordered, and also, thf0s&}, which consists of the
zero and the unit of a semiring, does not necessarily formbaesuiring, and matrices
with entries in{0,1} can not be considered as two-valued relations.

If the methods based on fuzzy relations, developed withéntlieory of fuzzy au-
tomata, we try to apply to weighted automata over semiringsnaturally encounter
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the problem: for which type of semirings matrices over thendve like fuzzy relations
or classical two-valued relations. We show that a very irtgedrand a quite wide class
of semirings, the class afdditively idempotent semiringbas this property. We ex-
amine basic properties of multivalued relations with valirean additively idempotent
semiring, and in particular, we define and study multivalgedsi-orders, equivalences,
uniform relations, and so on. We also consider various egifidins of these multival-
ued relations, including applications in the study of wééghautomata over additively
idempotent semirings.

Itis worth noting that additively idempotent semiringslirse many very important
semirings, such as the well-known tropical semirings,i@smirings, Viterbi semi-
ring, Boolean semiring, and others. Additively idempotsamirings have significant
applications in many areas of mathematics, computer sejema operations research,
e.g., in the theory of automata and formal languages, opitioin theory, idempotent
analysis, theory of programming languages, data analysistete event systems the-
ory, algebraic modeling of fuzziness and uncertainty, lalgef formal processes, etc
(cf. [1, 6, 8]). In particular, applications of additivelgempotent semirings include so-
lution of a wide variety of optimal path problems in graphageasions of classical algo-
rithms for shortest path problems to a whole class of nosidabpath-finding problems
(such as shortest paths with time constraints, shortdss pédth time-dependent lengths
on the arcs, etc.), solution of various nonlinear partiffiedential equations, such as
Hamilton-Jacobi, and Birgers equations, the importancetioth is well-known in
physics, etc.

Acknowledgment. Research supported by Ministry of Science and TechnolbDiea
velopment, Republic of Serbia, Grant No. 174013
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Abstract. Letl C R be a nonempty open interval and fet 3 be a fixed natural
number. In this paper we characterize those conjugate ntgamngariables gen-
erated by a weighted arithmetic mean, and which are weigiptedi-arithmetic
means themselves.

1 Introduction

Throughout this paper 1étC R be a nonempty open interval and ket 2 be a natural
number. A functiorM : 1" — | is called ameanon | if the following properties hold:

1. min{xq,...,.%n} < M(X1,...,%1) < maxX,..., %} for everyxsy,...,xn €1,
2. M is continuous on".

In order to introduce the so-callatbnjugate meansve will need the following
notion. Denote b, the set ofn-tuples(pi,..., pn) such that
n n
min{x; } < Zpixi +(1=3 pi)M < max{x}
i= i

=1

whenever
min{xi} <M <maxx} (i=1,...,n),

holds for the real numbers, ..., X,, M.
In [2] Darbczy and Pales provided the following charaiztion of the set&p:

Theorem 1. (p1,...,pn) € Kn (N> 2) if and only if
n
p]ZO and lel_pjgl (J:17an)
i=

Let CM (1) denote the class of continuous and strictly monotone réakdafunc-
tions defined on the intervé) and letM be a mean oh variables orl. Then for any
¢ e CM(l) andxy, ..., xn €|

MIn{d(4)} < H(M(x..... %)) < maxd(x)}.
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Hence by Theorem 1 we have that
min{6(x)} < 3 PO+ (L= 3 PIOMGa.....x0) < M (1))

holds for all(ps,...,pn) € Kn andxs,..., X, €1.
Moreover, we have that

is always betweemin{x } andmax{x}, that is,M§* P : 1" — | is a mean. We call
this mearthe conjugate mean generated by M with weights .p, pn.

This class of means includes the weighted quasi-arithmeans, in particular, the
guasi-arithmetic means. For instance) & 2 we get the following mean:

ME™ P2 (x,y) = &~ (P1d(0) + pab(y) + (1 Pr— PO (M(xY)) (kY€1) (1)

where(py, p2) € [0,1)2 (see Theorem 1). Iy + p2 = 1 in (1) we get a weighted quasi-
arithmetic mean, and b1 = p2 = % we get a quasi-arithmetic mean.

Let nowM be then-variable weighted arithmetic mean with fixed weighis. . . , an,
thatis,M(x1,...,X) := Y., aix; wherea +...+ 0, =1 anda; > 0,i =1,...,n. We
are interested in those conjugate means wdiriables generated by the weighted arith-
metic meanM, and which are weighted quasi-arithmetic means themselwesther
words, we seek functiorgs Y € CM (1) and parametensy, ..., pn, d1, - - - ,gn SUCh that

ot <iipi¢(m) +(1- iiloi)fl) (iai)q)) =yt <iiQiLIJ(Xi)>

holds for allxy,...,xn €1, where(ps,..., pn) € Ky and

n n

g=>ya =1 gq,0>0(i=1,...,n).
i;l i; | | | ( )

This problem has been solved in the special cas& and wherM is the arithmetic
mean by Dardczy and Dascal [4]. In the next section we pi@te solutions of this
functional equation fon > 3.

2 Main result

In order to state our main result we need the following notatLet¢, € CM(1). If
there exist # 0 andb such that for everx € |

W(x) = ab(x) + b

then we say thap is equivalento Y onl and denote it by (x) ~ W(x) for everyx € I.
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Theorem 2. Let n> 3 be a fixed natural numbetp1,...,pn) €Kn, h+ ... +0n =
O14...+0n=1, G >0,0; >0 (i =1,...,n). If the functionsp, € CM () are
solutions of the functional equation

= (_ipiq:(m - ipﬁw(iam)) s (iqw(xi)) @

(X1,-..,%y €1) then
n
g—pj=0;1-SYp) (j=1,...,n
j j j i;I

and the following cases are possible

— if 3L, pi = O0theny(x) ~ x on |, ¢ is arbitrary;

—ifyL,pi=1thenif p>0fori=1,...,nthend(x) ~ Y(x) (x,y € I), otherwise
there are no solutions;

—if 3Ly pi # 0,1 thend (x) ~ X, W(x) ~x (xy € I).

Conversely, the functions given in the cases above areisotuof the functional equa-
tion (2).
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We use the God-Einstein-Oppenheimer dice puzzle to intredlue notion of non-
transitive dice and point out the connection with the aricgiame of Rock-Paper-
Scissors. We then introduce the notion of winning probaédibetween the compo-
nents of a real-valued random vector. Assembling theseingrprobabilities into a re-
ciprocal relation facilitates the study of their struciyseoperties, which can be neatly
expressed in the cycle-transitivity framework. This fravoek encompasses numerous
existing types of transitivity for reciprocal relationscluding, inter alia, different types
of so-called stochastic transitivity and Tanino’s muiggltive transitivity.

Cycle-transitivity depends upon the choice of a so-callpden bound function.
When using as upper bound function the well-known probstimlisum t-conorm with
different order statistics as inputs, we unveil truly stastic types of transitivity, which
can be linked with the frequency of so-called product trlaagTwo important real-
izations are weak product transitivity (also called di@msitivity), the type of transi-
tivity characterizing winning probabilities between ipgadent random variables, and
moderate product transitivity, a type of transitivity tigtveaker than mutual rank tran-
sitivity, the type of transitivity exhibited by the mutuank probabilities between the
elements of a poset. In the latter context, we establish aexion with proportional
stochastic transitivity and linear extension majority legc

Time permitting, we discuss a generalization of winninghadoilities between co-
monotone random variables, called proportional expeciiéerences, and show how
they lead to a layered alternative to the popular notionadlsstic dominance, thereby
alleviating a number of shortcomings.
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1 Introduction

Formal concept analysis (FCA) consists of many well knownhoés which may be
used for data analysis and knowledge representation. F@évisloped via Galois con-
nections which are defined between powersets and which &semeed by relations
between the underlying sets. The underlying sets inclué¢af ®bjects and a set of at-
tributes or properties which the objects may have. FCA ehgsbbjects in the powerset
of objects and clusters properties in the powerset of ptagseand these clusters are
paired by the Galois connection. This pairing is naturahwéspect to a given relation
between the sets of objects and properties.

Definition 1. A formal context is an ordered triples, M, R) where G is the set of ob-
jects, M is the set of attributes, and R is a relation from G takl, RC G x M.

Definition 2. A Galois connection is an ordered quadrugie (P, <), (Q,E),9) such
that (P, <) and (Q,C) are partially ordered sets, and fP — Q and g: Q — P are
order-reversing functions such that for eache®, p < gf(p) and for each o= Q,

qC fg(q).

Definition 3. (Alternate Definition) A Galois connection is an ordered dule (f,
(P.<),(Q,C),q) such that(P, <) and (Q,C) are partially ordered sets, and for each
pePandqgeQ, p<g(q) ifand only if qC f(p).

Galois connections may be defined with order-reversing dempreserving func-
tions. They were originally defined by O. Ore [6] with ordesersing functions. Seem-
ingly, the first mention of order-preserving functions inl@s connections was by J.
Schmidtin [7]. For the work described in this abstract, we aigler-reversing functions.

Sometimes for brevity, we writéf, g) instead of( f, (P, <), (Q,E),qg) for a Galois
connection.
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The following proposition is well known; see, for exampl&] &nd [5].

Proposition 1. Let(f,(P,<),(Q,C),g) be a Galois connection.

1. g7 (Q) and f7(P) are anti-isomorphic partially ordered sets, anéfg :g7(Q)
— f7(P) and qﬁ’:((g; : f7(P) — g~ (Q) are order-reversing bijections. In fact,

f|;:((g; and q?:((% are anti-isomorphic inverses of each other.
2. P and Q are naturally organized or structured by the fibdr§ and g, respectively.
Each fiber of f contains exactly one point of Q), and each fiber of g contains
exactly one point of ¥ (P). The image point in each fiber is the largest element of
the fiber.
3. The partition of fibers of P has the same partially orderedcture as g’ (Q), and
the partition of fibers of Q has the same partially orderedisture as f*(P). If Ex
and B are two fibers or equivalence classes, for example, in P, Bien E; if and
only if there exist pe E; and p € Ez such that p < pp. Thus, since g(Q) and
f~ (P) are anti-isomorphic partially ordered sets, then the sdtlmérs in P and the
set of fibers in Q are anti-isomorphic partially ordered sets
4. The image points are called fixed pointse~(Q) if and only if p=gf(p).
Likewise, g= f~(P) if and only if g= fg(q).
fgf=fandgfg=g.
6. If P or Q is a [complete] lattice, then so are’dQ) and f~(P). However, g’ (Q)
and f~(P) may not be sublattices of P and Q, respectively.

o

The following result is from Birkhoff [1] with the terminolgy from Ore [6]. The ex-
pression “Galois connection” was essentially first used by; Ore called the construc-
tion a “Galois connexion.” Birkhoff called his construatiowvhich is defined between
powersets, a polarity.

Proposition 2. Let G and M be arbitrary sets, and let®G x M be a relation. Define
H:0(G)—-0(M)andK:O(M)—0O(G) by

for SC G, H(S) = {me M|gRnvg € S}

forT ¢ M,K(T)={ge GlgRmvme T}

(H,0(X),0(Y),K) is a Galois connection where the orderings on bof{X) andd (Y)
are the subset orderings.

Definition 4. Let(G,M,R) be a formal context. A formal concept of the formal context
is an ordered pair(A,B) with AC G and BC M such that HA) = B and K(B) = A.

If (A,B) and(C,D) are formal concepts dfG,M,R), then(A,;B) < (C,D)ifAcC or
equivalently, if DC B.

Definition 5. Let X = (G, M, R) be a formal context. The set of all formal concepts of
X is called the concept lattice of.
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Theorem 1. Let X = (G,M,R) be a formal context, and I¢H, (X),0(Y),K) be the
associated Galois connection. The concept lattic&ab a complete lattice, and it is
isomorphic to g’ (Q) and anti-isomorphic to (P)

Though not a standard definition in FCA, we find the followirgfidition useful.

Definition 6. Let (G,M,R) be a formal context. A formal pre-concept of the formal
context is an ordered pailC, D) with C C G and DC M such that KHC) = K(D) or
equivalently, HKD) = H(C).

Proposition 3. Let(G,M,R) be a formal context, and I€H,K) be the associated Ga-
lois connection. A formal pre-concept of the formal contsxdn ordered painC,D)
with C C G and DC M such that C and D are elements of anti-isomorphic fibers of H
and K, respectively.

Proposition 4. For a formal contex{G,M,R), (C,D) is a formal pre-concept if and
only if (K(D),H(C)) is a formal concept.

2 A Category of Formal Contexts

To facilitate additional mathematical investigations i@A; we want to define a cate-
gory whose objects are formal contexts. Questions whichediately come to mind
include what are the morphisms of such a category and whaepties does the cate-
gory have. For example, does the category have a base oategfoa natural forgetful
functor.

In the previous paragraph, we phrased the questions agéf isienly one possible
category. Of course, there may be several natural and usafetjories which have
formal contexts as their objects.

As we address the first and most immediate question which & ate the mor-
phisms of this category. We ask ourselves what propertiebaracteristics do formal
contexts have. We want to know what properties the morph#rosld preserve. Inter-
estingly, though a formal context is defined in terms of twis s@d a relation between
them, the important characteristics of a formal contexch@racteristics of the associ-
ated Galois connection.

Thus, given two formal context&; = (G1,M1,R1) and %> = (G2, M2, R2), a mor-
phism from%; to %> needs to respect the Galois connectifiis, 0 (G1),0(M1),K3)
and(Hz,0(Gy),0(M2),Kz), determined byXi and %3, respectively. One way of defin-
ing morphisms fromX; to &> is to define the morphisms as pairs of functidrisg)
suchtha{(f,g) : 1 — K if

f:0(G1) »0(Gp) andg: 0 (M) — O (M2)
with
Hyo f :gOHj_ andfOK]_: Kzog.
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This category is essentially defined in [4]. Lt g) : K1 — %2. [4] considers the
case wheref and g may be arbitrary functions and the case where they are order-
preserving functions. We first assume thaandg are arbitrary functions. From [4],
we get the following:

— If g1 andg] are in the same equivalence classGaf then f(g:) and f(g;) must
be in the same equivalence classG. Similarly, if my andm are in the same
equivalence class dfl,, theng(m;) andg(m;) must be in the same equivalence
class inM».

— f andg take fixed points to fixed points.

— Formal pre-concepts ik; are mapped to formal pre-conceptsip, i.e., if (C,D)
is a formal pre-concept iy, then(f(C),g(D)) is a formal pre-concept ifk.

A powerset has a natural ordering, the subset ordering hésdridering is important
in FCA. Thus, in addition to the above conditions bandg, we require thaf andg
be order-preserving.

In this paper, we are, however, interested in a differerggiaty of formal concepts.
For reasons which will become clear later, we want the sefamction in an ordered
pair of a morphisn{f,g) : K1 — %> to be defined frorl (M) to (M1), i.e., we want
g:0(Mz) —0O(My).

As above, we will require that andg be order-preserving; that they respect the
equivalence classes, i.e., elements in one equivalenss pilast be mapped into the
same equivalence class; and tfizindg map fixed points to fixed points. Further, we
require wherC; € 0(G1) andD; € 0 (My), then(Cy,9(D2)) is a formal pre-concept of
X if and only if (f(C1),D,) is a formal pre-concept ak.

Thus, our category of choice which we denoteHfyl comprises objects which are
formal contextsX = (G,M,R) and morphismsf,¢) : 3 — %> such that

Hi = ¢°PoHzo f andKy = f oKy 0 ¢°P

where(H1,0(G1),0 (M1), K1) and(Hz,0(Gz),0 (M2),K2) are the Galois connections
determined byXj and %>, respectively.

We have replaced thg: O (M) — O (Mj) by $°P: 0 (M2) — 0O (M;z) whereg is a
morphism inSefP.

The base category f&iCl is Set x SefP where the forgetful functor applied tg,
whenX = (G,M,R), yields (O (G),d(M)).
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3 Interchange systems

An interchange system is a recently defined concept [2] whgds a relation to relate
objects in two sets. Interestingly, an interchange systemdeneralization of a topo-
logical system in which the second set is a collection of prtes, and the relation then
matched objects of the first set with their properties in #e8ad set, which in a topo-
logical system is a frame or locale [8]. The next definitiod &me following proposition
are from [2].

Definition 7. An interchange system is a trip{&X, A, ), where(X,A) € |Setx SefP|
andFE is a satisfaction relation from X to A, i.es, C X x A is a relation from X to A.
The set A is said to be the set of predicates. Interchangem®rms between interchange
systems are ordered pairs

(f7¢) : (XvAa':l) - (Yv Ba':Z)

with (f,0) € Setx Sef®?, f: X — Y a set function, and : A — B a Sef® morphism
satisfying the morphism interchange property that for al X and all be B,

f (x) E2 bif and only if x=1 $°P(b).

The categoryntSys comprises all interchange systems and interchange marnshis
along with the compositions and identities inherited fi8atx SefP. In the above, we
refer toSetx SefP as the ground category fdntSys.

Closely associated with interchange systems and integehaworphisms are “inter-
change spaces” and “interchange-continuous” mappingena&n interchange system
(X,AE), there is a mappingxt: A — O (X) defined by

ext(a) = {xe X :xFa},
along with the interchange spage¢, ext™ (A)).

Proposition 5. If (f,9) : (X,AF1) — (Y,B,E>) is anIntSys morphism, then f (X,
ext” (A)) — (Y,ext” (B)) has the property that

W eext” (B), f< (V) eext” (A).
The proposition justifies saying that the mis interchange-continuous.

Theorem 2. Let(X,A F1) and(Y, B, F2) be interchange systems, and(ét¢) : (X, A,
E1) — (Y,B,E2) be an interchange morphisrfX, A1) and (Y, B, ) are formal con-
texts, and if f and®P are surjective, then

(F7,((9°P)7)%P) : (X, A F1) = (Y,B,F2)

has all the characteristics of a morphism KCl, except f* and ¢°P~ may not take
fixed points to fixed points. Hence,

(fév ((¢op)¢)0p) : (XvAa':]-) - (Yv B, ':2>

is @ morphism irfFCl when = = KzoHzo f~ and(¢°P)™ = H; oKy 0 ($°P)~, where
(H1,K1) is the Galois connection induced BY, A 1) and (Hz, K>) is the Galois con-
nection induced byY, B, >).
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The functionsf and$°P need to be surjective because the relatiepand=, may
involve elements irY and A, respectively, which are not in the images of arbitrary
functionsf and$°P, respectively.

Let X = (G,M,R) be a formal context. DefinéxX = (0 (G),0(M),F), whereF
is the relation froni] (G) to O (M), i.e.,F c O(G) xO(M), such thatC D if and
only if (C,D) is a formal pre-concept. Additionally, lex; = (G1,M1,R;) and X =
(Gz2,M2, Rz) be formal contexts witlif, ¢) : K1 — %> a formal context morphism. Then
(f,9): 1K1 — [ K, is aninterchange morphism. To show thé&td) is an interchange
morphism, leCy € 0(G1) andD, € O (My). (f(Cy1),D2) is a formal pre-concept itk
if and only if (C1,$°P(D3)) is a formal pre-concept iki. Thus, f(Cy) 2 Dy if and
only if C; F1 ¢°P(Dy).

Thus, we have a functar: FCI — IntSys such that
I(KX)=IK

and
I((fv(b) . 7(14) 7(2): (f7¢) : IKZL‘) IKZ-

In fact, we have the following.
Theorem 3. I: FCI — IntSys is an embedding.

In [2], lattice-valued extensions to interchange systemasirtroduced. The cur-
rent work goes on to investigate analogous lattice-valugdnsions of both formal
contexts and concepts and the consequences of latticedvaktensions oFCl for
lattice-valued interchange systems and for FCA. Additigneuch of the motivation
for lattice-valued interchange systems comes from préglitansformer semantics.
Thus, the current work will also include possible applicas of lattice-valued FCA
to programming semantics.
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Our starting point is the multiplicative utility functionhich is extensively used in
the theory of multicriteria decision making. Its assowi&fiis shown and as its gener-
alization a fuzzy operator class is introduced with fine ageful properties. As special
cases it reduces to well-known operators of fuzzy theory/méx, product, Einstein,
Hamacher, Dombi and drastic. As a consequence, we gereetiadiaddition of veloci-
ties in Einstein’s special relativity theory to multiple ming objects. Also, a new form
of the Hamacher operator is given, which makes multi-argutroalculations easier.
We examined the De Morgan identity which connects the carjueand disjunctive
operators by a negation. It is shown that in some speciabdasim/max, drastic and
Dombi) the operator class forms a De Morgan triple with awplative negation.

The Multiplicative Utility Function

In their seminal treatment of multiattribute utility (MAUheory, Keeney and Raiffa
show how certain conditions of independence among ate#yield the so called mul-
tiplicative multiattribute utility function

UM(Z)%<|£l(1+kKUi(Zi))1> (2)

wherez = (z,...,z), Ui : R — [0,1] are utility functions,z are evaluations; are
weights of the ith criteria, anklis a scaling constant. The formula can also be expanded
as

(2= 5 k) +S ki) 3)+

i i<
+IY kikjkiui(z)uj(z)u () + ... @)
+ K" kiko .. knUs(21) - . Un(zn).
allowing also fork = 0.
Lemma 1. If k =0then
um(2) = iihui (z)- ®3)
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Proof. By substitutingk = 0 into the expanded formula of, (2) we get the result.

The utility function is normal ifum(z) = 0 whetheru;j(z) = 0, andumw(z) = 1
whether;(z) =1 foralli € {1,...,n}. A normalum(z) implies

1+kf“1+m% 4)

i.e. assuming the normality ofy, k is determined only by the weighks

The Associativity of the Multiplicative Utility Function

Let us substitute; := kiui(z) in the formula (1). Then the transformed multiplicative
utility function is

umm%<ﬁu+m>1> (5)

Theorem 1. The function § is associative.

Proof. The proof is based on the representation theorem of Adz&hn be easily ver-
ified, that (5) can also be written in the foffrix,y) = f~1(f(x) + f(y)), by putting

f(x) = In(1+kx), (6)

and L
r%mzkw—g. 7)

Logical operators and the Multiplicative Utility Function

Letg: [0,1] — [0, 0] be a generator function of a strict operator. Let

f(x) =In(1+vyg(x)), (8)
and so

fla)gl<$é1>. (9)

Note, that for ally € (0, ), f fulfills the requirements of a generator function of a strict
operator. By Aczél's theorem, the associative operatd0,1]" — [0,1] generated by
fis

o) =97 (3 (2000 -1) ). (10
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Similarly to (2), by first expanding the argumentgf’ to

ig(m) +YY 9(x)g(xj)+

i<]

+VS g(6)g(X5)g(x) + ...
+Y (%) - g (%),
we can put
O(Xla"'vxn)|V:0 = gil (Z g(XI)) ) (11