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1 Introduction 1

1 Introduction

Given a probability spacéX, A, P), standard probabilistic averaging is done by means of the
expected value of a random varialgle X — [0, 1] via

1
() = /0 P({¢ = 1)) dt, 1)

Similarly, the mean value of an integrable functipn[0, 1] — [0, 1] is given by

1
E(f) = /0 (S > 1) dt, @)

where) is the Lebesgue measure Bn

In both cases, the surface of the endograph of a non-increasing fuhgtien[0, 1] — [0, 1]
given byh,,, ¢(t) = m({f > t}) is computed, where: is a (r-additive) measure anflrepresents
the input to be aggregated.

We generalize (1) and (2), replacing thedditivity of the measure: by significantly weaker
properties. This will lead to a rather general class of geometrical aggregation operators, and many
well-known classes of aggregation operators are special cases thereof.

The paper is organized as follows. In the next section, based on two fuzzy measares
u, the (m, p)-aggregation operator is introduced, and its properties are discussed in Section 3.
Several types of integrals (such as Choquet or Sugeno integrals) are linkeadditive fuzzy
measures determined by some copula, as will be shown in Section 4. In a similar way, maxitive
fuzzy measures will be discussed in Section 5.

2 Geometric approach

Let X be a non-empty index set and X — [0, 1] the input system to be aggregated. Let
(X, A,m) be a fuzzy measure space, i.8.is ac-algebra of subsets of (in the case of a finite
setX we usually taked = 2%), andm: A — [0, 1] a fuzzy measure as introduced in [18], thus
satisfyingm(0) = 0, m(X) = 1 andm(A) < m(B) wheneverd C B.

If X is a finite set andl = 2%, a fuzzy measure»: A — [0, 1] is called symmetric if it is
invariant under bijective transformations &f, i.e., for each bijectionp: X — X and for each
E € Awe havem(p~Y(E)) = m(E). This implies

m(E) = (&%)

for some non-decreasing functién [0, 1] — [0, 1] with ~(0) = 0 andh(1) = 1.

For each setd C R", let B(A) be theos-algebra of all Borel subsets of. Denote by
L(A) the set of allA-measurable functions froX to [0, 1]. If f € L(A), define the function
B, 2 [0,1] — [0,1] by

him, £ () = m({f = }).
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Obviously, b, is non-increasing (and, therefore, Borel measurable) and safisfies)) = 1.
Consider the endograph bf, ¢, i.e., the set

D,y = {(2,y) €10,1F° | y < hyn, s ()}

Note that the Borel measurability &f,, ; implies thatD,,, ; is a Borel subset of the open unit
squarel0, 1[>. Note also thaiD,, ; has a root structure, i.e., for eathy, yo) € D, ; we have
(x,y) € Dy, s Wwhenever(z, y) € |0, zo[ x ]0, yo[.

The surface of the sd?,,, ; can now be evaluated by means of some fuzzy measuie o

Definition 2.1 Consider two fuzzy measure spade$, A, m) and (]0,1[*,B(]0,1[), x). The
functional M, ,,: L(A) — [0,1] given by

M pu(f) = p(Dim,y) 3)

will be called(m, )-aggregation operatar

It is easy to see thal/,, , is an aggregation operator in the sense of [10, 11]: obviously we
haveM,, ,(0) = 0 andM,, ,(1) = 1, and, if f < g, then clearlyD,,, ;  D,, , and, because of
the monotonicity ofs, M, ,(f) < M .(g).

Obviously, (1) is & P, \?)-aggregation operator and (2) i$.a \?)-aggregation operator (gen-
erally, \" will denote the Lebesgue measure onithdimensional spack™).

Observe that, in the cas® = {1,2}, eachf € L(2%) can be identified with a two-
dimensional vectoz,y) € [0,1]?> viaz = f(1) andy = f(2), and each fuzzy measure
m: 2% — [0, 1] is uniquely determined by the two values= m({1}) andb = m({2}). Then
the endograplD,,, ; consists of at most two rectangles. More precisely, for arbittary) <
[0,1]2 (representingn: 2X — [0,1]) and arbitrary(x,y) € [0,1]? with < y, (i.e., either
(z,y) or (y,x) representy € £(2%)), the endograph® , ;) (z.,) @aNd D4 ) (y,) re the union
of (at most) two rectangles, namely,

X
=
S
N
)
=
—_
[\

D(ap) (2 = (10,2]x]0, 1[U ]2,y
D(a,b),(y,ac) = (]07 l’] X]Oa 1[ U ]1’, y] X]Oa (ID N ]07 1[2 :

Clearly, if a = b then for each fuzzy measure B(]0, 1[*) — [0, 1] the correspondingm, )-
aggregation operatak/,, , is symmetric. If, saya < b, then we necessarily have the strict
inclusion D4, (y2) € Diap),(zy) fOr €ach(z,y) € [0, 1]? with z < y. Due to the mono-
tonicity of the fuzzy measure, the correspondingn, 11)-aggregation operatdv/,, ,, then fulfills
Mip,u(y; ) < M, ().

In general, for each binarfm, 1)-aggregation operatavl,, ,,: [0,1]> — [0, 1], the expres-
sion
(3}‘ - y) (Mm,u(xa y) - Mm,u(?]; I‘)) (4)

never changes its sign, i.e., it is either always non-negative, or it is always non-positive. Con-
versely, each binary aggregation operator[0,1]> — [0, 1] not changing the sign of the ex-
pression (4) can be expressed in the faim= M/, , for suitable fuzzy measures and p.
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Indeed, if (4) is always non-negative it suffices to put % andb = % and to define the fuzzy
measurg.s: B(]0,1[>) — [0,1] by

pa(E) =sup{A(f) | f € 2¥, Dy s C E}.
Note that sufficient conditions for the expressability of the binary aggregation operdior a%

aggregation operator are, for example, the symmetry or the idempotency.

Similar observations can be done for arbitrarg N, i.e., for finite setsX = {1,2,...,n}.
Again, the class ofm, ;1)-aggregation operators contains all symmetric as well as all idempotent
aggregation operators. Obviously, our approach to aggregation can also be applied to arbitrary
abstract measurable spgce, A).

An example of an aggregation operatér [0,1]> — [0, 1], which changes the sign of the
expression (4) and which, subsequently, is notrany)-aggregation operator, is given by

A(z,y) =min (/1 - (1 — z)?, 1+Ty)

ThenA(0.4,1) > A(1,0.4) while A(0.1,0.2) < A(0.2,0.1), i.e., we have different signs in the
expression (4).

3 Properties of (m, ;1)-aggregation operators

The following properties ofm, u)-aggregation operators are consequences of the properties of
the fuzzy measures and.

Proposition 3.1 Consider two fuzzy measure spa¢és A, m) and (]0,1[*,B(]0, 1[?), ) and
the correspondingm, 1)-aggregation operatof/,,, , : L(A) — [0, 1]. Then we have:

(i) My, is idempotent for each fuzzy measureon (X, A) if and only if for allz € |0, 1] we
havep(]0, z] x ]0,1]) = «.

(i) The fuzzy measure: on (X, .A) can be reproduced from/,, , viam(E) = M,, ,,(1g) if
and only ifu(]0, 1] x )0, z[) = « for all x € Ran(m).

(i) If X is a finite set and if the fuzzy measuds symmetric, thed/,,, ,, is symmetric for each
fuzzy measurg on (0,112, B(]0, 1[%)).

(iv) If the fuzzy measures and . are continuous then then, ;1)-aggregation operatoiV/,,, ,
is also continuous.

Proof: Suppose first that then, 11)-aggregation operatd/,, , is idempotent, i.e.M,, ,(c) = ¢
for all constant functions: X — [0, 1] with ¢ € [0, 1]. Then, however, for eache ]0,1] we
getD,, . =10,¢| x]0,1], i.e.,

¢ = My () = (10, x 10,1)).

The converse in (i) is obvious.
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Concerning (ii), it suffices to observe that for alle A

Dy =10,1[ x ]0,m(E)[.

If the fuzzy measuren is symmetric, then for each bijectian: X — X we obtain the
equality of the endograph,,, ; = D,, ro,, forall f € 2X . Then necessarily

Mm,u(f) = :U(Dm,f> = N(Dm,fw) = Mmu(f ),

i.e., My, , is a symmetric aggregation operator.

Finally, (iv) follows from the continuity of the endographs which is a consequence of the
continuity ofm. O

It should be noted that the symmetry of fuzzy measures (and of aggregation operators) can
be formulated also for every bounded Borel subsetf R™ with n € N andA = B(X). Then
the symmetry is taken as invariance with respect to bijective transformatiod$ preserving
the Lebesgue measure. This again means that a symmetric fuzzy measdre— [0, 1] is a
distorted Lebesgue measure.éni.e.,

m(E) = h(3:3)

for some non-decreasing functién [0, 1] — [0, 1] with 2(0) = 0 andh(1) = 1.
The following results follow immediately from Definition 2.1.

Corollary 3.2 Consider two fuzzy measure spa¢&s.A, m) and (]0,1[*, B(]0, 1[*), ) and the
correspondingm, 1)-aggregation operaton,, ,,: L(A) — [0,1]. Then we have:

(i) If m is the weakest fuzzy measure, i.emifd) = 0 for all A # ]0,1[, thenM,, , is the
weakest aggregation operator, i.e., we hawg, ,(f) = 0 for all f # 1 and for all fuzzy
measureg:.

(ii) If m is the strongest fuzzy measure, i.eqnifA) = 1 for all A # 0, thenM,, , is the
strongest aggregation operator, i.e., we haug, ,(f) = 1 for all f # 0 and for all fuzzy
measureg:.

(iii) For each increasing functiork: [0,1] — [0, 1] with 2(0) = 0 andh(1) = 1, alsoh o u is
a fuzzy measure antdl,y, jo, = h o My, .

(iv) If A:[0,1]™ — [0,1] is an aggregation operator and jfy, u2, . . ., 4y, are fuzzy measures
such thatu = A(u1, pa, - - ., i), then

My =AMy, Mgy - oy M, )-

Finally, we prove a result concerning the relationship between endogiaphsand a pseudo-
additivity. Recall that a binary operatian: [0,1]> — [0, 1] is called a pseudo-addition if it
is a continuous t-conorm [9], i.e., an associative symmetric binary aggregation operator which is
continuous and hasas neutral element. Further, recall that two measurable funcfignsX —
[0, 1] are called comonotone [1, 3, 14] if they are measurable with respect to the sam€ amain
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A. Equivalently, comonotonicity of the functiorfsandg can be characterized as follows: for each
finite E € A we havemin{f(z) | z € E} = f(z0) ifand only ifmin{g(z) | z € E} = g(20).

If (X,7) is a compact topological space andiifis the Borelo-algebra generated ¥, then
the comonotonicity can also be formulated in a more general setting for continuous functions
fvg: X — [071]

Proposition 3.3 Consider a fuzzy measufe&, A, m) where eitherX is a finite set andd =
2X or (X,7) is a compact topological space adl is the Borelo-algebra generated by
For all comonotone (continuous) functiorfsg: X — [0, 1] and for each pseudo-addition
®: [0,1]2 — [0, 1] we obtain
Dm’f®g = szf EB Dmvg’ (5)
where
Dyt @® Dipg = Dy s U Dy, g U D®

and
D% ={(u®v,y) | (u,y) € Dp.s, (v,y) € Dimg}.

Proof: Obviouslyf ©g > fandf®g > g,i.€.,Dy, s UDy, g C Dy rag- If (u,y) € Dy, ¢ and
(v,y) € Dy g, i.€.,0 <y <m({f >wu})and0 <y < m({g > v}) then clearly

(fzuyn{g=v}C{fog=umu).

Because of the comonotonicity ¢fandg, all three set§ f > u},{g > v} and{f ® g > u ® v}
are contained in the same ch&in A. Then the monotonicity of: implies

m({f ®g2>u®v})>min(m{f > u}),m({g = v})),

and, thereforey < m({f ® g > u @ v}), proving(u ® v,y) € Dy, roq. AS a consequence we
have

Dmvf @ Dmug g Dm»f@g'

To show the converse inclusion, observe first that for éaeh0, 1] the setEl = {f © g > t} is
closed. IfE # ) let 29 € E be the point at whiclf, g and thus alsg @ ¢ attain their respective
minimum onE. For each pointt,y) € D,, g, We have

0<y<m({fog=>t}),

e, E = {f®g >t} # 0. Putu = f(2) andv = g(z9). Thenu & v = t and thus
Ec{f>u}andE C {g > v}, ie.,0 <y <m({f>u})and0 <y < m({g > v}), proving
(t,y) € D¢ ® Dy, g Wheneveru > 0 andv > 0. If uw = 0, i.e.,v = t, then(t,y) € Dy, .

Similarly, if v = 0 thenu = ¢ and thud(t, y) € D,, . Hence

D fog © Dm,g ® Ding,

i.e., equality (5) holds. O

If, as a special casep equals the maximundy, (which is the only idempotent pseudo-
addition), then we simply have

max(Dy, £, Din.g) = D U Dpy g,
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i.e., for comonotone (continuous) functiofigndg we obtain

D = Dy U Dy g.

On the other hand, 5 equals the bounded sufi,, i.e.,z & y = min(x + y, 1), then for two
comonotone (continuous) functiofisandg satisfyingf + ¢ < 1 we have

Din,f+g = St (Dm,f, Din,g) »

and for eachy € |0, 1] we have

AM{z €]0,1[| (z,y) € Dm,f+4})
= A({u €]0,1[| (w,y) € D s})
+A({v €]0,1[| (v,9) € Ding}).

4 o-additivity of

As we shall see later, especially important is the case when we are constructing, an
aggregation operata¥/,, , by means of some-additive measure:: B(]0, 1[2) — [0,1], in

which casey. is a probability measure on the product sp&lee1[>, B(]0,1[*)). As a conse-
quence of Sklar's Theorem [17] (see also [13, Theorem 2.4.1]), in this case there exists a copula
C': 0,12 — [0,1] such that for al(z, y) € ]0, 1[?

p(]0, z[ x ]0,y[) = C(F1(]0, z[), P2(]0, y)),
whereP; and P, are the respective marginal probabilities.of

As an immediate consequence of Proposition 3.3, we have the following result concerning
comonotone additivity.

Corollary 4.1 Lety: B(]0,1[*) — [0, 1] be a probability measure with marginalg = X (the
Lebesgue measure) aii@ = P linked by the product copuldp, i.e., 4(]0,z[ x ]0,y]) = = -
P(]0,y]) forall (z,y) €10,1[>. Let(X, A, m) be a fuzzy measure space such that the underlying
topological spacé€X, T) is compact. Then th@n, .)-aggregation operatof/,, ,, is comonotone
additive, i.e., for all measurable (continuous) comonotone functfops X — [0, 1] with f +

g < 1we have

Mmu(f +9) = Mm,u(f) + Mm,u(Q)-

Keeping all the notations and hypotheses of Corollary 4.1 and introducing a new fuzzy measure
Pom: A — [0,1) by Pom(E) = P (]0,m(E)[), itis not difficult to check that thém, 11)-
aggregation operatav/,, , discussed in Corollary 4.1 equals the Choquet integral [2, 3, 14] with
respecttaP om, i.e.,

My, u(f) = (C)/dePom.

Turning our attention to the case when B(]0,1[*) — [0, 1] is a probability measure with
marginal probabilities?, = P, = ), then Sklar's Theorem [17, 13] implies thatis uniquely
determined by the copuld linking P;, P, andy, i.e., for all (z, y) € ]0, 1[*

()0, z[ x ]0,y[) = C(z,y).
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To avoid any misunderstanding, such a fuzzy measure will be denotegd byHowever, then
pe(]0,1[ x 10, 2[) = = for all z € [0, 1], and due to Proposition 3.1(ii), for each fuzzy measure
space( X, A, m), the (m, u)-aggregation operatav/,, ., reproduces the underlying fuzzy mea-
surem. Similarly, uc(]0, 2] x ]0,1[) = = for everyz € 0, 1[. However, then Proposition 3.1(i)
implies the idempotency of the operatdf,, ,., independently of the fuzzy measure. We
therefore have proved the following result:

Proposition 4.2 LetC: [0,1]> — [0, 1] be a copula and denote by the unique probability
measure otf]0, 1[*, B(]0, 1[3) with uc(]0, [ x 10, y[) = C(z,y) forall (z,y) € 10,12 Then, for
each fuzzy measure spack, A, m), the(m, uc)-aggregation operato/,, ,,.. is an idempotent
aggregation operator and we haw,,, ., (14) = m(A) forall A € A.

Note that such a copula-based approach to aggregation was originally proposed in [6] for the
Frank family of t-norms (see, e.g., [4, 9]). Depending on the choice of the cdpulze obtain
some well-known types of integrals.

Example 4.3 Keeping the notations of Proposition 4.2, we obtain the following special cases:

(i) If C equals the standard produ, i.e., 7, is the Lebesgue measure 8]0, 1[2), then
Mo i, is just the Choquet integral with respectto(see [2, 14]).

If, in addition, m is ac-additive measure o)X, .A), thenM,, ;... coincides with the clas-
sical Lebesgue integral with respecttg and forX = {1,2,...,n} we obtain a weighted
mean.

If X ={1,2,...,n} and ifm is a symmetric fuzzy measure ¢, 2%) thenMp, .., is an
OWA operator [21].

(ii) If C equals the minimurfip then
pr (A) = A({z €10,1[ | (z,z) € A}),

andeMM equals the Sugeno integral (see [18] and also [14]).

If X ={1,2,...,n} and ifm is a symmetric fuzzy measure ¢, 2%) then M, i, IS
an WOWM (weighted ordered weighted maximum) operator [15].

(iii) If C equals the tukasiewicz t-norfty, then
pr (A) = A({z €10,1[| (z,1 - ) € A}),
andM,y, .., is the so-called opposite Sugeno integral [6].

Note that each Choquet integral-based aggregation operator can be representhnqsflgn
operator, including all OWA operators. Similarly, each Sugeno integral-based aggregation opera-
tor, including all WOWM operators, is of the fOfle,uTM-

Recall that the dual operatet?: L(A) — [0, 1] of an aggregation operatet: L(A) —
[0, 1] is given by the formula

Alf)y=1-A01-f).



4  o-additivity of 8

Similarly, for each fuzzy measure on (X, A) its dualm?: A — [0, 1] is defined by
myE)=1-m(X\ E).

For an arbitrary copul&’ and the aggregation operatdf,,, ,,, considered in Proposition 4.2 we
obtain

Mrcwl@,uc(f) =1- Mm,uc(l - f)
=1—pc({(w,v) [v<m({l-f=>u})})
= pe({(z,y) | 1—y <mI({f >1-2})}).

Since the probability: is non-atomic, the latter expression can be transformed as follows,

pe({(z,y) | 1—y <m?({f >1-2})})
= ne{(zy) |y <mi({f = 2})})
= md,ué(f)v

where the survival copuld': [0, 1) — [0, 1] linked to the copula (see [13]) is given by

Clr,y) =z +y—1+C(1—-2,1-y).
Therefore, we have just proved the following result (compare also [9, 8]):

Proposition 4.4 Keeping the notations and hypotheses of Proposition 4.2, we have

M'rcrllvﬂc = Mmdvué. (6)

Observe that if a copul&' coincides with its survival copul@!, then a special form of (6)
holds, namelyMﬁ‘Wc = M,,a .- All copulas with the property’ = C were characterized in
[7]. In particular, an associative copula coincides with its survival copulé’ if and only if C
is either a member of the family of Frank t—norrﬁEf)Ae[o’oo} (see [4]) or ifC is a symmetric
ordinal sum of Frank t-norms [9, 7]. Because®f = T, ¥ = Tp, andTE = Ty, for all
Sugeno, Choquet and opposite Sugeno integrals we have

(/dem)d—/xfdmd.

Now we show how a transformation of an aggregation operator is related to our geometric
approach to aggregation. The proof of the following result is a matter of simple checking only—it
is therefore omitted.

Proposition 4.5 Consider two fuzzy measure spa¢és A, m) and (J0,1[*,B(]0,1[%), n), the
corresponding(m, i)-aggregation operatorM,, ,, and an increasing bijectiorp: [0,1] —
[0, 1]. Then the functioiM,, ), : L(A) — [0, 1] defined by

(Mm,u)so(f) = ‘Pil(Mm,u(SO o f))

is an (my,, 11,)-aggregation operator with respect to the two fuzzy measurgs- ¢~ om and
1o = ¢~ o 1o ¢, the latter in the following sense:

pe(E) = o (u({(e(2), o)) | (z,y) € E})).
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Combining the results of Proposition 4.5 and Example 4.3, we see that the class of weighted
quasi-arithmetic means with respect to increasing bijectjon®, 1] — [0, 1] (i.e., all cancella-
tive weighted quasi-arithmetic means) is related to the classmtasuresn on (X, A) and ),
on (]0,1[%, B(]0,1[%)) with A, (]0, z[ x ]0,y[) = T(x,y) for all (z,y) € [0,1]2, whereS is the
nilpotent t-conorm with additive generatgrandT the strict t-norm with multiplicative generator
¢ [9]. Observe also that thel,,, » , is exactly the(S, T')-integral with respect te, as introduced
in [8].

Similarly, Choquet-like integrals as studied in [12] can be representéd,as_, wherem
can be an arbitrary fuzzy measure (X, A) in this case. If, in additiony is a symmetric fuzzy
measure, thei,, », is an ordered weighted quasi-arithmetic mean. However, if we consider the
strongest copuldy; and putu = (ur, ), (See Propositions 4.2 and 4.5), then for each increasing
bijection ¢ the resulting operatak/,, , equals the Sugeno integral with respectiiqcompare
Proposition 4.2(ii)), independently @f.

Finally, if © = P, ® P», i.e., the product copul&p and the marginal probabilitieB; , and P,
have determined the product measur¢hen we obtain

Myl £) = (C) [ FiofdFrom)

X

This means thab/,, , is the Choquet integral of the distorted inplit o f with respect to the
distorted fuzzy measuri, o m, whereF; andF; are the distribution functions of the probabilities
P, and P», respectively, i.e., for alt € ]0, 1] and fori = 1,2 we haveF;(z) = P;(]0, z).

5 Maxitivity of p
Recall that a fuzzy measure B(]0, 1[*) — [0, 1] is called maxitive [16, 19, 14] (or F-additive
in [18]) if for all E, F € B(]0, 1[*) we have

w(EUF) = max(u(E), u(F)).

As an immediate consequence of Proposition 3.3, we have the following result for maxitive fuzzy
measures:

Corollary 5.1 Consider two fuzzy measure spa¢és A, m) (where the underlying topological
space(X, T) is compact) and]0, 1[*, B(]0, 1%), and two comonotone measurable (continuous)
functionsf, g: X — [0, 1]. If the fuzzy measurpe is maxitive then we have

My, y(max(f, g)) = max(Mp,.(f), Mim,.(9)),

i.e., the(m, u)-aggregation operatof/,, ,, is comonotone maxitive.

An interesting class of aggregation operators is obtained when considering a possibility mea-
surer,, on (]0, 1%, B(]0, 1[%)) defined by

mo(E) = sup{e(z,y) | (z,y) € E}, (7)

whereg: 10,1[> — ]0,1] is a function fulfillingsup{¢(z,) | (x,y) € ]0,1[*} = 1. Note that
each possibility measure, is obviously maxitive. The proof of the following result is again a
matter of checking the requirements of Definition 2.1 only.
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Proposition 5.2 Lety: |0, 1[* — ]0, 1] be a function which is non-decreasing and left-continuous
in its second component, let be a fuzzy measure diX, A) and letw, the possibility measure
on (]0,1[*,B(]0, 1[*)) defined by (7). Then we have

M, (f) = sup{ep(z,m({f > =})) |  €]0,1[}.

Example 5.3 Keeping the notations of Proposition 5.2 we get:

() My rp,, is the Sugeno integral with respectto[18].

(i) M., .. isthe maxitive integral with respect ta [14, 16].

7TTP

(iii) If T"is a strict t-norm, thed/,, . is a generalization of the Sugeno integral with respect to
m, as introduced in [20].

6 Concluding remarks

We have introduced a geometric interpretation of aggregation by means of fuzzy measures. Our
constructive method allows us to introduce several aggregation operators either for finitely many
inputs, or on abstract spaces. Moreover, many well-known aggregation operators, among them
weighted means, OWA operators, quasi-arithmetic means, are special cases in our approach, which
can be viewed as a unified approach to all these classes of aggregation operators.
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