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Preface

Aggregation is an important tool in any discipline where the fusion of different pieces of information
is of interest and as such relates to several fields of applied and pure mathematics, of operations
research, computer science, and many other applied fields like economics and finance, pattern
recognition and image processing, or data fusion. Also inside mathematics “aggregation” is used
to denote different processes and models in various subfields like matrix algorithms, population
dynamics, partial differential equations, risk theory, reasoning under uncertainty, social choice,
group preference modelling, and multi-criteria decision making.

Aggregation functions focus on special subclasses of aggregation problems, namely those which
can be formally expressed by a function taking arbitrary but finitely many arguments and map-
ping them to a single value being representative for the set of arguments or some of its aspects.
Arguments and representative value are from the same domain, most often a bounded lattice or
some numerical scale. Means are prototypical examples of representative values resulting from an
aggregation process carried out by an aggregation function.

This habilitation thesis is a collection of refereed articles published (or accepted) in scientific
journals and edited volumes. Its focus is set on problems of constructions (and existence) and
of characterizations of aggregation functions with an emphasis on particular types of functional
equations and inequalities. The aggregation functions dealt with operate on a bounded lattice
and fulfill additional monotonicity and boundary conditions. Several of the aggregation functions
investigated have their roots in probabilistic metric spaces, more specifically, in case that the
bounded lattice is simply the unit interval, some of these functions have been introduced as trian-
gular norms or copulas. As such the classes of aggregation functions discussed relate to algebra,
many-valued logics, and probability theory as well as to applications fields like, e.g., multicriteria
decision making and preference modelling.

The collection of articles is preceded by this introductory part outlining the overall structure
of the thesis and giving all necessary definitions, notions, investigated problems and some of the
results in a condensed and therefore reduced way. The first chapter contains an introduction to
aggregation functions and their properties, moreover, a detailed outline of the contents of thesis,
its structure, and full referential details of the included articles. The articles are combined into
three parts. Part I focusses on construction and characterizations results for special semigroup
operations as well as bivariate copulas and quasi-copulas. Part II deals with aggregation functions
on the unit interval, especially with t-norms, and discusses the functional inequality of dominance.
Part IIT contains two contributions relating to application problems in the context of preference
modelling and decision making touching again construction and characterization problems and
functional equations.
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Chapter 1

Introduction

1.1 Aggregation — an approximation

“Aggregation” is used in everyday life and in mathematics in very different contexts. According
to the Oxford Advanced Learner’s Dictionary [154] “aggregate” bears the following meanings,
expressing that aggregation in general relates to a process during which a group of items (numbers,
amounts, results) is merged into a total:

aggregate

» noun: 1 a total number or amount made up of smaller amounts that are collected
together 2 (technical) sand or broken stone that is used to make concrete or for building
roads, etc. in (the) ’aggregate’ (formal) added together as a total or single amount
on ’aggregate’ (sport) when the scores of a number of games are added together: They
won 4-2 on aggregate.

= adj.: (economics or sports) made up of several amounts that are added together to form
a total number: aggregate demand/investment/turnover.

» verb: (formal or technical) to put together different items, amounts, etc. into a single
group or total » aggregation noun.

Database queries in Zentralblatt and MathSciNet for articles published more recently than 2007
and having the word “aggregation” listed in the title, yield more than hundred publications each
and show that also inside mathematics aggregation is spread over different areas and is used to
denote a variety of different processes and mathematical models. The topics of aggregation range
from various fields, like matrix algorithms, population dynamics, and partial differential equations
over risk theory to reasoning under uncertainty and, to a larger extent, to social choice, group
preference modelling, and multi-criteria decision making. It is therefore necessary to clarify which
kind of aggregation models will be discussed in the present thesis.

Mathematically speaking, its focus is set on aggregation processes which can be expressed by
a function

A:|Jp"—D (1.1)

neN

mapping arbitrary, but finitely many arguments from a set D to an object in D which is rep-
resentative for the set of arguments itself or for one of its aspects. The actual set D as well as
the function A and their additional properties clearly depend on the application resp. the model
currently being investigated. One of the most prominent fields of applications of such aggregation
processes comprise, e.g., multi-criteria decision problems and group preference processes. Also in
economics and statistics, various sorts of means are frequently used for determining indices and
values representing a given set of data points or some of its aspects. Clearly, means and their
generalizations are also aggregation functions in the meaning introduced above.
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Related problems

The major research lines in aggregation can roughly be divided into the following categories (com-
pare also [194]):

s Constructions (and existence): Problems of this category refer to questions of constructions
and existence of aggregation functions allowing to model the theoretical demands and needs
of a (practical) aggregation problem.

As one of the most famous results w.r.t. the existence of an appropriate aggregation function,
we may quote Arrow’s (im)possibility theorem [11]. The application setting Arrow is dealing
with is group preference modelling and he investigates the following problem:

Provided that there are at least three alternatives which are ordered according to the
preferences of at least two individuals, does there exist a social welfare function such that
the social ordering of alternatives fulfills the following conditions?

(1) Among all the alternatives there is a set S of three alternatives such that, for any set
of individual orderings 11, . .., T;, of the alternatives in S, there is an admissible set of
individual orderings R, ..., R, of all the alternatives such that, for each individual 4,
zR;y if and only if 2Ty for z,y € S. (This condition allows that the a priori
knowledge about the occurrence of individual orderings is incomplete).

(2) Let Ri,..., R, and R}, ..., R;, be two sets of individual ordering relations, R and R’
the corresponding social orderings, and P and P’ the corresponding social preference
relations. Suppose that for each i the two individual ordering relations are connected
in the following ways: for ' and ¢’ distinct from a given alternative z, ' R}y’ if and
only if ' R;y; for all 3/, xR;y’ implies zR;y’; for all 3, x Py’ implies zP/y’. Then,
if zPy, xP'y. (The social ordering shall respond positively, at least not negatively,
to alterations and enhancements of individual values; sometimes this property is
referred to as monotonicity).

(3) Let Ry,...,R, and Ry, ..., R, be two sets of individual orderings and let C(S) and
C’'(S) be the corresponding social choice functions. If, for all individuals ¢ and all z
and y in a given environment S, xRy if and only if 2R}y, then C(S) and C’(S) are
the same (independence of irrelevant alternatives).

(4) The social welfare function is not to be imposed. A social welfare function is said
to be imposed, if, for some pair of distinct alternatives x and y, xRy for any set of

individual orderings Ri,..., R,, where R were the social ordering corresponding to
R1, ..., Ry, i.e., some preferences are taboo and can not be influenced by the group
members.

(5) The social welfare function is not to be dictatorial. A social welfare function is said
to be dictatorial, if there exists an individual ¢ such that, for all z and y, x P;y implies
x Py regardless of the orderings Ri,..., R, of all individuals other than i, where P
is the social preference relation corresponding to Ri,... R,.

Note that by a social welfare function Arrow means (see Definition 4 in [11])

. a process or rule which, for each set of individual orderings Rj, ..., R, for alternative
social states (one ordering for each individual), states a corresponding social ordering of
alternative social states, R.

Further note that orderings in the sense of Arrow are connected and transitive relations on
the set of alternatives. Therefore, Arrow is considering an aggregation problem in the above

sense, i.e., he is looking for some function A: (J, .y D" — D such that

R=A(Ri,...,Ry)

with D being the set of all possible orderings over the set of alternatives, R; the individual
orderings, and R the social order.
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Arrow showed that, for three alternatives and at least two individuals, there is no social
welfare function fulfilling all the demanded conditions at the same time. If there are at least
three alternatives which the members of the society are free to order in arbitrary way, then
every social welfare function satisfying Conditions 2 (monotonicity) and 3 (independence of
irrelevant alternatives) and yielding a social ordering must be either imposed or dictatorial.

Problems of construction refer, beside the existence of an appropriate aggregation function,
also to modifications, adoptions, extensions, and restrictions of existing aggregation func-
tions to new ones, like, e.g., the introduction of weights into a given aggregation process,
transformations, composed aggregation, or constructions like ordinal sums (see, e.g., [23]).
Typical related questions would be whether the procedures applied yield again an aggregation
function of a particular type fulfilling the theoretical and practical demands imposed.

» Characterizations: Characterization problems aim at a most comprehensive and exhaustive
description of the aggregation function used. They also touch problems of finding equivalent,
but possibly more expressive, descriptions of aggregation functions in order to allow an easy
decision about the applicability of the aggregation function in different application settings
and to allow for an additional understanding of the aggregation procedure.

As an example let us mention two classical characterization results for quasi-arithmetic
means, i.e., functions My: |, oy [a,b]" — [a,b], [a,b] C R, such that

f(a:l)Jr...Jrf(xn))

n

neN

My(z1,...,z,) = ft <

with f: [a,b] — [a,b] a continuous and strictly increasing function.

The first characterization has been provided in 1930 by Kolmogoroff [121] and at the same
time by Nagumo [139] and reads as follows:

A continuous, strictly increasing function M: (J,, ¢y [a,b]" — [a, ] is symmetric, idempo-
tent, i.e., fulfills, for all = € [a, b],

M(z,...,z) ==z,
is decomposable, i.e., foralln € N, for all k € {1,...,n}, and all z; € [a,b],i € {1,...,n},

M(x17...,xk7xk+1,...,:pn) :M(M(l‘l,...,J?k),...,M(Zl,“.7$Ck),$k+1,...,$n),

k times

and fulfills M(z) = z for all z € [a,b] if and only if there exists a continuous, strictly
increasing function f on [a, b] such that M = M.

In [1], Aczél gave another characterization result for binary quasi-arithmetic means (compare
also [2]):

A continuous, strictly increasing function M: [a,b]®> — [a,b] is symmetric, idempotent,
and bisymmetric, i.e., for all z;; € [a,b], i,k € {1,2},

M(M(x11,z12), M(x21,x22)) = M (M (211, 221), M (212, T22))

if and only if there exists a continuous, strictly increasing function f on [a,b] such that
M (z1,22) = ! (f(11)+f(12))
’ 2 .

These examples illustrate, that characterization results provide different viewpoints on the
same aggregation function. Moreover, most often, functional equations and inequalities are
instrumental in the description of relevant properties.

n Selection and optimization: The last main group of problems in aggregation processes relates
to the selection of a particular aggregation function possibly from a class of aggregation
functions determined by a parameter set, i.e., refers to choosing an appropriate class of
functions, to optimizing a parameter set, or to fitting (parameters of) functions to a given
set of input-output data pairs.
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1.2 Focus of the thesis

The focus of the present thesis is set on problems of constructions (and existence), of characteriza-
tions of aggregation functions with an emphasis on particular types of functional equations. The
aggregation procedures investigated restrict to those being expressible by aggregation functions,
i.e., to the aggregation of arbitrary but finitely many arguments. Mathematically speaking, we
restrict to aggregation processes which can be described by a function of type (1.1). Aggregation
of infinitely many arguments and (finite as well as infinite) aggregation by (generalized) integrals
are not in the focus of this thesis.

In all cases considered in this thesis, we will assume that (D, A,V,0,1) is a bounded lattice.
Since each bounded lattice is also a bounded poset and since most often the order aspect is of prior
interest in our investigations we use the notation (D, <,0,1) only. The order aspect allows us to
formulate monotonicity and boundary conditions for A. We briefly summarize a few basic notions
and properties of aggregation functions acting on bounded lattice which will be of relevance in
later investigations:

Definition 1.1. Consider a bounded lattice (L, <,0,1). A function A: |J,cy L" — L is called an
aggregation function on L if the following conditions are fulfilled, for all n € N and for all z;,y; € L,
ie{l,...,n}:

(i) A(z1,...,2n) < A(Y1,--.,Yn), whenever a; < y;, for all i € {1,...,n},
(ii) A(z1) = 21,
(iii) A(0,...,0) =0and A(1,...,1) = 1.

If L = [0,1], we refer to A: |J,,cn[0,1]" — [0,1] simply as an aggregation function.

Note that every aggregation function A on a lattice L can be represented by a family (A (,))nen
of n-ary aggregation functions on L, i.e., by functions A,y: L™ — L given by

Ay (21, 20) = A2y, .., 1)

where A(;) = idy and, for n > 2, each A(,) is non-decreasing in each argument and satisfies
A)(0,...,0) = 0 and A,(1,...,1) = 1. Usually, the aggregation function A on L and the
family (A (,))nen of n-ary aggregation functions on L are identified with each other.

Note that depending on the application setting and therefore for corresponding lattices, other
notions for aggregation functions can be found in the literature, e.g., in operations research and
reliability theory, L = {0,..., M} and represents different states of a system (component), aggre-
gation functions being referred to as structure functions (see, e.g., [16], and also [123]). In social
choice theory, L = 2% where A € L represents the set of propositions that a group accepts, the
corresponding aggregation process is more specifically called judgment aggregation (see, e.g., [51]).
In many-valued logics L is interpreted as the lattice of truth values (e.g., [0, 1], some discrete chain,
or the diamond lattice, see also Chapter 2). In decision theory, L = [0, 1] might serve as the range
of monotone and normalized set functions modelling the importance or evaluation of subsets of the
involved criteria by individuals or a group of individuals, the aggregation function involved being
referred to as consensus function (compare, e.g., [55, 71, 124, 197]).

Definition 1.2. Consider a bounded lattice (L, <, 0, 1) and an aggregation function A: J, oy L™ —
Lon L.

(i) A is called symmetric (or, depending on the application context, also commutative, anony-
mous, or neutral) if, for all n € N and for all z; € L, i € {1,...,n},

A(ml,...,xn) = A($Q(1)7...,l‘a(n)) (1.2)

for all permutations o = («(1),...,a(n)) of {1,...,n}.
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(ii) A is called associative if, for allm,m € Nand all z;,y; € L withi € {1,...,m}, j € {1,...,n},

A(xl’ A ’xn7y17 R ’ym) = A(A(x17 tt 7xn)7A(y1’ R 7ym))' (1'3)

(iii) A is called bisymmetric if, for alln,m € Nand all z; ; € Lwithi € {1,...,m},j € {1,...,n},

A(m) (A(n) (.23171, e ,xl,n), ey A(n) (me, <o 7xm,n))
= A(n) (A(m) (xl,l, ce ,xm71), ey A(m) (-Tl,nv ce 7~Tm,n))~ (14)

(iv) An element e € L is called neutral element of A if, for alln € N, for all z;; € L, i € {1,...,n},
and each j € {2,...,n — 1} it holds that

Az, ... yLj—1,€ Lj41 - -« o) = Az, ... yLj—1yLj+15 -+ S Ty) (1.5)

as well as A(e,xa,...,2n) = A(xa,...,2y,) and A(z1,...,Zn-1,) = A(X1,...,Tp1).

(v) An element a € L is called annihilator of A if, for all n € N, for all z; € L, i € {1,...,n},
and each j € {2,...,n — 1}, it holds that

A(z1,...,2j21,0,Tj41,...,Zn) =0 (1.6)

as well as A(a,za,...,2,) = A(x1,...,2p_1,a) = a.

(vi) An element d € [0, 1] is called an idempotent element of A, if A(d,...,d) =d for all n € N.
We will abbreviate the set of idempotent elements by Z(A) ={d € L | A(d,...,d) =d}. In
case that Z(A) = L, the aggregation function is called idempotent.

Because of (1.3), associative aggregation functions A on L are completely characterized by
their binary aggregation functions A 3y on L since all n-ary, n > 2, aggregation functions A, can
be constructed by the recursive application of the binary aggregation function A (). Associative
and symmetric aggregation functions on L are also bisymmetric. On the other hand, bisymmetric
aggregation functions on L with some neutral element are associative and symmetric.

Definition 1.3. Consider two bounded lattices (L, <1,01,11) and (Lz, <3,03,13) and a order
reversing or order preserving lattice isomorphism ¢: Ly — Li. Further let A be an aggregation
function on L;. Then the isomorphic transformation A, is defined by

Aso(xh cee 7$n) = W_l(A(QD(xl)v s @(mn))

and is an aggregation function on Ls. If for two aggregation functions A, B, on possibly different
bounded lattices, there exists a lattice isomorphism ¢ such that A = B, or A, = B, then we refer
to A and B as isomorphic aggregation functions.



6 Chapter 1. Introduction

For binary (aggregation) functions on the unit interval we introduce the following additional
properties:

Definition 1.4. Consider a binary (aggregation) function A (s): [0,1]* — [0,1].

(i) A(g) is called 2-increasing (or, depending on the application context, also supermodular,
superadditive, quasi-monotone, or fulfilling moderate growth) if, for all x1, z9,y1,y2 € [0,1]
with z1 < 22 and y; < ys,

AU (Ag)) = Ay (21, 91) — Ay (w1, 92) — Az (22, y1) + Ay (22,92) > 0. (1.7)

The expression Azllzéz (A(g)) is called the A (s)-volume of the rectangle [x1, z2] X [y1, y2].

(ii) A(g) is 1-Lipschitz if, for all z1,y1, 22,12 € [0,1],
|A ) (21,91) — Ay (w2, y2)] < |21 — 22| + Y1 — 2| (1.8)

For more details and thorough expositions on different aspects of aggregation functions see
the edited volumes [24, 93] and the monographs [12, 92, 194]. Several aggregation functions on
(special) lattice structures have also been investigated in [A01, A02, A03] and, e.g., in [36, 42,
44, 47, 102, 171, 200].

1.3 Outline of the thesis

The focus of the present thesis is set on problems of constructions (and existence), of characteriza-
tions of aggregation functions with an emphasis on particular types of functional equations. The
schematic structure of the thesis is the following:

Part I, entitled “Aggregation Functions: Constructions and Characterizations”, is dedicated to
constructions and characterizations results for two classes of functions. First for triangular norms
and triangle functions which are both ordered Abelian semigroups acting on a bounded lattice
whose top element serves also as the neutral element of the semigroup operation. Triangular
norms are well-known concepts for modelling the evaluation of conjunctions in many-valued logics
(see the monographs [8, 112, 113] for thorough expositions). Triangle functions are a necessary
tool for an appropriate formulation of the triangle inequality in probabilistic metric spaces (see
also [181]). Whereas triangular norms act on a bounded lattice of truth values, in classical cases
most often the unit interval, the interpretation of the underlying domain of triangle functions
is different. Triangle functions are defined on a subset of distribution functions, called distance
distribution functions. W.r.t. the usual pointwise order of [0, 1]-valued functions, the set of distance
distribution functions with its greatest and smallest element constitutes again a bounded lattice.

The second class of functions discussed in Part I relates to (binary) copulas and quasi-copulas.
For both classes of functions the underlying lattice is the closed unit-interval equipped with the
standard order. Copulas are functions which join multivariate distribution functions with their
univariate marginal distribution functions (see also [108, 140]). In fact, according to Sklar’s the-
orem [187], for each random vector (Xi,,...,X,) there is a copula C (uniquely defined when-
ever all X;, ¢ € {1,...,n}, are continuous) such that the joint distribution function Fx, . x, of
(X1,...,X,) may be represented, for all ; € R, i € {1,...,n}, by

.....

Fx, . x, (@1, ,70) = Cx, . x, (Fx, (21), ..., Fx, (74))),

where, for all i € {1,...,n}, Fx, is the distribution function X;. It is worth noting that the copula
C completely captures the dependence structure of the random vector (X, ..., X,).
Quasi-copulas characterize operations on distribution functions induced by operations on ran-
dom variables defined on the same probability space [9, 82]. It is clear, that copulas and quasi-
copulas are of interest in statistics and probability theory, however, more recently they also become
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more important in, e.g., finance [26, 130], hydrology [155], preference modelling [48, 49, 50] and
also in many-valued logics [98].

For both classes of functions — triangular norms and triangle functions as well as bivariate
copulas and quasi-copulas — construction and characterizations problems are investigated in this
thesis.

The roots of all these functions can be traced back to the fields of probabilistic metric spaces,
earlier called statistical metric spaces. It has been the investigation of products of such spaces
which brought a special functional inequality, called dominance, to the fore. Several results on
dominance have been achieved in the framework of probabilistic metric spaces (compare also,
e.g., [6, 68, 190, 191], but also [180] and [8, 181] and the references therein), but several problems
remained open and of interest for many years.

Part II, entitled “Aggregation Functions: Dominance — A Functional Inequality”, focusses
on the functional inequality of dominance. Especially, dominance between triangular norms and
the question whether it constitutes a transitive and therefore also an order relation has been of
interest for many years. The results presented in Part II show the contributions to the (negative)
solution of this long open problem and provide several results for tools and techniques showing that
dominance, although not transitive in general, is transitive on several (parameterized) subsets of
triangular norms. The articles and results included discuss dominance between t-norms, copulas,
quasi-copulas, and conjunctors. Note that in [171], we have turned back to the roots of dominance
and discuss functional equations and inequalities, among which also dominance, between triangle
functions and operations on distance distribution functions.

Part IIT — “Aggregation and Decision Modelling: Two Case Studies” — finally focusses on two
application problems arising in the context of preference modelling and decision making touching
again construction and characterization problems as well as special functional equation.

The first article contains representation and construction results for so-called self-dual and
N-invariant aggregation functions unifying and extending two existing characterization results for
self-dual aggregation functions. Self-dual aggregation functions are important in aggregating [0, 1]-
valued relations which express individual intensities for a preference between two alternatives. In
order to rule out incomparability, it is often required that the degree to which some alternative a is
preferred to some alternative b should be in some sense complementary to the degree to which b is
preferred to a. This naturally leads to the use of reciprocal preference relations R;, i.e., relations for
which R;(a,b) + R;(b,a) = 1 for all alternatives a,b. Aggregating such preference relations R; into
a collective group preference relation R by preserving reciprocity demands self-dual aggregation
functions.

The second article touches the problem of two-step aggregation procedures in multi-person
multi-criteria decision problems. Several alternatives are evaluated by several criteria and by
several experts. Aggregating partial results first w.r.t. the criteria and than by experts should lead
to the same result as aggregating first w.r.t. the experts’ judgements and than by combining partial
results w.r.t. the evaluation criteria, i.e., the final result shall not depend on the order in which
the single aggregation steps are performed. The aggregation functions involved have to commute
in order to guarantee this demand. Commuting is expressed as a functional equation between the
aggregation functions involved and denotes a special case of the generalized bisymmetry equation
which is of relevance also in consistent aggregation in economy (compare also [3, 4, 5, 128]). The
article shows several properties and a characterization result for such functions, in particular if one
of the aggregation functions involved is symmetric, associative, and has a neutral element which is
not a boundary element of the unit interval. Such functions, called uninorms, are also relevant in
bipolar decision making in which the level of neutrality splits the evaluation scale into a positive
and a negative part, such that the presented results are also interesting for bipolar decision making.

Finally, we would like to stress that the following chapters are intended to give a rough overview
on the basic notions, the problems investigated, and the nature of the achieved results. Since
it is not possible to touch all aspects and results in full detail, unless repeating the included
contributions completely, the contents of these introductory parts do provide only a carefully
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chosen, but restricted selection of the results contained in the articles. In some cases the most
important findings have been quoted, in other cases we have decided to restrict to special cases only
illustrating the nature of the general results without discussing their complexity and generality to
the full extent. Throughout the chapters we have tried to outline which approach has been applied.
Nevertheless, we kindly invite the reader to still draw his/her attention to the attached original
contributions containing all details, additional aspects and proofs.

1.4 List of included articles

Part I. Aggregation Functions: Constructions and Characterizations
Triangular norms and triangle functions — two special semigroups

AO01. S. Saminger. On ordinal sums of triangular norms on bounded lattices. Fuzzy Sets and
Systems, vol. 157, no. 10, pp. 1403-1416, 2006.

A02. S. Saminger-Platz, E.P. Klement, R. Mesiar. On extensions of triangular norms on
bounded lattices. Indagationes Mathematicae, vol. 19, no. 1, pp. 135-150, 2008.

A03. S. Saminger-Platz, C. Sempi. A primer on triangle functions I. Aequationes Mathemat-
icae, vol. 76, pp. 201-240, 2008.

Copulas and quasi-copulas — aggregation functions reflecting dependence structures

A04. J.J. Quesada-Molina, S. Saminger-Platz, C. Sempi. Quasi-copulas with a given sub-
diagonal section. Nonlinear Analysis, vol. 69, pp. 4654—4673, 2008.

AO05. F. Durante, S. Saminger-Platz, P. Sarkoci. On representations of 2-increasing binary
aggregation functions. Information Sciences, vol. 178, pp. 4634-4541, 2008.
A06. F. Durante, S. Saminger-Platz, P. Sarkoci. Rectangular patchwork for bivariate copulas

and tail dependence. (accepted for publication in Communications in Statistics —
Theory and Methods).

Part II. Aggregation Functions: Dominance — A Functional Inequality
Dominance between ordinal sums — on the (non-)transitivity of dominance of t-norms

AO07. S. Saminger, B. De Baets, H. De Meyer. On the dominance relation between ordinal
sums of conjunctors. Kybernetika, vol. 42, no. 2, pp. 337-350, 2006.

AO08. S. Saminger, P. Sarkoci, B. De Baets. The dominance relation on the class of continuous
ordinal sum t-norms. In H.C.M. de Swart, E. Orlowska, M. Roubens, and G. Schmidt,
editors, Theory and Applications of Relational Structures as Knowledge Instruments 11,
Springer, pp. 337-357, 2006.

Dominance between continuous Archimedean t-norms — easy-to-check conditions

AO09. S. Saminger-Platz, B. De Baets, H. De Meyer. A generalization of the Mulholland
inequality for continuous Archimedean t-norms. Journal of Mathematical Analysis and
Applications, vol. 345, pp. 607-614, 2008.

A10. S. Saminger-Platz, B. De Baets, H. De Meyer. Differential inequality conditions for dom-
inance between continuous Archimedean t-norms. (accepted for publication in Mathe-
matical Inequalities € Applications).

A11. S. Saminger-Platz. The dominance relation in some families of continuous Archimedean
t-norms and copulas. (accepted for publication in Fuzzy Sets and Systems,
doi:10.1016/j.fss.2008.12.009).
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Part ITI. Aggregation and Decision Modelling: Two Case Studies

A12. K. Maes, S. Saminger, B. De Baets. Representation and construction of self-dual ag-
gregation operators. Furopean Journal of Operation Research, vol. 177, pp. 472-487,
2007.

A13. S. Saminger-Platz, R. Mesiar, D. Dubois. Aggregation operators and commuting. IEEE
Transactions on Fuzzy Systems, vol. 15, no. 6, pp. 1032-1045, 2007.
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Chapter 2

Triangular norms and triangle
functions

Two special semigroups

2.1 Triangular norms on bounded lattices

Triangular norms on the unit interval

Triangular norms (briefly t-norms) on the unit interval were first introduced in the context of prob-
abilistic metric spaces [178, 180, 182], based on some ideas by Menger [131] aiming at an extension
of the triangle inequality for such spaces. Later on, they turned out to be indispensable tools
for the interpretation of the conjunction in many-valued logics [10, 86, 87, 97, 103], in particular
in fuzzy logics where the unit interval serves as set of truth values. Further, triangular norms
on the unit interval play an important role in various further fields like decision making [72, 94],
statistics [140], as well as the theories of non-additive measures [118, 147, 188, 198] and cooperative
games [22]. The formal definition of t-norms on the unit interval reads as follows:

Definition 2.1. A binary operation T': [0,1]2 — [0, 1] is called a triangular norm (briefly t-norm)
if the following conditions are fulfilled, for all x,y, z € [0, 1],

(i) T(z,2) < T(y, z) whenever z < y, (monotonicity)
(ii) T(z,y) = T(y,x), (commutativity)
(iil) T(z,T(y, 2)) = T(T(z,y), 2), (associativity)
(iv) T(z,1) = =. (neutral element)

In other words, a t-norm T is a commutative, associative aggregation function with neutral
element 1, or a t-norm 7T turns [0, 1] into an ordered Abelian semigroup with neutral element 1.

Triangular norms on the unit interval and their properties have been studied extensively. In the
sequel, we restrict to those properties only which will be necessary for a complete understanding of
the following parts. Thorough overviews on triangular norms on the unit interval (including proofs,
further details and references) can be found in the monographs [8, 113], the edited volume [112]
and the articles [115, 116, 117].

It is an immediate consequence that, due to the boundary and monotonicity conditions as well
as the commutativity, any t-norm T fulfills, for all z € [0, 1],

T(0,2) = T(z,0) = 0, (2.1)
T(1l,z) = z.

13
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Figure 2.1: 3D plots of the four basic t-norms Ty, Tp, 11, and Tp.

Therefore, all t-norms coincide on the boundary of the unit square [0, 1]2.

Example 2.2. The most prominent examples of t-norms on the unit interval are the minimum
Twm, the product Tp, the Lukasiewicz t-norm Ti, and the drastic product Tp (see also Figure 2.1).
They are given by:

Twm (.13, y) = min(x7 y)v (23)
Te(z,y) =y, (2.4)
I (z,y) = max(z +y — 1,0), (2.5)

min(z,y), otherwise.

Obviously, the basic t-norms Ty, Tp and Ty, are continuous, whereas the drastic product Tp
is not. Note that for a t-norm 7T its continuity is equivalent to the continuity in each component
(see also [113, 115]), for arbitrary zg, yo € [0, 1] both the vertical section T'(zo,): [0,1] — [0,1] and
the horizontal section T'(jyp): [0,1] — [0, 1] are continuous functions in one variable.

The comparison of two t-norms is done pointwisely, i.e., if, for all z,y € [0, 1], it holds that
T (z,y) > Ta(z,y), then we say that T is stronger than Tp and denote it by T3 > T5. For each
t-norm 7" it holds that Tp < T < Tym. Moreover, the four basic t-norms are ordered in the following
way: Tp <1 <Tp < Tm-

Ordinal sum t-norms are based on a construction for semigroups which goes back to A.H. Clif-
ford [29] (see also [30, 100, 150]) based on ideas presented in [31, 111]. It has been successfully
applied to t-norms in [74, 125, 179].

Definition 2.3. Consider an at most countable index set I. Let (Ja;, b;[)ier be a family of non-
empty, pairwise disjoint open subintervals of [0, 1] and let (T});cr be a family of t-norms. Then the
function T': [0,1]? — [0, 1], defined, for all x,y € [0, 1], by

ai + (b — ;) T;(£=%, 425, if (2, y) € [ai, bi]°,

T(x,y) = (2.7)

min(z, y), otherwise.

is called the ordinal sum and will be denoted by ({(a;, b;, T3))ier-

Note that according to the fact that all [a;,b;] C [0,1] and all a; as well as b; are ordered by the
natural order on R there exists a linearly ordered index set (J, <), J # (0 and a family of intervals
[a;,b;] such that [0,1] = &je [a),b;], ie., [0,1] = Ujes [a;,b;] and a;, < a;, whenever j; < jo for
all j1,j2 € J. On each [a;, b;] associative operations *; can be defined either as isomorphic, in fact
affine, transformations of the corresponding t-norms or by the minimum such that the ordinal sum
of t-norms is indeed an ordinal sum of semigroups in the original sense of Clifford [29]. Moreover,
note that an ordinal sum of t-norms yields again a t-norm, which is the (largest) extension of
t-norms acting on the subintervals [a;, b;] (see also Fig. 2.2).
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T3
Tm T
T Tm
o—o0 o—o0—o0
ap by az by =az by

Figure 2.2: Example of an ordinal sum t-norm T' = ({a1, b1, T1), {az, be, T3), {as, b3, T3)).

It is further remarkable that the concept of ordinal sums of semigroups did not only provide
a method for constructing new triangular norms from given ones, but also led to a representation
of continuous triangular norms as (trivial or non-trivial) ordinal sums of isomorphic images of
the product and the Lukasiewicz t-norm [125, 137, 180] (see also Remark 4.6 later). Note that a
full characterization of all, also non-continuous, t-norms is not yet known. For more results on
triangular norms and ordinal sums see, e.g., [106, 112, 113, 114].

Triangular norms on bounded lattices

Many-valued logics are usually based on a bounded lattice (L, <,0,1) of truth values [86, 97,
126, 149, 189, 193], not necessarily being a chain (compare [13, 33, 58, 86]). In [83, 85] the unit
interval was already replaced by a bounded lattice, stimulating some investigations in topology
[84, 101, 104, 152] and logic [70, 102]. In all these cases, the conjunction is interpreted by some
triangular norm on L. Since the structure of t-norms is known for some special cases only it
was quite natural to study triangular norms from a more general viewpoint and on bounded
lattices [37, 109, 200], including special cases such as discrete chains [129], product lattices [36, 107],
or the lattice L* = {(x,y) € [0,1]? | z +y < 1} [43, 45, 46] .

Triangular norms on a bounded lattice (L, <,0,1) (see also [37]) are defined in analogy to trian-
gular norms on the unit interval (compare Definition 2.1), fulfilling monotonicity, commutativity,
associativity, and having neutral element 1. Therefore, a t-norm 7" on a bounded lattice (L, <,0,1)
turns L into an ordered Abelian semigroup with neutral element 1.

Note that the structure of the lattice L heavily influences which and how many t-norms on L
can be defined. However, for each, non-trivial, lattice L there exist at least two t-norms, i.e., the
minimum T (z,y) = # Ay and the drastic product

; [ xAy, ifle{zyl),
Tp(z,y) = { 0, otherwise,

which are always the greatest and smallest possible t-norms on the lattice L. Observe that up to
the trivial cases when |L| < 2, we always have T}5 # T{;. In case that |L| = 2, there is a unique
t-norm on L which is, in fact, the standard boolean conjunction. Finally, if |L| = 1, there is only
one binary operation on L. Although in many of the cases mentioned before the lattices of truth
values involved tend to be distributive, no additional assumptions on the lattice structure apart
from its boundedness are imposed.

2.1.1 Problem statements

Inspired by the investigations and results on ordinal sums of t-norms on the unit interval, the
following problems have been formulated:
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= Can strongest and weakest extensions of t-norms on bounded (complete) sublattices be found?

= Does an ordinal sum construction, similar to the one for ordinal sum t-norms on [0, 1], yield
again a t-norm independently of the choice of the sublattices and the choice of t-norms on
these sublattice?

= In case that not, for which lattices are such arbitrary choices possible?

2.1.2 Main Results

The article [A01], entitled “On ordinal sums of triangular norms on bounded lattices”,
addresses all these questions for the case of a strongest extension 7' of t-norms 7; acting on subin-
tervals ([a;, b;])ier of a bounded lattice (L, <,0,1) and discusses such extensions for the particular
case of L being a product lattice and for the case of L = L* as introduced above. In the article
“On extensions of triangular norms on bounded lattices” [A02] these results are further
extended to strongest and weakest extensions of a t-norm acting on a (complete) sublattice, not
necessarily being a subinterval, of L to a t-norm acting on L . We summarize a few of the most
relevant results, but refer for proofs, further details and results to the original contributions.

The approach for the strongest extension is inspired by the ideas of Clifford and by the concepts
for ordinal sum t-norms on the unit interval. More precisely, consider a bounded lattice (L, <,0, 1),
a bounded sublattice (S,<,a,b) of L, and a t-norm T°: S2 — S on S. Then the extension
Tks: L? — L of T¥ to an operation on L is defined by

T5(x,y), if (z,y) € S,

. (2.8)
Ay, otherwise.

T%S (.’L‘,y) = {

Obviously, TTLS as defined by (2.8) is commutative and has neutral element 1. In case that it
yields a t-norm it is the strongest possible extension of 7% on S to L. Since S is also a sublattice
of ([a,b],<,a,b) with [a,b] = {x € L | a <z < b}, we have

L L
TTS = TT[a,b] 9
TS

i.e., we may first extend 7% to [a, b] via (2.8) and repeat the same procedure to extend Tq[?s’b] to L.
Because of s
a, L
Trs” =1Trs |[a,b]2a

a necessary condition for TTLs to be a t-norm is that T;as’b] is a t-norm. Therefore, without loss

of generality we may restrict ourselves first to sublattices of L having the same bottom and top
element as L.

Proposition 2.4. [A02, Proposition 2.1] Let (L, <,0,1) be a bounded lattice and (S,<,0,1) a
bounded sublattice of L. The following are equivalent:

(i) For arbitrary t-norm T%: S — S on S, the operation T is a t-norm on L.

(ii) For all (z,y) € (S\{1}) x (L\ S) we have x Ay € {0,z} and for all (z,y) € (L\ S)? it holds
that t Ny € S=xANy=0.

Note that condition (ii) equivalently expresses that for all z € S\ {1} and for all y € L\ S
either 2 Ay = 0 or z < y is fulfilled and for all x € S\ {0,1} and all y,z € L\ S, such that 2 <y
and x < z,alsoyAze L\ S.

In [A01], the second extension step, i.e., the case of S being a subinterval [a, b] of the bounded
lattice (L, <,0,1) has been treated extensively, revealing a series of necessary and sufficient condi-

is

tions, in particular incomparability conditions, for the lattice in order to guarantee that T%[a,b]

indeed a t-norm extending arbitrary t-norm T!*% acting on a fixed subinterval [a,b] to L:
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Theorem 2.5. [A01, Theorem 4.8] Consider some bounded lattice (L,<,0,1) and a subinterval
[a,b] of L. Then the following are equivalent:

(i) For arbitrary t-norm T@% on [a,b], the operation Tk defined by (2.8) is a t-norm on L.
(ii) For all x € L it holds that

(a) if x is incomparable to a, then it is incomparable to all u € [a,b],

(b) if x is incomparable to b, then it is incomparable to all u € |a,b].

Note that condition (ii) can be further equivalently expressed by the fact that for all maximal
chains C' C L connecting 0 and 1, it holds that,

la,bfNnC #A0 = [a,b] CC,
or, compare also [A02, Proposition 3.1], that for all x € L,
{rel|3yelab:x<yory<z}=10,aUla,bU[b1].

In [A01], the necessary and sufficient conditions are illustrated by several examples and the
results are applied to product lattices and to L = L* showing that the strongest extension as
introduced above is, up to some trivial cases, not an appropriate way to create t-norms on product
lattice resp. on L*. Moreover, only special lattices allow for an arbitrary choice of the sublattice
as well as the t-norm involved:

Theorem 2.6. [A01, Theorem 4.9] Consider a bounded lattice (L, <,0,1). Then the following are
equivalent:

[a,b]

(i) For arbitrary interval [a,b] and arbitrary t-norm T on [a,b], the operation TTLW,] defined

by (2.8) is a t-norm on L.
(ii) For all z,y € L it holds that {x ANy, zV y} C {0,1,z,y}.
(iii) L is a horizontal sum of chains.

Based on the results obtained for S being a subinterval of L, the following statement can be
made:

Corollary 2.7. [A02, Corollary 3.2] Let (L,<,0,1) be a bounded lattice, (S,<,a,b) a bounded
sublattice of L and TS : S — S a t-norm on S. Assume that for each (z,y) € (S\{b}) x ([a,b]\ S)
we have x Ay € {a,x}, that for each (x,y) € ([a,b]\ S)? it follows that x Ay € S implies x Ny = a,
and that, in case |a,b[ # 0, condition (i) in Theorem 2.5 holds. Then Tfs is a t-norm on L.

In both articles [A01, A02], also the cases of several sublattices resp. subintervals as well
as further properties of the t-norms involved like, e.g., the intermediate value property and the
relationship to residuated lattices are discussed and investigated.

However, by the previous results it becomes already obvious that the strongest extension of
arbitrary t-norms on arbitrary sublattices leads to rather restrictive demands on the underlying
lattices. Quite different is the situation when looking for the weakest possible extension of some
TS on some (complete) sublattice S.

Definition 2.8. [A02, Definition 6.1] Let (L,<,0,1) be a bounded lattice, (5,<,a,b) a com-
plete and bounded sublattice, and T a t-norm on the corresponding sublattice S. Then define
75901} (SU{0,1})2 — (SU{0,1}) by

zAy, ifle{z,y},
TN ey = {0, o€ {ny), (29)
T(z,y), otherwise.
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Further define WI{“S : L2 — L by

AT if 1 € {z,y},

2.10
TSU{OJ}(J;*, y*), otherwise, ( )

Wis (z,y) = {

with * =sup{z | 2 <,z € SU{0,1}} for all z € L.

Proposition 2.9. [A02, Propositions 6.3, 6.4] Let (L,<,0,1) be a bounded lattice and assume
some complete, bounded sublattice (S,<,a,b). Let TS be a t-norm on the corresponding sublattice
S. Then Wqés: L? — L defined by (2.10) is a t-norm on L and it is the smallest possible t-norm
extension of T° on L.

For t-norms on several sublattices the weakest extension is defined by in the following way:

Definition 2.10. [A02, Defintion 6.5] Let (L, <,0, 1) be a bounded lattice and I some index set.
Further, let (S;, <,a;,b;);cr be a family of complete and bounded sublattices of L such that the
family (Ja;, b;[)ies consists of pairwise disjoint subintervals of L. Finally, let (7°%);c; be a family
of t-norms on the corresponding sublattices S;. Then define WTLSi : L2 — L by

T Ay, if1 e {z,y},
Wks (z,y) = 2.11
75 (@ Y) {Tsiu{o’l}(ﬁc;kyyf)v otherwise, ( )
with z¥ =sup{z | 2 < z,2 € S; U{0,1}} and define W: L? — L by
W (z,y) = sup Wi, (z,9). (2.12)
iel

Note that, by definition, W is a symmetric and monotone operation on L which has neutral
element 1. However, further restrictions on the family of sublattices have to be applied in order to
guarantee that W is indeed an extension of arbitrary t-norms T'% on the sublattices S;.

Proposition 2.11. [A02, Proposition 6.6] Let (L,<,0,1) be a bounded lattice and I some index
set. Further, let (S;, <,a;,b;)icr be a family of complete and bounded sublattices of L such that
the family (Ja;, bi[)icr consists of pairwise disjoint subintervals of L. Further assume that for all
i,j € I with i # j it holds that

(i) if z € Sj then xf ¢ S; \ {a;, b}, i.e., xf € {0,a;,b;},
(ii) if x € S;\ {b;} and =} = a;, then (a;)f > a;, and

Then for all t-norms T on S; and for all t-norms T on S; with i # j it holds that WTLSi (z,y) <
T% (z,y) for all (z,y) € sz and WTLSJ. (z,y) < T%(x,y) for all (z,y) € S?, i.e.,

L
Wiks,

52 <T%  and Wks,|s < T%.

Moreover, W given by (2.12) is a monotone and symmetric extension of each T, i.e., W|g2 =
T3 for all i € I, which has neutral element 1.

It is also shown in [A02] that, although associativity of W can not be proven in general, for
several important cases, like Cartesian products and ordinal sums of bounded sublattices, or L
being a chain, also the associativity of W holds, i.e., that the construction indeed yields again a
t-norm on L.
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2.2 Triangle functions

From a historical point of view, triangle functions were introduced by Serstnev in [183, 196] in his
definitive formulation of the triangle inequality in probabilistic metric spaces (see, e.g., [176] for a
historical introduction to these spaces). Triangle functions constitute an important class of binary
operations on a subspace of distribution functions, namely distance distribution functions which
form the basic objects in the discussion of probabilistic metric spaces (see [180] and [181] and the
references therein for an extensive discussion of such spaces). We briefly recall the definition of
distance distribution functions and of triangle functions as introduced by Serstnev:

Definition 2.12. A function F: R — [0, 1], with R denoting the extended real line, is called a
distance distribution function if it is non-decreasing, left-continuous on R, and fulfills F'(c0) = 1,
and F(0) = 0. The set of all distance distribution functions will be denoted by A™.

The elements of AT are partially ordered by the usual pointwise order
F <G ifandonlyif F(x)<G(z)forall z € R.

Moreover, (A1, <,e40,€0) is a bounded lattice with bottom and top element given, for all 2 € R,

by
1, ifz=00
00 = ’ ’ d ==
oo () {0, otherwise, o fo(a) {

1, ifz >0,
0, otherwise.

Definition 2.13. A triangle function is a binary commutative and associative operation on AT
which is non-decreasing in each argument and has neutral element q.

In fact, triangle functions are triangular norms on the special bounded lattice (AT, <, e.,€0).

2.2.1 Problem statement, results and additional remarks

Similar as in the case of t-norms on the unit interval a full characterization of all triangle functions
is not yet known. Already in 1983, in [180] several open problems have been formulated focusing
on a clarification of the structure of triangle functions in general resp. for special subclasses. We
briefly quote a few of them:

Problem 7.9.1: [...] In particular determine all continuous triangle functions and, if possible,
find a representation corresponding to the one given in Theorems 5.3.8' and 5.4.1.%.

Problem 7.9.5: [...] Suppose that T is a continuous t-norm. To what extent does the
structure of T determine the structure of 77 ;,3? In particular, if T is an ordinal sum, is
7r, an ordinal sum?

Problem 7.9.6: Find conditions on T on L that are both necessary and sufficient (rather
than merely sufficient) for 7r 1, to be a triangle function. [...]

Partial answers to these problems can be found in the literature (see also Chapter 7 in the notes
of [181] and the references therein). However, several of the proofs of these results are not always
easily accessible. Moreover, additional and new results clarifying further properties of triangle
functions could be achieved in collaboration with Carlo Sempi.

The article [A03], entitled “A primer on triangle functions I”, contains all these results.
Since, as its title already indicates, it has also been the intention to offer not only new results,
but also a handy reference for an (updated and extended) introduction to triangle functions we
refrain from quoting single results from this forty pages contribution but refer directly to the

IRepresentation of continuous t-norms on some real-valued interval [a, €] as minimum, continuous Archimedean
t-norm, or ordinal sums thereof.

2Representation of continuous Archimedean t-norms on some real-valued interval [a, €] by means of generators.

3Denoting a special class of triangle functions based on a t-norm 7" and an operation L.
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original article. Note that the first part of the primer mainly focusses on constructions of triangle
functions, important subclasses and their properties. Functional equations and inequalities are
extensively treated in the second part entitled “A primer on triangle functions 1”7, submitted to
Aequationes Mathematicae in Spring 2008.

However, a few additional remarks w.r.t. the concept of strongest and weakest extensions of
t-norms on bounded lattices, as discussed in the previous section, can and should be made:
The set E* of step functions, i.e., of distance distribution functions €,: R — [0, 1], a € [0, o],

fOr a < OO, being deﬁned by
() f < a
€a(:C) = { ’ nxr 9

1, otherwise,

forms an important (complete) sublattice (ET, <, e.,e0) of the lattice (AT, <, ex,€0), i.e., it
allows to embed the real line into probabilistic metric spaces.

Since ET is a complete sublattice and, due to Proposition 2.9, the weakest extension WTA;
of some triangle function 7 acting on ET as defined by (2.10) yields indeed a triangle function
on AT. However, for the strongest extension as defined by (2.8), the incomparability conditions of
Proposition 2.4 are not fulfilled, i.e., the strongest extension yields not a triangle function A* for
arbitrary triangle functions on E*. Similar arguments hold for the strongest and weakest extension
of triangle functions acting on some subinterval [e,,p] C AT, a,b € ]0, 00/, to a triangle function
on AT,



Chapter 3

Bivariate copulas and
quasi-copulas

Aggregation functions reflecting dependence structures

Copulas were first introduced by Sklar in 1959 in [187]. Bivariate copulas are functions that join
bivariate distribution functions with their univariate marginal distribution functions. Moreover,
the copula of a random pair (X,Y") completely captures the dependence structure of (X,Y") due
to Sklar’s theorem [187] which states that for each random vector (X,Y’) there is a copula Cx y
(uniquely defined whenever X and Y are continuous), such that the joint distribution function
Fxy of (X,Y) may be represented by

Fxy(z,y) = Cxy(Fx(z), Fy(y))

with F'x and Fy the marginal distribution functions of X and Y, respectively.

In addition, every copula is the restriction of a bivariate distribution function to the unit square
whose marginals are uniform on [0, 1] (see [108, 140] for a thorough introduction to copulas). We
introduce (bivariate) copulas as special classes of binary aggregation functions:

Definition 3.1. A binary aggregation function C: [0,1]> — [0,1] is called a copula if it is
2-increasing and has neutral element 1.

Note that every copula C has also annihilator 0, i.e., C(x,0) = C(0,z) = 0 for every z € [0, 1].
Moreover, they are 1-Lipschitz and for every copula C' it holds that Ty, < C' < Ty, Therefore, in
the fields of copulas, 11, and Ty are also referred to as the Fréchet-Hoeffding bounds of copulas,
most often denoted by W resp. M. Note that also Tp is a copula, in the framework of copulas
usually denoted by II and referred to as the independence copula. We follow the notation W, II,
M throughout this section. Note also that an associative copula is also a (continuous) t-norm on
[0,1] and that 1-Lipschitz t-norms are copulas (see, e.g., [113]).

Quasi-copulas were introduced by Alsina et al. in [9] and characterized by Genest et al. in [82];
they characterize binary operations on distribution functions induced by operations on random
variables defined on the same probability space.

Definition 3.2. A binary aggregation function @Q: [0,1]? — [0,1] is called a quasi-copula, if it is
1-Lipschitz, has neutral element 1 and annihilator 0.

Every copula is a quasi-copula, however not every quasi-copula is also 2-increasing, i.e., a
copula. Such quasi-copulas are usually referred to as proper quasi-copulas. Note that also for
every quasi-copula @ it holds that W < @ < M.

21
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Copulas and quasi-copulas are of considerable interest in several fields of applications, for
instance, in finance [26, 130], hydrology [155], but also preference modelling [48, 49, 50] and, due
to the close relationship between copulas and t-norms, also in many-valued logics [98]. Therefore,
having at one’s disposal a large number of examples of (quasi-)copulas is of great practical and
theoretical interest.

During the last few years several researchers have focussed their attention on new methods
for constructing families of bivariate copulas and quasi-copulas with desirable properties and a
stochastic interpretation. Some of these approaches have been devoted to copulas and quasi-copulas
with given values along specified sections or subsets of the unit square, like, e.g., diagonals [60, 61,
69, 75, 141], horizontal, vertical, or affine sections connecting opposite sides of the unit square [62,
119, 120], or grid structures [34, 185]. Additionally, best-possible bounds for the functions thus
constructed [76, 119, 142, 143] have been investigated.

3.1 Problem statements and results

Quasi-copulas with a given sub-diagonal section

In the spirit mentioned above, in [A04] “Quasi-copulas with a given sub-diagonal section”
we studied (quasi-)copulas with a given sub-diagonal section, i.e., with given values along an
affine section with slope one connecting perpendicular sides of the unit square. More precisely the
following problems have been tackled:

» Given a sub-diagonal d4,, i.e., an function being admissible for serving as a sub-diagonal
section of a copula (for more details see [A04, Section 2]), does there exist a copula or a
quasi-copula @5, whose sub-diagonal section 5530 coincides with d,,, i.e., for which 57?0 =0z,7

» Given a sub-diagonal dy,, if Qéxo denotes the set of all quasi-copulas whose sub-diagonal
sections coincide with d,,, what are the best-possible bounds for Qs, 7

The first question has been answered by a series of constructions for (quasi-)copulas with a
given sub-diagonal section, relevant aspects being:

» W-ordinal sums (see Section 3 in [A04]) allowing to determine (quasi-)copulas with a given
sub-diagonal section from (quasi-)copulas with a given diagonal section,

= patchwork resp. splicing techniques for obtaining new quasi-copulas from two given (quasi-
)Jcopulas, all coinciding in the corresponding subdiagonal section (see Section 4 in [A04]),
and

» symmetrization techniques for obtaining symmetric quasi-copulas with a given sub-diagonal
section (see Section 5 in [A04]).

Some of these constructions allow to obtain also new copulas from given ones [A04, Section 3],
in other cases sufficient (and necessary) conditions for yielding a copula could be provided [A04,
Theorem 5, Corollary 7, Corollary 8]. In Section 7 in [A04] the construction of a symmetric copula
with a given sub-diagonal section is proven for particular cases of sub-diagonals. Although all these
constructions allow to find (quasi-)copulas @ with a given subdiagonal section 530, only the lower
bound of the set of all quasi-copulas Q(;IO coinciding in their sub-diagonal section can be obtained
by these methods. Note that the lower bound is not only a quasi-copula but also a copula. In [A04,
Section 8], also the existence and structure of the upper bound, being a quasi-copula, is proven.
For the readers’ convenience we summarize the result on upper and lower bounds of Qs, :
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S1(zo) Su(zo)

11—z 1—x

Ty (20)

Sa(z0)

Ty (20) S (o)

Figure 3.1: Sub-domains of [0, 1]2.

Theorem 3.3. [A04, Theorems 13,14] Consider xg € |0, 1] and a sub-diagonal §,,. We distinguish
the following sub-domains of the unit square (see also Fig. 8.1):

Ty (wo) = {(u,v) € [0,1]* | u— 2 < v},
Tr(z0) = {(u,v) € [0,1]* [ u — 2o > v},
Sg(l‘o) [:L‘o, ] [0, 1-— .%‘0] .

Then the copula Bs, : [0,1]> — [0,1] and the quasi-copula Gs,_ : [0,1]> — [0,1] defined by

Mgy (U, ) — hygy (w,v), if (u,v) € Sa2(zp),
max(u + v — 1,0), otherwise,

Bs,, (u,v) = {

min(u, v, My (u,v) — e, (u,v)), if (u,v) € Ty (xo),
min(ml, (u,v), My (u,v) = Gz (u,v)), otherwise,

Gs,, (u,v) = {

where

M, (U, v) = max(min(u — zg, v),0), M, (u,v) = min(max(u — zg, v), 1 — xp),

my, (u,v) = min(u — xo,v), M, (u,v) = max(u — xo,v),

and

hag (1, v) = min(t — 8z, (t) [ ¢ € [may (u,0), Mo, (u, 0)]),
Qo (U, 0) = max(t — 0z () [ 1 € [mag (u, 0), Ma, (u, 0))),

are the smallest resp. greatest (quasi-)copula whose sub-diagonal section at xo coincides with 0,,
i.e., B(;zo << G(;IO for all Q € Q(;IO.

2-increasing (aggregation) functions

Several of the already mentioned constructions with given values along sections or subsets relate
or at least touch the problem of determining binary 2-increasing functions on a rectangular subset
of the unit square with prescribed marginal behavior. In case of grid construction methods, as
introduced by De Baets and De Meyer [34], the rectangular substructure of the domain and the
fixed values are obvious. In case of copulas with a given horizontal and/or vertical section [62, 120]
the underlying domain is split into two resp. four rectangles, the values of the copulas along all
its margins of the subset being determined either by the boundary conditions of a copula or the
corresponding sections. Similarly the gluing method of Siburg and Stoimenov for binary copulas
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leads to a distinction of two subrectangles of the unit square [185]. But also in case of affine
sections connecting perpendicular sides of the unit square, like it is the case for (quasi-)copulas with
a given sub-diagonal section (see also Fig. 3.1), symmetrization techniques lead to subrectangles
resp. subsquares of the unit square where the behavior of the copula is determined by its marginal
behavior w.r.t. that subdomain.

Although binary 2-increasing functions with given margins acting on some rectangular subdo-
main of the unit square appear in all these fields, a full investigation and characterization of such
functions had not been undertaken before. First results had been achieved in [63] where 2-increasing
aggregation functions, acting on [0,1]?, had been investigated leading to some constructions and
special properties.

However, a full characterization of all binary 2-increasing functions with given upper as well as
upper and lower margins has been achieved later independently by Saminger-Platz, at that time on
a sabbatical leave at Lecce university, and by Durante together with Sarkoci in Linz. The results
are published in the co-authored article [A05], entitled “On representations of 2-increasing
binary aggregation functions”, and we briefly recall the most important theorems contained
therein providing characterizations of 2-increasing aggregation functions with given upper resp.
upper and lower margins (for further constructions, properties and bounds as well as proofs and
examples see additionally [A05]).

Note that the 2-increasingness property has been introduced for binary (aggregation) functions
only, such that in this section we restrict to binary aggregation functions only, denoting them
simply by A. Its corresponding margins are, for all a,b € [0,1], given by the functions h%,
v : [0,1] — [0,1], defined, for all x,y € [0,1], by

h%(z) = A(xz,a) and UZ(y) = A(b,y).

Theorem 3.4. [A05, Theorem 10] Consider a binary, 2-increasing aggregation function A with
upper margins hly and vy, then there ezists a copula C such that A(z,y) = C(hY(z),vY(y)) for all
z,y € [0,1].

Theorem 3.5. [A05, Theorem 17] Consider a binary 2-increasing aggregation function A with
margins h%, hY, v%, vl such that \a = Va([0,1]?) > 0. Then there exists a copula C such that

Az, y) = AaC (p1(2), 02(y)) + hO(2) + % (y) (3.1)
with
e1:0,1] = [0,1],  ¢1(2) = 55 (hly(x) — B (2) — h4(0)),
P2 [Oa 1] - [07 1]7 902(3/) = )\i

L (vh(y) — 0% (y) — v}4(0)).

Note that for a binary 2-increasing aggregation function A, A4 = V4([0,1]?) = 0 is equivalent
to the fact that A is a modular function, i.e., A(z,y) = h{'(x) + v (y) = hi'(z) + v (y) — 1 for all
x,y € [0,1] (compare also [63, Propositions 2.3, 3.6]).

Although the previous theorems might look very basic at first sight, they are of considerable
value. In particular Theorem 3.5 allows to obtain a full characterization of continuous, binary,
2-increasing and non-decreasing functions with given margins and acting on some rectangular
subdomain of the unit square as shown in the article “Rectangular patchwork for bivariate
copulas and tail dependence” [A06].

Theorem 3.6. [A06, Theorem 2.1] Consider a binary 2-increasing function F: [a1, ag] X [b1,ba] —
[c1, ca], continuous and non-decreasing in each argument, with margins hi}, hl}?, vE, and vE? and
Rang = [c1,¢2]. Put Ap = Vr([a1,a2] X [b1,bs2]). If A\p =0, then

F(a,y) = hip (x) + vi (y) — b (a).
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If A\ > 0, then there exists a unique copula C such that

F T F
Floup) = 2rC (B D) ) 4 o2 0) = 12 e, (32)

with

o1 () = Vi (lar, 2] x b1, ba]) = B2 () — hE (ar) — hi (x) + b (aq),
@5 (y) = Vie(lar, ag] x [b1, y]) = v§2 (y) — v (b1) — vt (y) + vg (br).

Based on this characterization it is possible to obtain a full characterization of rectangular
patchworks of copulas and to allow a different viewpoint on many of the constructions of copulas
mentioned above with given grid structure resp. given horizontal and/or vertical sections. By a
rectangular patchwork we denote the following construction:

Definition 3.7. Consider a copula C, a family (R;);c; of subrectangles of [0, 1] such that R;NR; C
OR;NOR; whenever i # j, i.e., R; and R; have common points just on their boundaries. Moreover,
for every ¢ € I, let us consider a continuous mapping F;: R; — [0,1], which is non-decreasing in
each argument, such that C' = F; on OR;. We call the function F': [0,1]?> — [0, 1] defined, for all
z,y € [0,1], by

’ C(z,y), otherwise,

the patchwork of (F;);c; into the copula C.

Moreover, the function F is a copula if and only if, for all ¢ € I, F; is 2-increasing on R; [34].
Note that one of the oldest rectangular patchwork construction for copulas are ordinal sums of
copulas (see [140]), a construction already encountered in Section 2.1 on triangular norms.

Ordinal sums of copulas are defined in an analogous way to ordinal sums of t-norms. In terms
of rectangular patchwork they are obtained by considering C' to be equal to M, every R; to be a
square of the type [ai,bi]z, where 0 < a; < b; < a;41 < bjy1 < 1 and the functions F; being all
affine isomorphic transformations of copulas.

The rectangular patchwork in combination with the result obtained in Theorem 3.6 allows to
construct new copulas:

Theorem 3.8. [A06, Theorem 2.2] Consider a family of copulas (C;)icr and a family of rectangles
(Ri = [a},a}] x [b%,b5])ier of [0,1]% such that R; N R; C OR; NOR;, for every i # j.

Consider further a copula C' and put A; = Vo (R;). Then the function C: [0,1]2 — [0,1] defined,
for every x,y € [0,1], by

NC (vC([ai,x]; [bi,bg})’ Vc([aﬁ,a%x [b@;,]))

+het (2) +u¢ () = G (ah),  if (w,y) € Ry with \; #0,
C(z,y), otherwise,

O(‘T,y) -

is a copula. We denote such a copula C by ((R;, CiNr-

Note that by the construction, the rectangles R; are not bound to a particular shape or position
within the unit square, like, e.g., squares along the main diagonal as it is the case for ordinal sum
copulas. Moreover, copulas C; allow to distribute the mass )\;, assigned to the rectangle R; by C,
differently on R;. Choosing C; = W resp. C; = M for all ¢ € I leads therefore to the smallest resp.
largest copula coinciding on the margins of all R; and being equal to C on [0,1]?\ U;er R;. Clearly,
every copula C' can be represented as a rectangular patchwork ({[0, 1]2,C))¢, however, in general
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this representation is not unique. Moreover, for M, II, and W it holds that ((R;,C))$; = C for
all families of rectangles (R;);er and C € {M,II, W}.

In [A06], but also [64] it is illustrated how several constructions like, e.g., W-ordinal sums,
copulas with given horizontal and/or vertical sections, and binary glued copulas can be interpreted
as rectangular patchwork copulas. Moreover, several additional aspects like, e.g., copulas with dif-
ferent tail dependencies or absolutely continuous copulas with given diagonal section, are discussed
and illustrated by examples in [A06].



Part 11

Aggregation Functions:

Dominance — A Functional Inequality
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Chapter 4

Preliminaries

4.1 Motivation

In 1942, Karl Menger introduced the concept of probabilistic (originally denoted as statistical)
metric spaces [131], in which the distance between two objects p and ¢ is characterized by a
probability distribution function, more precisely by a distance distribution function, Fj, rather
than by a real number. For any positive number z, the value Fpq(z) is interpreted as the probability
that the distance between p and ¢ is less than x. The metric in such spaces has been defined in
analogy to the axioms of (pseudo-)metric spaces, and the most disputable axiom has been the
probabilistic analogue of the triangle inequality (see also, e.g., [177, 180, 181] for more details on
the historic developments). Its actual variant goes back to Serstnev [182, 183] and reads as follows,
for all objects p, q, T,
Fyr 2 7(Fpq, Fyr)

with 7 being a triangle function (see Definition 2.13). During the investigation of topological
aspects of probabilistic metric spaces, products and quotients of such spaces have been touched
(e.g., [6, 68, 190, 191]) such that the property of dominance came to the fore. In [190], Tardiff
introduced the notion of a o-product of two probabilistic metric spaces with o some triangle
function. He further showed that the o-product of two probabilistic metric spaces under the triangle
function 7 is again a probabilistic metric space under 7 if and only if o dominates T (o > 1), i.e.,
if, for all distance distribution functions Fy, Fy, G1, G2 € AT, the following inequality is fulfilled

o(r(F1,G1),7(F2, G2)) 2 7(0(F1, Fa),0(G1, Ga)).

Therefore, dominance constitutes a binary relation on the class of all triangle functions [190], and
this notion was soon generalized to operations on an arbitrary partially ordered set [180] and
therefore also for t-norms.

Dominance is further instrumental for the preservation of a variety of properties most often
expressed by some inequality, during (dis-)aggregation processes and when construction fuzzy
(equivalence and order) relations on product spaces (for particular examples and details see also [17,
18, 19, 35, 50, 157, 163]). The dominance property was therefore introduced also in the framework
of aggregation functions where it enjoyed further development.

In addition, dominance has an additional interpretation in aggregation processes, in particular
in two-step evaluation procedures of given data matrices as will be illustrated immediately. It is
worth mentioning that, besides these application points of view, the property of dominance turned
out to be an interesting mathematical notion per se, since it constitutes a binary relation on a set
of operations defined by a functional inequality of the operations involved. In the next sections we
will illustrate various aspects of the discussion on dominance — in the framework of aggregation
functions as well as in particular for t-norms.
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4.2 Definitions, properties, and problems

The definition of dominance between binary operations on a partially ordered set as introduced by
Schweizer and Sklar [180] reads as follows:

Definition 4.1. Consider a partially ordered set (P, <) and two associative binary operations f, g
on P with common neutral element e. Then f dominates g (f > g), if, for all z,y,u,v € P,

Flg(z,y), 9(u, 0)) = g(f(z,u), f(y,v)).

Note that f and g need not be monotone and as such need not be (binary) aggregation functions.
However, Schweizer and Sklar indicated already in [180] that due the common neutral element,
dominance implies an ordering between the operations involved (choose y = u = ¢). That the
converse is in general not true as has been shown by Tardiff in [192].

Dominance between aggregation functions

Since associativity, contrary to monotonicity, is not a defining property of aggregation functions,
let us look at the definition of dominance in the framework of aggregation functions (compare
also [163]:

Definition 4.2. Consider two aggregation functions A, B on a bounded lattice (L, <,0,1). Then
A dominates B (A > B), if, for alln,m € Nand for all z;; € Lwithi € {1,...,m},j € {1,...,n},
it holds that

.A(B(J)ll7 - ,J}ml), e 7E;(J?ln, e ,$mn)) Z B(A(mll, e ,J}ln), .. .,A(.’L‘ml, e ,.’L‘mn)) (41)

In Fig. 4.1, dominance between two aggregation functions A and B is illustrated. It shows
that dominance can be interpreted in a nice way in two-step aggregation procedures: Arguments
(x;5), given as a data matrix, shall be evaluated in two steps. The evaluation along the rows
shall be carried out by A whereas the evaluation along the columns is done by B. In the first
aggregation step partial results, either a;’s or b;’s, are computed which are then mapped to final
values b = A(by,...,b,) resp. a = B(aq,...,an). If A dominates B, then b > a, i.e., independently
of the actual arguments z;;. An evaluation first by columns and then by rows will always lead to a
greater result than aggregating first rows and then columns. The aggregation procedure depends
on the “agenda” in which the aggregation steps are carried out, however, dominance among the
aggregation functions involved at least guarantees that the results will always be ordered in a
given way. Clearly, it is also of interest to determine for which aggregation functions A and B the
final results are the same for arbitrary arguments. Such operations are called to commute with
each other and are discussed in Chapter 8 with an emphasis on (bipolar) decision making in a
multi-criteria multi-person decision problem.

A —
B T11, ey Tin — aiq
Tmly, -5 Tmn - Am
by by b>a

Figure 4.1: Dominance in two-step aggregation procedures.
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Related problems

As mentioned already earlier, dominance constitutes a binary relation on the set of all aggregation
functions on a bounded lattice. As such the following questions arise naturally:

» Which additional properties does dominance have as a binary relation on the set of all
aggregation functions?

= Which properties does it have for special subclasses of aggregation functions? In particular
when does it constitute a reflexive, antisymmetric, transitive, i.e., an order relation?

» For a given aggregation function A, how does the set of dominated resp. dominating aggre-
gation functions look like?

Several properties of dominance, in particular constructions of dominating functions, in case of
aggregation functions on [0, 1] have been investigated in [163] and in case of aggregation functions
on AT in [171]. A characterization of the set of dominating aggregation functions for the four basic
t-norms is provided in [163].

Since later on we will focus on dominance between commutative and associative aggregation
functions with a common neutral element, we briefly summarize relevant results (compare also [163,
180]):

Proposition 4.3. Consider two aggregation functions A, B on a bounded lattice (L, <,0,1).

u If A resp. B are associative, then A dominates B if and only if Aoy dominates B resp. A
dominates B(ay. If both A and B are associative, then A dominates B if and only if Az
dominates By, i.e., if, for all x,y,u,v € L,

A(B(z,y), B(u,v)) = B(A(z,u), A(y,v)).
n Assume that A resp. B possess neutral elements ea resp. eg. Then A > B impliesea > en.
If ea = ep, then dominance implies ordering, i.e., A > B implies A > B.
A dominates itself if and only if it is bisymmetric.
» Consider a bounded lattice (K,<k,0k,1x). Then the following are equivalent:

(i) A dominates B.
(ii) A, dominates By, for all order preserving isomorphisms ¢: L — K.

(i) Ay is dominated by B, for all order reversing isomorphisms ¢: L — K.

4.3 On the transitivity of dominance

Summarizing the basic properties, dominance constitutes a reflexive relation on any set of asso-
ciative and symmetric aggregation functions. Moreover, it is also antisymmetric in case there is
common neutral element. The question whether dominance is also transitive, and therefore an
order relation, has been of interest for many years:

» Already in 1983, in [180, Problem 12.11.3] Schweizer and Sklar pose the following open
problem for binary associative operations on a partially ordered set (P, <) with common
neutral element e € P:

Is the relation “dominates” always transitive? If not, under which conditions is it transi-
tive?

= In 2003, in [7, Problem 17] Alsina, Frank and Schweizer formulate the question in a more
explicit way for t-norms:
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Is the dominance relation transitive, hence a partial order, on the set of all t-norms? If
not, for what subsets is this the case?

A counterexample for the first problem, has been shown by Sherwood and has been published
in 2006 in [8]:

Example 4.4. Consider a linearly ordered set P = {0, 1,2}, 0 < 1 < 2, and the binary operations
F,G, H on P defined by the following tables

F | G |

N~ Oolo
N O |
SN
N = OO
N — ==
SN
o~ oo
N = oo
NN |
S NN

0 0
1 1
2 2

Then F,G, H are commutative, associative operations with common neutral element 0 and fulfill

H>»G and G>F but H P F.

Note that F' is not increasing in each argument, and therefore not an aggregation function.
A counterexample for dominance between aggregation functions (on the unit interval) has been
found by Saminger and published in 2005 in [157]:

Example 4.5. Consider aggregation functions on the unit interval, in particular, the weakest
aggregation function A,,, given by,

1

0, otherwise,

, fxy=...=2, =1,

Ay(xy,. . xn) = {

the minimum min and the arithmetic mean M. Then

A,>min and min>M but A, » M.

Dominance between triangular norms

Recall that, because of the properties of t-norms, dominance is already a reflexive and antisym-
metric relation on the set of t-norms. Moreover, it holds that for all t-norms T'

Tv>T and T > 1Tp.

The question on the transitivity of dominance in particular for t-norms remained unanswered for
quite some time. Several results on dominance in special families of t-norms had been achieved, by
applying different proof techniques, and had been published until 2005 (see, e.g., [A07] and [113,
173, 184]). Fig. 4.2 provides a condensed and brief overview of these results. As is clear from
the corresponding Hasse-diagrams these partial results supported the conjecture that dominance
would indeed be transitive, either due to its rare occurrence within the family considered or due
to its abundant occurrence, in accordance with the parameter of the family. Finally, in 2006, the
conjecture was disproved by Sarkoci [175]: dominance is not transitive on the class of (continuous)
t-norms. The counterexample was found among ordinal sum t-norms and was based on properties
of dominance proven in the more general framework of aggregation functions with neutral element
1 ([A0T7)).

Although the long open problem is now answered to the negative, the question for which subsets
of t-norms dominance still constitutes an order relation remains open. Of particular interest are
continuous t-norms, for which a complete characterization in terms of ordinal sums and continuous
Archimedean t-norms is available (see also Section 2.1). We briefly summarize the most important
and relevant facts and notions on continuous t-norms:
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Family of t-norms \>1T, Hasse- Reference
if and only if diagram
Schweizer-Sklar (T)?s))\e[—oo,oo] A< I Sherwood, 1984
[184]
Aczél-Alsina (T£%) \e(0,00] ’
Dombi (T/P))\e[opo] AZp I Klement et al., 2000
Yager (T3)xe(0,00] [113]

Frank (T¥)ac(0,o0] Sarkoci, 2005

A=0,A=p, p=o00
[173]

Hamacher (Tfl))\e [0,00]

Mayor-Torrens (T)I\VIT)Ae[O,l] A= 0A=p /\ Saminger et al., 2005

Dubois-Prade (TPP)AG[OJ] [159]

Figure 4.2: Dominance in selected families of t-norms.

Remark 4.6 (Representation of continuous t-norms (see also [113, 125, 137, 180])). A t-norm T is
continuous if and only if it is uniquely representable as an ordinal sum of continuous Archimedean
t-norms, i.e., there exist an index set I, a family (Ja;,b;[)ic; of non-empty pairwise disjoint
open subintervals of [0,1], a family (T;);c; of continuous Archimedean t-norms such that T =
({@i, bi, T3))ier (see Definition 2.3).

Therefore, for arbitrary continuous t-norm 7' exactly one of the following cases holds:

(i) T is the minimum Ty, i.e., I = 0,

(ii) T is a continuous Archimedean t-norm (|I| = 1), i.e., there exists a continuous strictly
decreasing function ¢: [0,1] — [0, oo] fulfilling ¢(1) = 0 such that

T(z,y) =t (t(x) + t(y))

for all z,y € [0,1]. The function ¢ is referred to as the additive generator of the t-norm 7" and
the function t(~1): [0, 00] — [0, 1], defined, for all x € [0, oc], by ¢~ (z) = ¢~ (min(t(0), x))
denotes the pseudo-inverse of t. In case that t(0) = oo, then T is strict, i.e., there exists an
order isomorphism ¢: [0,1] — [0,1] such that T,, = Tp. For ¢(0) < oo, T' is nilpotent, i.e.,
there exists an order isomorphism ¢: [0, 1] — [0, 1] such that T, = Tt..

(iii) T is a non-trivial ordinal sum with strict or nilpotent summand t-norms, i.e., I # ) and no
Jai, b;[ equals 10, 1].

Since Ty dominates all t-norms, the problem of dominance between continuous t-norms can
be reduced to the following cases: dominance between ordinal sum t-norms, between continu-
ous Archimedean t-norms as well as between ordinal sum t-norms and continuous Archimedean
t-norms. For all cases the following problems are relevant:

= Find, if possible, necessary and/or sufficient conditions for dominance between t-norms of
the corresponding classes.

» If possible, formulate the conditions in such a way that they can be checked easily, i.e., based
on the ordinal sum structure or on the basis of the additive generators involved.

In the following two chapters we provide answers to these questions, giving an overview on the
most important findings of the articles [A07-A11].
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Chapter 5

Dominance between ordinal sums

On the (non-)transitivity of dominance between t-norms

5.1 Problem statement

As outlined in the previous chapter, dominance between ordinal sum operations, in particular
ordinal sum t-norms, is of interest for clarifying the structure of dominance between continuous
t-norms. In [A07], entitled “On the dominance relationship between ordinal sums of
conjunctors”, the dominance relation between ordinal sums of conjunctors has been investigated.
Note that conjunctors are aggregation functions with neutral element 1 and are also referred to as
semicopulas [66]. For any conjunctor C it holds that Tp < C' < Typ. Clearly, t-norms are asso-
ciative and commutative conjunctors, quasi-copulas are 1-Lipschitz conjunctors, and copulas are
2-increasing conjunctors. Therefore, the results on dominance between ordinal sums of conjunctors
are valid also for ordinal sums of t-norms and (quasi-)copulas.

Throughout this chapter we consider C1 = ({a;, b;, C1;))ier and Co = ({a;,b;,Ca;))jes to be
two ordinal sum conjunctors defined in complete analogy to ordinal sums of t-norms, i.e., I and J
being at most countable index sets, (Ja;, b;[)icr resp. (Ja;, b;[);cs families of pairwise disjoint open
subsets of [0,1], and (C4;)icr resp. (Ca,;)jes families of conjunctors, such that, for all z,y € [0, 1],

i+ (bi —a;)Cri(=2, =), if (x, b2,
O (x, )_{“ + (b — ai)Cri(p=ar e, )y i (2,9) € [as, bi] (5.1)

min(z, y), otherwise,

and for Cy accordingly.

Since Ty dominates all conjunctors we may additionally assume that I # () # J. Note that
I and J might, in general, be different (see also Fig. 5.1). In case that I # J, we additionally
assume that the summand operations C; and Cs; are all ordinally irreducible, i.e., have them-
selves no other ordinal sum representation than ((0,1,C;)) resp. ((0,1,C5;)). Therefore, the
representations of C; and Cs based on their summand carriers ]a;, b;[ resp. Ja;, b;[ and summand
operations C ; resp. Cy ; are the finest possible ordinal sum representations of C resp. C5. For
continuous ordinal sum t-norms this means that all summand operations involved are continuous
Archimedean t-norms. Note that the present representation covers dominance between non-trivial
continuous ordinal sum t-norms as well as dominance between an ordinal sum t-norm and a con-
tinuous Archimedean t-norm, in the latter case it holds that either |I| = 1 or |J| = 1 and the
corresponding summand t-norm being continuous Archimedean.

Based on these notions we can pose the following problem statement which has been investigated
in [AQ7]:

For two ordinal sum conjunctors Cy = ({a;, b;, C1,:))ier and Co = ({a;,b;,C2;)) e,
provide necessary and sufficient conditions such that C; dominates Cs.
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C; o—o o—o0 0—o0 [ o—o
a1 byp @12 byp013 b3 a1,1by
Cy o—o0 o———o0 Cy o—o0 o———o0

a21  byy 22 ba.o a1 by G222 b

(a) (b)
Figure 5.1: Examples of two ordinal sum conjunctors C; and Cs differing in their summand carriers.

5.2 Main results

If C; and Cy coincide in their summand carriers, i.e., I = J, but differ only in their summand
operations, which in this case need not be ordinally irreducible, then the following holds:

Proposition 5.1. [A07, Proposition 4] Consider two ordinal sum conjunctors Cy = ({a;, b;, C1,:))ier
and Cy = ({a;,b;,Ca;))icr. Then Cyv dominates Cy if and only if, for all i € I, C1,; dominates
Co, i.e., all summand operations must be in the corresponding dominance relationship.

We now consider the case that I # J and assume w.l.o.g. that C; and Cs are represented
by ordinally irreducible summand operations only. Since all conjunctors are bounded from above
by Ty and, because of the common neutral element, dominance implies ordering, it holds imme-
diately that if C; dominates Cq, then Cy(z,y) = Tm(x,y) whenever Co(x,y) = Tm(z,y) [AOT,
Proposition 5]. Geometrically speaking, if an ordinal sum conjunctor C; dominates an ordinal sum
conjunctor Csq, then it must necessarily consist of more regions where it acts as Ty than does Cs.
Two such cases are displayed in Fig. 5.1 (a) and (b).

Corollary 5.2. [A07, Corollary 1] Consider two ordinal sum conjunctors C1 = ({@1,;,01,i, C1.i))ier
and Cy = ({az,;,b2;,Cs.;))jes with ordinally irreducible summand operations only. If Cv domi-
nates Co then for all i € I there exists some j € J such that [a14,b1:] C [a ;, b2 ;]

Note that each [as ;, b2 ;] can contain several or even none of the summand carriers [a1 ;, b1 ;]
(see also Fig. 5.1 (a) and (b)). Hence, for each j € J, we can consider the subset I; of T

Ij = {Z el | [a17i,b1,i] - [a27j,b27j]}. (52)

Based on these notions and due to Proposition 5.1, dominance between two ordinal sum con-
junctors can be characterized in the following way:

Proposition 5.3. [A07, Proposition 6] Consider two ordinal sum conjunctors Cy, Cs, i.e., Cq =
((@1,i,01,i, C1,4))ier and Cy = ({az,j,b2,5,C2 ;))jes, with ordinally irreducible summand operations
only. Then Cy dominates Cs if and only if

(1) I= UjGJIj;

(11) C{ > CQ’J‘ fOT all] e J with C{ = ((@j(al,i)>@j(bl,i)acl,i»ie@v and P [ag’j,bgd‘] — [O, 1],
(@) = g et

As a consequence of Proposition 5.3, the study of dominance between ordinal sum conjunctors

can be reduced to the study of dominance of an ordinal sum conjunctor over a single ordinally
irreducible conjunctor.
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............................ \ T

T, i

Figure 5.2: Three ordinal sum t-norms based on T}, only violating, for A € ]0,0.5], the transitivity
of the dominance relation (compare also [175] and [A08]).

Idempotent elements

Idempotent elements allow to formulate a necessary and easy-to-check condition for dominance
between conjunctors. Recall that we denote the set of idempotent elements of a conjunctor C' by
Z(C), ie, I(C) ={z € [0,1] | C(x,x) = x}.

Proposition 5.4. [A07, Proposition 7] If a conjunctor C; dominates a conjunctor Cy, then the
following hold:

(i) Z(C2) € Z(Ch),
(ii) Z(C4) is closed under Cs.

As shown by Sarkoci (see [172, 174] and [A08]), in case of ordinal sum t-norms where all sum-
mand operations are exclusively equal to Tt,, the necessary condition turns into a characterization
allowing to determine counterexamples to the conjecture of the transitivity of dominance on the
set of continuous ordinal sum t-norms.

Example 5.5. [175, Section 3] Consider the three t-norms 77 = ((0,0.5,71)), To = ({0,0.5,71,),
(0.5,1,71,)) and T3 = Ty, (see also Fig. 5.2). Then T can be expressed as the ordinal sum t-norm
((0,0.5,71.),(0.5,1, Tn)) and therefore, based on Proposition 5.1, T dominates T since 11, > T,
and T > T1,. T> dominates T3 since its set of idempotent element, namely Z(T2) = {0,0.5,1}, is
closed under T3. However, T7 does not dominate T3 = Ty,. To see this choose x = uv = 0.75 and
y =v = 0.5, then

Tl (T3($a y)v T3(u7 U)) = T1 (0255 025) = 07
T53(T (z,u), T1 (y,v)) = T5(0.75,0.5) = 0.25.

Therefore, T1 > T» and Tb > T3, but T} % Tj;.

5.3 Additional remarks

The results presented in the previous section focus on ordinal sums of conjunctors. In [A07] addi-
tional results on dominance among conjunctors, not necessarily being ordinal sums, are presented.
Moreover, first proofs for dominance in the family of Mayor-Torrens and Dubois-Prade t-norms are
formulated. The contribution [A08], entitled “The dominance relation on the class of con-
tinuous t-norms from an ordinal sum point of view”, provides, among others, an overview
on the ordinal sum results in terms of t-norms, different proofs for dominance in the family of
Mayor-Torrens and Dubois-Prade t-norms, additional results on families of ordinal sum t-norms
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based on T7, resp. Tp only as well as a counterexamples to the transitivity of dominance for ordinal
sums involving either only 71, or Tp. Moreover, a geometrical interpretation of the dominance of
some t-norm T over T, resp. Tp is offered.



Chapter 6

Dominance between continuous
Archimedean t-norms

Easy-to-check conditions

6.1 Problem statement

Due to the representation of continuous Archimedean t-norms by continuous additive generators
(see also Remark 4.6 (ii)), dominance between continuous Archimedean t-norms can be expressed
in terms of their additive generators, invoking another functional inequality, the (generalized)
Mulholland inequality. Already in 1984, Tardiff [192] showed the relationship between the Mul-
holland inequality and dominance among two strict t-norms. The Mulholland inequality, intro-
duced by Mulholland in 1950 [138], is a generalization of the Minkowski inequality and has been
studied, mainly, independently from the context of dominance in the framework of functional
equations [105, 138, 191, 192]: Mulholland, already in [138], proved some necessary and a suffi-
cient condition for a continuous, strictly increasing function h: [0, 00[ — [0, 00[ with ~(0) = 0 to
fulfill the inequality. Tardiff, in [192], showed a different sufficient condition, and in 2002, Jar-
czyck and Matkowski clarified the relationship between the two sufficient conditions, showing that
Tardiff’s condition implies that of Mulholland [105] (see also [A09, Section 4] for an overview on
the corresponding relevant conditions). It is remarkable that, although the relationship between
the Mulholland inequality and dominance between two strict t-norms has been known since years,
these properties have hardly ever been used for proving or disproving dominance between strict
t-norms, one exception being the case when the Mulholland inequality turns into the Minkowski
inequality leading to the dominance relationship in the families of Aczél-Alsina, Dombi, and Yager
t-norms [113]. Moreover, it is clear that the Mulholland inequality and its various corresponding
sufficient and necessary conditions are applicable for the case of strict t-norms only. Therefore, the
following problems have been investigated:

» Provide an equivalent description of dominance between two continuous Archimedean t-norms
in terms of their additive generators (generalized Mulholland inequality).

» Formulate, if possible, sufficient and necessary conditions for some function h to fulfill the
generalized Mulholland inequality.

» In this case, find in addition equivalent easy-to-check-conditions of the sufficient and necessary
conditions in terms of the additive generators involved to apply the achieved results for

proving or disproving dominance between continuous Archimedean t-norms.

39
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In the contribution “A generalization of the Mulholland inequality for continuous
Archimedean t-norms” [A09] the first two questions have been investigated and solved. Note
that the sufficient and necessary conditions for a function h to fulfill the generalized Mulholland
inequality have been proven independently of the context of dominance and are therefore valid for
a larger class of functions than needed for the solution to the dominance problem.

The third problem of easy-to-check conditions and their applications has been studied and
solved in the article “Differential inequality conditions for dominance between continuous
Archimedean t-norms” [A10] in which also the strength of the conditions has been demonstrated
by several results. New results on dominance in families of t-norms and copulas as well as a
comprehensive overview on the conditions are provided in the contribution “The dominance
relation in some families of continuous Archimedean t-norms and copulas” [A11]. We
briefly quote the most relevant findings in the following sections, however refer for proofs, more
details and additional results to the articles mentioned before.

6.2 The generalized Mulholland inequality

Let us first introduce the equivalent formulation of dominance between two continuous Archimedean
t-norms by means of their additive generators:

Theorem 6.1. [A09, Theorem 1] Consider two continuous Archimedean t-norms Ty and Ty with
additive generators t; and ta. Then Ty dominates Ty if and only if the function h: [0, 00] — [0, 00]

defined by h =1t o té_l) fulfills, for all a,b,c,d € [0,t2(0)],
Y (h(a) 4+ h(c)) + ATV (h(b) + h(d)) > KV (h(a +b) + h(c+d)). (6.1)

with h(=1): [0, 00] — [0, 00] the pseudo-inverse of the non-decreasing function h, given by h{=" =
(=1)
tg o tl .

Note that, for two additive generators ¢, t2, the function h fulfills £(0) = 0 and is constant on
[t2(0), 00, i.e., h(z) = t1(0) for all z € [t2(0), 00]. In case that T5 is strict, then necessarily T; has
to be strict (otherwise it leads to a contradiction to the dominance relationship resp. the induced
order) and therefore t3(0) = oo and h being a strictly increasing bijection with h(~1) being the
standard inverse h~! of h.

In case some function h: [0,00] — [0,00] fulfills (6.1), for all a,b,c,d € [0,00], we say that
it fulfills the generalized Mulholland inequality. For the investigation of some function A to fulfill
the generalized Mulholland inequality properties like convexity, the geometric convexity, and the
logarithmic convexity of a function showed up to be most relevant.

Definition 6.2. A function h: [0,00[ — [0,00][ is called geometric convez (geo-convex for short)
on |0,¢t[, with ¢ € ]0, 00, if, for all x,y € ]0, ],

h(vzy) < V/h(x)h(y) -

It is called logarithmic convex (log-convexr for short) on ]0,¢[ if the function logoh: [0,00] —
[—00, 00| is convex on 0, ¢].

For a continuous function h such that h(]0, oo[) C ]0, o], its geo-convexity on |0, [ is equivalent
to the convexity of the function logoh o exp on ]—o0,log(t)[. Clearly, if h(0) = 0, then the geo-
convexity holds also on [0,¢[. Further, if h is strictly increasing, then its log-convexity on ]0,¢]
implies its geo-convexity on 0, t[.

Based on these notions we can formulate the sufficient and necessary conditions for a function
h to fulfill the generalized Mulholland inequality:
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Theorem 6.3. [A09, Theorem 6] Consider a function h: [0,00] — [0,00] and some fixed value
t €10, 00 such that

(i) h is continuous and strictly increasing on [0,t] as well as convez on 0, ¢,
(ii) h(0) =0 and h(x) > h(t) whenever x > t,
(iii) h is geo-convex on |0, t[.

Define the functions g: [0,00] — [0, 00] and H: [0,00]> — [0, 00] by

h=Y(z), ifx€0,h(t)],
o(e) = { (), = € [0,h(1) 62)
t, otherwise,
H(z,y) = g(h(z) + h(y)). (6.3)
Then the following inequality holds, for all a,b,c,d € [0, o],
H(a+b,c+d) < H(a,c)+ H(b,d). (6.4)

Proposition 6.4. [A09, Proposition 9] Consider a function h: [0,00] — [0,00] and some fized
value t € )0, 00| such that

(i) h is continuous and strictly increasing on [0,t] as well as convez on 0, ¢,
(ii) h(0) = 0 and h(x) > h(t) whenever x > t,
(iii) h is differentiable on ]0,t[ and h' is geo-convex on |0, t[.

Define the function g: [0,00] — [0,00] by (6.2) and the function H: [0,00]" — [0,00] by (6.3).
Then the following inequality holds, for all a,b,c,d € [0, o],

H(a+b,c+d) < H(a,c)+ H(b,d).

Proposition 6.5. [A09, Proposition 10] Consider a function h: [0,00] — [0,00] and some fized
value t € )0, 00[ such that

(i) h is continuous and strictly increasing on [0, 1],
(ii) h(0) =0 and and h(x) > h(t) whenever x > t.

Define the function g: [0,00] — [0,00] by (6.2) and the function H: [0,00]*> — [0,0c] by (6.3). If
H fulfills (6.4), for all a,b,c,d € [0,00], then h is convex on ]0,¢[.

For two continuous Archimedean t-norms 77 and 75 with additive generators ¢; and to, the
corresponding function h: [0,00] — [0, 0], defined by h = t; o téfl) is continuous and strictly
increasing on [0,%2(0)]. It fulfills h(0) = 0 as well as h(xz) = h(t2(0)) = t1(0) for all x > t5(0).
Moreover, it holds that H(x,y) = A=Y (h(z) + h(y)), in accordance with Theorem 6.1. There-
fore and by taking into account that the log-convexity of h implies its geo-convexity, the above
results can be restated for dominance between continuous Archimedean t-norms (see also [A09,
Propositions 11-13] and [A10, Propositions 3-5]):

Proposition 6.6. Consider two continuous Archimedean t-norms Ty and Ty with additive gener-
ators t1 and to and define the function h: [0,00] — [0,00] by h = ¢ 0 téﬁl). Then the following
hold:

(i) If h is convezr on ]0,t2(0)[ and log- or geo-convex on ]0,t2(0)[, then Ty dominates Ts.

(i) If h is differentiable and convex on |0,t2(0)[ and if b’ is log- or geo-convex on ]0,t2(0)[, then
Ti dominates Ts.

(iii) If Ty dominates Ty, then h is convex on ]0,t2(0)][.

The relationships between the sufficient conditions for dominance are summarized in Fig. 6.1.
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Consider two continuous Archimedean t-norms 7} and 75 with additive generators
t1 and to. If the function

h: [0,00] — [0,00], h =1 otg_l)
is convex on ]0,¢2(0)[ and ...

h' exists and h' exists and
R’ is log-convex on ]0,t2(0)] = R’ is geo-convex on |0,t2(0)]

|

h is log-convex on ]0,t2(0)] = h is geo-convex on |0,t2(0)[

h fulfills (6.1)
for all a, b, c,d € [0,t2(0)]

]

T > Ts

Figure 6.1: Sufficient conditions for dominance between two continuous Archimedean t-norms 77
and TQ.

6.3 Easy-to-check conditions

Although the, sufficient as well as necessary, conditions can be visualized easily, concrete proofs
might become cumbersome, in particular for two members of a parametric family, because h is a
composed function of an additive generator and the pseudo-inverse of another additive generator.
Therefore, we aim at equivalent conditions expressed directly by the additive generators involved
which could be achieved in case the additive generators have derivatives of sufficiently high order.
The corresponding conditions, therefore, offer local descriptions of the corresponding properties
of h. Again we summarize the most important results and refer for proofs and further details
to [A10, Section 4]:

In the sequel, T} and T5 denote two continuous Archimedean t-norms with continuous additive

generators t1 and ¢3. Then the function h: [0, 00] — [0,00], h = t; ot{™ is continuous and strictly
increasing on ]0,t2(0)[, 2(0) = 0 and h(]0,t2(0)[) C ]0,t1(0)[. Moreover, we assume that ¢; and o
are sufficiently often (i.e., once, twice or three times) differentiable.

Proposition 6.7. [A10, Proposition 6] The function h is convezx on ]0,t2(0)], i.e., h’'(z) > 0, for
all x €0,t2(0)[, if and only if, for all u €]0,1],

th(w)ty (w) — 7 (u)ts(u) = 0.
Proposition 6.8. [A10, Proposition 7] The function h is log-convez on |0, t2(0)[, i.e.,
h(z)h (z) — h*(z) > 0,
for all x €10,t2(0)[, if and only if, for all u € 10, 1],
17 ()t () + b () (¢ ()t () = ¢} (u)th(u)) = 0.

Proposition 6.9. [A10, Proposition 8] The function h is geo-convex on ]0,t2(0)[, i.e.,

h(a)h (z) + « (h(x)h”(x) - h""(g:)) >0,
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for all x €10,t2(0)[, if and only if, for all u € 10, 1],
£ (w) — tr (Wt (u) _ th*(u) — ta(u)ts (u)
t(wti(w) — — ta(u)ty(u)
Corollary 6.10. [A10, Corollary 10] The function h’ is log-convez on ]0,t2(0)[, i.e., for all x €
10,2(0)[,

hl(l')h/”((E) o h“2($) 2 0’
if and only if, for all w €]0,1],

47 () (257 () — th(w)ty' () = 87 (u) (817 () — ¢ ()" () ) + 1 ()t () ()5 ()-

Corollary 6.11. [A10, Corollary 11] The function h' is geo-convex on ]0,t2(0)[, i.e., for all
x €10,t2(0)],

W (z)h" (z) + = (W (z)h" (z) — K" (z)) > 0,
if and only if, for all u €]0,1],

ta (u) (¥ ()t () (1 ()t () — 15 ()t ()
= (# ()t () — ()t (w) (244 ()5 (w) + #] (w)th(w))

>t (w)th? (u) (8 (u)th (u) — t] (w)th(u)) .

6.4 Further results

Since these new conditions allow to investigate dominance among strict or nilpotent as well as be-
tween strict and nilpotent t-norms, they have been applied for proving resp. disproving dominance
in various families of t-norms resp. Archimedean copulas but also for dominance between members
of different families of t-norms:

In Section 5.1 of [A10] another proof for dominance between members of the family of Schweizer-
Sklar t-norms is provided. In Section 6 of [A10] and in [161] the dominance relation between
members of the family of Dombi t-norms and Yager t-norms resp. Aczél-Alsina t-norms have been
investigated.

Proposition 6.12. Consider the families of Dombi t-norms (TP))E[O’OO], of Yager t-norms
(T,f)ue[o,oo], and of Aczél-Alsina t-norms (T,fA)Ne[o,m]~ For all \,p € [0,00], it holds that TP
dominates T;}’ if and only if X > p. For all \,pu € [0,00] with u < 1 < X, it follows that TP

dominates TjA.

In Section 5.2 of [A10] the dominance relationship between members of the family of Sugeno-
Weber t-norms has been studied.

Proposition 6.13. Consider the family of Sugeno-Weber t-norms (T/\SW),\E[OQO], For all A\, €
[0,00] such that either A < min(1,u), or 1 < XA < p < t*, with t* = 6.00914 denoting the second
root of log®(t) +log(t) —t+1 = 0, it holds that TSW > TEW. On the other hand, if TSYW > TEW,
then A < p.

Moreover, note that dominance is not a linear order on the class of Sugeno-Weber t-norms,
since, e.g., neither T5S1W dominates Tlso‘fv nor TISO\{V dominates T551VV_

In [A11, Section 5] the dominance relation in five additional families of t-norms resp. Archi-
medean copulas is laid bare, i.e., proving that dominance constitutes an order relation on all these
families. All families are taken from the book on associative functions by Alsina et al. [8] and
the corresponding notations refer to the ones used in this book. The results are summarized in
Fig. 6.4 providing the corresponding Hasse diagram and an indication by which sufficient condi-
tion the result has been achieved. Note that all these families of t-norms contain subfamilies of
(Archimedean) copulas (see also [140]).
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Family of t-norms \>1T, Hasse- Condition

if and only if diagram
(TR) xef0,00] A< ] log-convexity of A’
(T33) xe(0,00] A< : geo-convexity of h
(T2?) xef0,00] A< I geo-convexity of h/
(T2%) refo,00] A< p geo-convexity of h
(T9)re0,00] A=o00, A=, u=0 <>

Figure 6.2: Results on dominance in five additional families of t-norms [A11].

6.5 Concluding remarks

Summarizing the results in this part we can say that dominance is not a transitive and therefore
not an order relation on the class of all (continuous) t-norms. However, there are several families
of (continuous Archimedean) t-norms and (Archimedean) copulas for which dominance is an order
relation, either due to the rare or abundant occurrence of a dominance relationship between its
members. For more details see the articles included in this thesis.

Apart from the framework of t-norms and copulas, several properties of dominance for aggrega-
tion functions on [0, 1], in particular constructions of dominating functions and characterizations
of the set of aggregation functions dominating one of the four basic t-norms, have been investi-
gated in [163]. In [171] dominance is, among other functional (in)equalities, like, e.g., convexity or
Cauchy’s equation, discussed for aggregation functions on A™ resp. for triangle functions.
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Decision Modelling

The last part focusses on two case studies of aggregation functions in the field of decision making.
It has been already mentioned in Chapter 1 that decision making and preference modelling form
an important field of application for aggregation procedures, leading to problems of existence,
construction and characterization of aggregation functions, involving functional equations and
inequalities.

In this spirit we emphasize, in the following two chapters, the application setting and the ap-
pearance of the related, mathematical, problems for the aggregation functions involved. We will
rather focus on the discussion of the results than on an exhaustive presentation of all the results of
the articles “Representation and construction of self-dual aggregation operators” [A12]
and “Aggregation operators and commuting” [A13] . The articles touch problems of ag-
gregation in decision making — the first one mainly addresses representation and construction
problems whereas the second one focusses on a functional equation arising in (bipolar) decision
making. Before turning to concrete details, let us illustrate the general application setting:

A basic constituent in any preference and decision problem is a set of alternatives A, which we
assume to be finite and stable, i.e., to remain the same during the whole investigation. Note that
depending on the application setting A is also referred to as the set of actions or the choice set
(see also [148]).

The alternatives are evaluated w.r.t. some criteria or attributes. Note that the notion of “cri-
terion” or “attribute” should rather be thought of in an abstract way. Since the evaluation of
alternatives by different members of a jury leading to a final group decision can be identified with
a decision problem of a single decision maker, namely the jury, who evaluates the alternatives
w.r.t. several criteria, e.g., each member of the jury being responsible for or providing different
viewpoints. Therefore, evaluations by means of different criteria or by means of different members
of a jury are often identified with each other in the literature, i.e., in group preference modelling
the alternatives are evaluated by experts forming a jury, in multicriteria decision problems the
alternatives are evaluated by a set of criteria in its original sense of meaning. In the sequel, we as-
sume that the set of “criteria” is finite, moreover, that they are all of the same type, i.e., providing
(valued) preferences or numerical values from the same scale.

Note that the determination of the set of criteria is a non-trivial task. If possible, it should,
e.g., represent all important aspects of the application problem and as such the set of criteria
should be complete. Redundancies should be avoided and the set of criteria shall be as minimal as
possible in order to keep the complexity as low as possible (see also [110, 153]). Moreover, aspects
of independence, of ambiguity, or of different importance and interaction of criteria have also to
be mentioned and taken into account when modelling the preference or decision problem at hand.

According to Vincke ([195], see also [148]), a multicriteria decision problem is a situation in
which, having defined a set of alternatives A and a consistent family of criteria G on A, one wishes

» to determine a subset of actions considered to be best w.r.t. G (choice, selection problem),
= to divide A into subsets according to some norm (sorting, classification problem),
» to rank the actions of A from best to worst (ranking problem),

m or a mixture thereof.

47



48 Chapter 6. Dominance between continuous Archimedean t-norms

In all these settings, aggregation of evaluations w.r.t. single criteria for obtaining a final decision
is a major task, one of the interesting and challenging aspects being the modelling of the consistency
of the family of criteria. Consistency in case of preference modelling might relate to the modelling
of a rational behaviour of each expert (and most often also of the whole commission), leading to
additional demands on the (valued) preference structure expressing the expert’s opinion over the
different alternatives as well as to the aggregation procedure applied. Such a situation will be in
the focus of the following chapter dealing with reciprocal relations and their aggregation.

On the other hand, problems arise if the set of criteria corresponds to a multi-step evaluation
procedures. Irrelevancy of the order by which evaluations are carried out and its consequence for
the aggregation functions involved are discussed in the last chapter.

Further, it has to be mentioned that modelling dependencies or compensation effects between
different criteria asks for aggregation procedures involving capacities (fuzzy measures) resp. bipolar
capacities (see, e.g., [57, 88, 89, 90, 91, 95, 96]). Clearly, preservation of additional properties
of these capacities resp. bi-capacities during the aggregation process applied leads to additional
demands for the aggregation function applied. We briefly touch this aspects in the last chapter.
Note that additional and more detailed results on decomposable bi-capacities and their aggregation
can be found, e.g., in [156, 162].



Chapter 7

Self-dual aggregation functions

Aggregating reciprocal relations

In many decision problems, the question arises how to determine a collective decision, preference
or opinion, based on several individual decisions, preferences or opinions. One possible strategy is
simply to carry out an aggregation process based on the experts’ decisions, preferences or opinions
which is usually done by some aggregation function.

In preference modelling, [0, 1]-valued relations R are used to express the individual intensity of
preference (compare also [20, 72] and the references therein). Consider a finite set of alternatives
A ={ai,...,a,} and n experts. The opinion of expert k is represented by a relation Ry: A% —
[0,1], such that Ry (a;, a;) expresses the degree to which expert k prefers alternative a, to alternative
a;j. In order to avoid inconsistent preferences it is often required that the degree to which x; is
preferred to x; is in some sense complementary to the degree to which x; is preferred to ;. The
latter can be obtained by using reciprocal preference relations Ry, i.e., Ry(x;, x;) + Rp(xj, z;) =1
(see, e.g., [27, 78, 79, 81]). In this case two alternatives z; and z; are indifferent to expert k if
Ri(zi,25) = Ri(xj,2:) = 3.

Note that reciprocal relations are known under various names such as ipsodual relations or
probabilistic relations [52]. Moreover, they appear in various fields such as, e.g., game theory [41,
40, 52, 67], voting theory [78, 144], psychological studies on preference [52] and the comparison of
random variables [38, 39].

The determination of a collective preference relation R from the individual preferences Ry is
carried out by an aggregation function A, i.e., for all alternatives a;,a; € A,

R(a;,ar) = A(Ry(as, ak), ..., Ry(a;, ag)).

Note that when aggregating reciprocal relations Ry : A% — [0, 1], the commutativity of the ag-
gregation function involved expresses the equal treatment of all judgements during the aggregation
process (no weights are assigned to the different experts). Moreover, a neutral element gives an
expert the opportunity to abstain from the decision process without influencing it, whereas an
annihilator allows to model veto situations.

As introduced in Section 1.2 aggregation functions A can be transformed by means of monotone
bijections ¢: [0,1] — [0,1], i.e., the function A, : J,,.x[0,1]™ — [0,1], is defined, for all n € N and
all z; € [0,1],i € {1,...,n}, by

A(x1,...,20) = cp_l(A(ap(acl), ()

neN

and is an aggregation function on [0, 1].
If for some fixed ¢: [0,1] — [0,1] it holds that A = A, we say that A is invariant w.r.t. ¢
(see, e.g., [135, 145]). A particularly important transformation is induced by N: [0,1] — [0,1],
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N(z) =1 — z, also referred to as the standard negation in the framework of many-valued logics.
The transformation A% = Ay is called the dual aggregation function of A. Aggregation functions
invariant with respect to N are referred to as self-dual aggregation functions (see also [23, 186]).
It was soon recognized that the collective preference relation R as introduced above is itself
reciprocal if and only if A is a self-dual aggregation function [78, 80, 81], i.e., for all z; € [0, 1],
ie{l,...,n}
A(zy,...,xn) = An(z1, .. 2n) =1 - Al —21,...,1 —xp) (7.1)

Examples of self-dual aggregation functions are the arithmetic mean and all weighted means, as
well as quasi-arithmetic means M for which the strictly monotone, continuous function f: [0,1] —
[—o0,00] fulfills f(1 —x) =1— f(z). Recall that quasi-arithmetic means My are, for all n € N
and for all z; € [0,1], i € {1,...,n}, defined by My(z1,...,2z,) = fH(E(f(z1) + ..., f(@n))).

Note that any self-dual and commutative binary aggregation function A necessarily satisfies
A(z,1—x) =3 for all z € [0,1] such that no t-norm is self-dual.

Various names for self-dual aggregation functions comprise, e.g., neutral [79] or reciprocal ag-
gregation functions [78, 80, 81]. Continuous, commutative and self-dual aggregation functions
have been referred to as symmetric sums [56, 72, 186]. Dombi [53] has investigated strictly in-
creasing, associative symmetric sums on ]0,1[. Idempotent symmetric sums have been discussed

by Dubois [54].

7.1 Problem statement and results

Therefore, self-dual aggregation functions have been of interest for many years and have been
studied from different perspectives. It is remarkable that two different characterizations of self-
dual aggregation functions have been provided — one by Calvo et al. in [23] inspired by the results
on symmetric sums by Silvert [186] and another one by Garcia-Lapreseta et al. in [80] based on
the arithmetic mean. We briefly quote these two results:

Proposition 7.1. [23, 80] An aggregation function A is self-dual if and only if one of the following
properties holds:

» there exists an aggregation function B such that

Azy,... 20) =
() = B )+ 1= Ber, )

. . 0o _ 1
with convention g5 = 3,

m there exists an aggregation function B such that

B(xlw'wxn)+BN(x1,--'»xn)

A(xla“';xn): 2

What has been striking is that both expressions are of the form
A(zy,...,z,) =C(B(z1,...,2,), Ba(x1,...,2,)) (7.2)

for some binary operation C characterizing aggregation functions being invariant w.r.t. the stan-
dard negation . One of the aims of the article [A12] “Representation and construction of
self-dual aggregation operators” has therefore been to extend these result for other invariant
aggregation functions, moreover to determine other binary operations C being admissible for en-
abling a full characterization of these functions. More precisely, the following problems have been
addressed in [A12]:

= Is it possible to find a characterization similar to (7.2) for aggregation functions A which
are invariant w.r.t. an involutive negation, i.e., w.r.t. an order-reversing bijection N: [0, 1] —

[0, 1] additionally fulfilling N(N(z)) = «?
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» In case, characterize the binary operations C which enable a full characterization of all
N-invariant aggregation functions, i.e., for which it holds that an n-ary operation A is
N-invariant if and only if there exists an aggregation function B such that A = Cg n with
Ce,~ being defined, for all z1,...,z, € [0,1], by

Ce.N(x1,...,2n) =C(B(z1,...,20), Bn(21,...,20)). (7.3)

Both questions could be answered to the positive, the main result being the following:

Theorem 7.2. [A12, Theorem 1] Consider an involutive negation N. A binary operation C
enables a full characterization of all N-invariant aggregation functions if and only if the following
conditions hold:

(i) C is a binary aggregation function,
(ii) C(z,y) = N(C(N(y),N(x)), for all z,y € [0,1],

(iil) there exists a non-decreasing function f: [0,1] — [0,1] such that f(0) = 0, f(1) =1 and
C(f(z), N(f(N(z))) =z for all z € [0,1].2

Note that A = Ca n if and only if C is idempotent, i.e., C(x,z) = x for all z € [0,1]. In
that case, it is sufficient to choose f = id[p,;). Moreover, there exists no binary operation C which
enables a characterization of N-invariant aggregation functions for all involutive negations N, i.e.,
the admissibility of C depends on the particular choice of the negation N.

For the standard negation A and therefore for the characterization of self-dual aggregation
functions, the above theorem can be rephrased in the following way:

Theorem 7.3. Consider a binary aggregation function C fulfilling
(i) Clz,y) +C(1 —y,1 —x) =1, for all z,y € [0,1],

(ii) there exists a non-decreasing function f:[0,1] — [0,1] such that f(0) = 0, f(1) = 1 and
C(f(x),1—f(1—2)) ==z forallx €[0,1].

Then an aggregation function A is self-dual if and only if there exists an aggregation function B
such that A = Cg v, i.e., for all xq,...,x, € [0,1],

A(zy,...,z,) =C(B(z1,...,20), 1 =Bl —z1,...,1 —x,)).

Note that for C(z,y) = ﬁ, with the convention % = %, the previous theorem is just the
characterization of self-dual aggregation functions as shown in [23, 186], for C(x,y) = % it turns

out to be the characterization shown in [80]. Another example for an admissible operation C would
be C(z,y) = med(z,y,0.5).

7.2 Further results

Once C is fixed for a particular involutive negation /N and in accordance with Theorem 7.2, Cp, n
as defined by (7.3) is an N-invariant aggregation function for arbitrary aggregation function B.
Therefore, having at one’s disposal admissible operations C allows to construct N-invariant ag-
gregation functions A from arbitrary aggregation functions B, in particular allows to construct

INote that Theorem 2 in [A12] seems to give an equivalent formulation of Theorem 1, namely of condition
(iii). Unfortunately, it contains a small mathematical inaccuracy which, however, does not influence or weaken all
following results contained in the article. The inaccuracy refers to condition (3) given as “C reaches every element
of [0, an[” which should be replaced by “The graph of C contains an non-decreasing (w.r.t. three space coordinates)
curve whose z-coordinate reaches every number in [0,an[’. This minor mistake had been indicated to the editors
of the journal already in Oct, 2006, however, the final version of the article could not be updated anymore.
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self-dual aggregation functions A relevant for the aggregation of reciprocal relations in group pref-
erence modelling.

Additionally we can state that to every N-invariant aggregation function A there corresponds
at least one aggregation function B such that A = Cg y. Moreover note, for some N-invariant
A, there might even exist operations B, i.e., not necessarily aggregation functions, such that
A = Cp,n. However, the admissibility of B resp. B are intrinsically bound to C as well as to V.
Therefore, in [A12, Section 4], minimal conditions for operations B ensuring that A = Cp s is a
self-dual aggregation function have been studied for the two special cases of C(x,y) = and
Clz,y) = 2.

Since for some given C and an involutive negation NN, several aggregation functions B resp.
operations B might generate the same N-invariant aggregation function A, in [A12, Section 5]
the equivalence classes of operations determining the same N-invariant aggregation function are
studied and illustrated again for the cases of C(z,y) = ;71— and C(z,y) = I8 with arbitrary
involutive negation N.

T
x+1l—y



Chapter 8

Commuting aggregation functions

Agenda independent two-step aggregation procedures

In various applications where information fusion or multicriteria evaluation is needed, an aggre-
gation process is carried out as a two-step procedure whereby several local aggregation steps are
performed in parallel and then the results are merged into a global result. It may happen that in
practice the two steps can be exchanged because there is no reason to perform either of the steps
first. For instance, in a multi-person multi-criteria decision problem, each alternative is evaluated
by a matrix of ratings where, e.g., the rows represent evaluations by persons and the columns
represent evaluations by criteria (see also Section 4.2). One may, for each row, merge the ratings
according to each column with some aggregation function A and form as such the global rating
of each person, and then merge the experts’ opinions using another aggregation function B. On
the other hand, one may decide first to combine the ratings in each column using the aggregation
function B, thus forming the global ratings according to each criterion, and then merge these
social evaluations across the criteria by the aggregation function A. The problem is that it is not
guaranteed that the results of the two procedures will be the same, while one would expect them
to be so in any sensible approach. When the two procedures yield the same results the aggregation
functions A and B are said to commute.

Definition 8.1. Consider two aggregation functions A and B. Then we say that A, commutes
with By, if for all ;; € [0,1],7 € {1,...,m}, j € {1,...,n}, it holds that

A(n) (B(m) (xlla ce a‘rml)7 ce aB(m) (xlna ce axmn))
= B(m) (A(n)(l'll, e ,:Eln), ey A(n) (l’ml, e 7Imn))~ (81)

If A,y commutes with By,,), for all n,m € N, then A commutes with B.

Clearly, the property of commuting is related to dominance, i.e., two aggregation functions
commute if and only if they dominate each other. Further, any aggregation function commuting
with itself is bisymmetric and vice versa. For two associative aggregation functions, commuting
between their binary operations is necessary and sufficient for their commuting in general.

Moreover, commuting as expressed by (8.1) is a special case of the so-called generalized bisym-
metry equation as introduced and discussed in [4, 5] and plays a key role in consistent aggregation
(see, e.g., [3]). Commuting aggregation functions are further relevant, e.g., in utility theory [55],
but also in extension theorems for functional equations, e.g., [146]. Moreover, the commuting
property is instrumental in the preservation of some property during an aggregation process, in
particular of some form of additivity resp. decomposability when aggregating set functions, in par-
ticular capacities, also known as fuzzy measures (compare also [25, 28, 147]), or bipolar capacities
resp. bi-capacities (see [88, 89, 90, 91, 95]). Bi-capacities extend the concept of capacities, acting
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most often on the unit interval, to capacities acting on pairs of disjoint sets taking values on some
bipolar scale, usually [—1,1]:

Definition 8.2. Consider some finite universe X and denote by Q(X) = {(A4, B) € P(X) xP(X) |
AN B = (} the set of all disjoint pairs of subsets of X.

= A set function m: P(X) — [0,1] is called a capacity (or fuzzy measure) on X if it fulfills
m(0) =0, m(X) =1, and m(A) < m(B) whenever A C B (monotonicity) .

= A function v: Q(X) — R is a bi-capacity if v(0,0) = 0, and A C B implies that v(A,C) <
v(B,C) and v(C,A) > v(C,B) for all C € P(X \ B). Furthermore, v is normalized if
v(X,0) =1 and v(, X) = —1.

Depending on the application setting, several additional properties for capacities, like, e.g.,
S-decomposability [198], k-additivity [136, 133, 134], k-mazitivity [132], and for bi-capacities, like,
e.g., S-decomposability [88], U-decomposability [162], C-decomposability [77] k-additivity [90, 162,
77], additivity and of CPT type [88, 89] have been introduced, on the one hand expressing a special
structure of the (bi-)capacity but also reducing the complexity necessary for the definition of the
(bi-)capacity itself.

Properties like the S-decomposability or U-decomposability of (bi)-capacities can be expressed
by some functional equation involving a t-conorm S resp. a uninorm U. Preserving these properties
during aggregation processes naturally relates to the property of commuting between the aggre-
gation function imposed and the operation used for expressing the corresponding decomposition
property (compare also, e.g., [55, 156]).

Note that t-conorms and uninorms belong, as t-norms, to the class of commutative and asso-
ciative aggregation functions with neutral element. For t-conorms it holds that the neutral element
e equals 0, for t-norms it holds that e = 1 and for uninorms we have e € ]0,1[ [199]. Indeed the
neutral element of the uninorm separates the unit interval into a bipolar evaluation scale with a
positive [0, e[ and a negative part Je, 1] (compare also [57]).

8.1 Problem statement and results

Commuting aggregation functions are therefore relevant in two-step aggregation procedures and
in the preservation of properties during aggregation processes. For special cases of aggregation
functions like, e.g., for weighted arithmetic means, results on commuting exist for many years in
connection with the problem of consensus functions for probabilities [124], more recently also for
t-norms and conorms in connection with generalized utility theory [55]. However, a more general
treatment has still been missing. Therefore, the following problems have been investigated in the
article “Aggregation operators and commuting” [A13]:

= Reveal as much as possible about the structure of commuting aggregation functions.

» Investigate in particular aggregation functions which are commuting with t-norms, t-conorms
resp. uninorms.

On the structure of commuting aggregation functions

First of all, it could be shown that there do not exist different aggregation functions which commute
with each other and possess both some neutral element:

Proposition 8.3. [A13, Proposition 22] Consider two aggregation functions A and B with neutral
elements e, resp. ep. If A commutes with B then e, = ey and therefore also A = B.
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Note that this expresses in particular that t-norms, t-conorms, and uninorms never commute
with each other, up to the trivial case that, due to their commutativity and associativity, they
commute with themselves. Therefore, any aggregation function commuting with any of these
functions necessarily may not have a neutral element. For the application setting of a two-step
evaluation procedure carried out by two different aggregation functions this means that the experts
can express their neutrality w.r.t. one of the steps applied only.

Moreover, it could be shown that commuting between two aggregation functions heavily relates
to unary functions being distributive over one of the two aggregation functions involved. On the
one hand, such functions can be constructed from commuting aggregation functions, on the other
hand they allow to construct commuting operations. Therefore, functions being distributive over
an aggregation function had been studied:

For an n-ary aggregation function A,) the set of all non-decreasing functions f: [0,1] — [0, 1]
distributing with A, is denoted by Fa . Note that, since A(y) is the identity mapping, Fa,,
is the set of all non-decreasing functions f: [0,1] — [0,1] which is abbreviated simply by F.
Therefore,

Fao, ={f € Flf(Awy(x1,.. 20)) = Ay (f(21),. .., f(z0))}
Evidently, Fa = NpenFa,,, denotes the set of all functions f € F that are distributive over

the aggregation function A. Note that Fa , n € N, as well as 7o contain at least the following
functions

0:[0,1] — [0, 1], x 0,
1:[0,1] — [0,1], x—1,
id: [0,1] — [0, 1], T

and are therefore not empty for arbitrary aggregation function A.

In [A13, Section III] several properties of Fa and F, A, have been revealed and examples for
important aggregation functions like, e.g., different kinds of means, provided. We briefly quote
just a few of the results:

Proposition 8.4. [A13, Propositions 7-9, 11]
n The set Fa is mazimal in case of lattice polynomials only.
» If A,y commutes with some By, then faia,, :[0,1] — [0,1] defined, for all x € [0,1], by
i-th position
Faian (@) =B (d, ..., dy,d, ... d)
with i € {1,...,m} and d some idempotent element of Ay, fulfills, fai A, € FA,-

» For a bisymmetric aggregation function A it holds that Fa ,, is closed under Ay, i.e., for
all fi € Fa,,, i € {1,...,n}, also the function g: [0,1] — [0, 1] defined, for all x € [0,1], by
g9(x) = Ay (fr(x),. .., fulz)) fulfills g € FAG-

» In case A is associative, it holds that f € Fa if and only if Fa,, -

Operations commuting with bisymmetric aggregation functions

Based on the investigation of distributive functions the structure of operations commuting with
some bisymmetric aggregation function could be revealed. The main two results read as follows:

Proposition 8.5. [A13, Proposition 18] Let A be a bisymmetric aggregation function. Then, for
alln € N and all f; € Fa, the n-ary operation B: [0,1]" — [0,1] defined by

B(z1,...,xn) = A(f1(z1),. .., fulzn))

commutes with A.
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Note that B need not be an aggregation function in general. If for n = 1, f; = id € Fa and
for n > 1, the functions f; € Fa, i € {1,...,n}, are chosen such that

B(0,...,0) = A(f1(0),..., fn(0))
B(la-“vl) = A(fl(]-)aafn(]-))

0,
1

then B is also an n-ary aggregation function.

In case that A is bisymmetric and possesses also a neutral element, i.e., it is also associative
and commutative and therefore either a t-norm, a t-conorm, or a uninorm, the above construction
turns into a characterization:

Proposition 8.6. [A13, Proposition 21] Let A be a bisymmetric aggregation function with neutral
element e. Then an n-ary operation B: [0,1]" — [0,1] commutes with A if and only if there exist
fi € Fa, i€ {1,...,n}, such that

B(l’l, S 7xn) = A(f1(1'1)7 .- 7fn(xn))

As mentioned earlier in Section 2.1, a full characterization of t-norms is still not available.
The same applies to t-conorms and even the more for uninorms. Since the characterization of the
set of unary functions distributing with any of these operations heavily depends on the structure
of the underlying operation, only special cases of operations have been treated further in [A13],
namely continuous t-norms, continuous t-conorms, and particular classes of uninorms. Note that,
due to the results quoted above on associative aggregation functions and their set of distributive
functions, it suffices to investigate functions f which distribute over a binary operation * with
* denoting either a t-norm, a t-conorm, or a uninorm, such that f € F, is equivalent to the fact
that f fulfills a Cauchy like equation, i.e., for all x,y € [0, 1],

flxxy) = f(z)* f(y). (8.2)

For continuous t-conorms (8.2) has been solved by Benvenuti et al. in [15] and as such by
duality also for continuous t-norms (note that if 7" is a t-norm, then S, defined, for all z,y € [0, 1],
by S(z,y) =1—-T(1 —z,1 —y) is a t-conorm and vice versa). In [A13, Section V] the results
on functions distributing over a continuous t-conorm resp. continuous t-norm are summarized and
illustrated for basic t-(co)norms.

Section VI in [A13] extensively discusses the case of uninorms. First the general structure
of functions f commuting with some uninorm U is discussed showing that the set of idempotent
elements of U (notice that {0,e,1} C Z(U)) and the range of some f € Fy play a special role, in
particular whether e € Rany or not. After these general considerations two important classes of
uninorms resp. functions being distributive over uninorms of these classes are investigated. Several
examples illustrate the general structure of functions f distributing with such uninorms.

Note that a uninorm U can be interpreted as a combination of some t-norm 7T and some
t-conorm S, i.e.,

U(n) (9317 s 7I’n) = U(2)(T(m1n(9:1, 6)7 cee ,min(xn,e)), S(max(:ch 6)7 s 7ma’X(In7 6)))

with 7' some t-norm acting on [0, e] and .S some t-conorm acting on [e, 1]. Such created uninorms
cover a large class of aggregation functions since on the remainder of their domains they can
be chosen such that the monotonicity and associativity condition are not violated, but otherwise
arbitrarily. However, due to its properties, any uninorm U fulfills

min(z,y) < U(z,y) < max(z,y)

whenever min(z,y) < e and e < max(z,y) for all z,y € [0, 1], giving rise to the particular classes
UT,8.mins UT,s,max Of uninorms, the first special subclasses of uninorms discussed in [A13].
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Note further that there exists no uninorm which is continuous on the whole domain [73].
Therefore, the second important subclass of uninorms investigated in [A13] are uninorms generated
by some additive generator which are continuous on the whole domain up to the points (0,1) and
(1,0). A uninorm U: [0,1]2 — [0,1] is called a generated uninorm with additive generator h where
h:[0,1] — [—o0, 0] is a monotone bijection such that

Ulz,y) = h~" (h(z) + h(y)),

with convention +00+ (—o0) = —oo. Note that the neutral element e of such a generated uninorm
is given by h=1(0) = e. For both special classes of uninorms, distributive functions f € Fy; are
investigated and illustrated by several examples as well examples of commuting operations provided
in Section VI of [A13].
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Abstract

Ordinal sums have been introduced in many different contexts, e.g., for posets, semigroups, t-norms, copulas, aggregation opera-
tors, or quite recently for hoops. In this contribution, we focus on ordinal sums of t-norms acting on some bounded lattice which is
not necessarily a chain or an ordinal sum of posets. Necessary and sufficient conditions are provided for an ordinal sum operation
yielding again a t-norm on some bounded lattice whereas the operation is determined by an arbitrary selection of subintervals as
carriers for arbitrary summand t-norms. By such also the structure of the underlying bounded lattice is investigated. Further, it is
shown that up to trivial cases there are no ordinal sum t-norms on product lattices in general.
© 2006 Elsevier B.V. All rights reserved.

Keywords: Triangular norm; Ordinal sum; Horizontal sum; Bounded lattice

1. Introduction

Triangular norms were originally studied in the framework of probabilistic metric spaces [39—42] aiming at an exten-
sion of the triangle inequality and following some ideas of Menger [33]. Later on, they turned out to be interpretations
of the conjunction in many-valued logics [1,16—18,22], in particular in fuzzy logics, where the unit interval serves as
set of truth values.

Since triangular norms are special compact semigroups, the concept of ordinal sums in the sense of Clifford [5]
provided a method to construct new triangular norms from given ones, but also led to the remarkable representation of
continuous triangular norms as ordinal sums of isomorphic images of the product and the Lukasiewicz t-norm [31,34].
For more results on triangular norms and ordinal sums see, e.g., [24,28-30].

In [13,15] the unit interval was replaced by some more general structure, i.e., a bounded lattice, stimulating some
investigations in topology [14,20,23,37] and logic [12,21]. Therefore, it was quite natural to study triangular norms
on bounded lattices [8,10,26,43], including special cases such as discrete chains [32] or the lattice L* = {(x, y) €
[0, 112 | x + y <1} [11] for which also ordinal sum operations have been provided. It is worth mentioning that ordinal
sum operations have also been introduced in the frameworks of, e.g., copulas [35], aggregation operators [9] or general
algebraic structures such as hoops [3,4]. As such several types of ordinal sums are known in the literature and since
many of these profit from or are based on a close relationship between the ordinal sum operation and the structure of

* The support of COST Action 274 TARSKI and the framework CEEPUS SK-42 is gratefully acknowledged.
*Tel.: +437322468 9195; fax: +43 7322468 1351.
E-mail address: susanne.saminger @jku.at.

0165-0114/$ - see front matter © 2006 Elsevier B.V. All rights reserved.
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the underlying lattice, it seemed quite natural to investigate this relationship in more detail, especially for t-norms on
bounded lattices by also taking into account the concept of ordinal sums of posets (see, e.g., [2]).

Therefore, we will focus our considerations on ordinal sum t-norms on bounded lattices which are defined through
their restrictions to subintervals of the lattice and the lattice-infimum as such reflecting a kind of plug-in strategy
for building new operations. On the other hand we investigate which types of lattices are appropriate candidates for
allowing an arbitrary selection of the subintervals as well as an arbitrary selection of the corresponding t-norms but
guaranteeing that the ordinal sum operation yields again a t-norm on the lattice. Therefore, we will concentrate in this
contribution on ordinal sum t-norms built from summand t-norms only, although other summand operations could also
be taken into account (compare also, e.g., [24,30]).

Note that due to the results of Clifford [5], see also [6,19,27], we know that an ordinal sum of semigroups (as
introduced in [5]) whose carriers are (bounded) lattices is again a semigroup with a carrier equal to the ordinal sum
(in the sense of Birkhoff [2]) of the summand lattices. However, conversely, a straightforward application of Clifford’s
ordinal sum theorem to subsets of some fixed lattice L requires L to be an ordinal sum of its sublattices. But, and as
we will show later, there exist ordinal sum t-norms on bounded lattices which are not an ordinal sum of some of their
sublattices, i.e., ordinal sum t-norms on bounded lattices need not be ordinal sums in the sense of Clifford.

We investigate the problem by the following steps. The next section is dedicated to an overview on relevant concepts
of ordinal sums, namely, ordinal sums in the sense of Birkhoff, in the sense of Clifford, as well as ordinal sums of
t-norms on the unit interval. Section 3 briefly deals with t-norms on bounded lattices and introduces ordinal sum
t-norms. In Section 4 we investigate such t-norms with one summand only first on some fixed subinterval then on
an arbitrary subinterval revealing necessary and sufficient conditions concerning the underlying lattice. We close this
section with a discussion about ordinal sum t-norms on product lattices. Subsequently, we generalize the results to
ordinal sum t-norms with arbitrarily many summands in Section 5 and close this contribution by a short summary and
further perspectives.

2. On some types of ordinal sums
2.1. Ordinal sums in the sense of Birkhoff

In [2], Birkhoff provides a definition for building the ordinal sum X @ Y of two disjoint posets X, Y. Due to the
associativity of this construction we immediately extend this concept to families of pairwise disjoint posets for some
linearly ordered index set (I, <;), I # (. Note that ordinal sums of disjoint posets in the sense of Birkhoff are also
referred to as linear sums of posets [7].

Definition 2.1. Consider a linearly ordered index set (/,<j), I # ) and a family of pairwise disjoint posets
(Xi, <i)ier- The ordinal sum @, _,; X; is defined as the set | J..,; X; equipped with the following order <

iel iel

x<y:e@iel:x,yeXinx<;y))vV@i,jel:xeX;ANyeX;Ai=<q]j). (D)

If necessary, we will refer to such ordinal sums as ordinal sums in the sense of Birkhoff explicitly.

Since the order relation for elements from different summand carriers is inherited from the linearly ordered index set,
ordinal sums formally minimize the number of incomparable elements of a poset with carrier |_J;.; X; which extends
the posets (X;, <;). As such ordinal sums of posets are in general not symmetric,i.e., X @Y # Y & X.

Note that based on the linear order of the index set (/, <;) and the order < on | J;_; X; defined by (1) the condition
of pairwise disjointness can be even relaxed.

iel

Lemma 2.2. Consider some linearly ordered index set (I, <) and a family of posets (X;, <;)icr. If foralli, j € 1
with X; N X; = A # @it holds that (A, <;) = (A, <), Xi = (X;\A) @A, X; = AD (X, \ A), and for each
k € I either kx;i <y j ori <y j=<1k, then there exists some index set K and a family of pairwise disjoint posets
(Xk, <p)rek such that

e foreach k € K there exists some i € I with X}, C X; and
e the ordinal sum EBkEK X, is isomorphic to the poset (Uiel X, <) where < is defined by (1).



S. Saminger / Fuzzy Sets and Systems 157 (2006) 14031416 1405

Note that the strategy just described focusses on the union of the carriers and an order compatible with the order of
the underlying posets. Another possible way for introducing ordinal sums of non pairwise disjoint sets is to replace
each X; by (i, X;) and thus creating isomorphic but pairwise disjoint sets for which the ordinal sum construction in
the sense of Birkhoff can be applied. We will follow our approach since it does not lead to multiple copies of elements
common in several posets. Especially, for two intervals which overlap in at most one point we introduce the following
concept of ordinal sums of intervals.

In case that (X, < x) has a smallest and a largest element, ay resp. bx, we denote X by [ax,bx] = {x € X |
ax < xx < xbx} and use notions of other types of intervals accordingly.

Definition 2.3. Consider a linearly ordered index set (I, <), I # ¥ and a family of intervals ([a;, b;])ies such that
forall i, j € I withi < j either [a;, b;] and [a}, b;] are disjoint or b; = a;. The ordinal sum B, la;, b;] is the set
Uiy [ai, bi] equipped with the order < defined by

iel

x<y:o@@iel x,yela,bilrnx<;y)vVv@E@i,jel x<ibinaj<jyANi < j).
If necessary, we refer to this kind of ordinal sum as ordinal sum of intervals.

So far, we have discussed ordinal sums of posets focussing on the preservation or the construction of an order
relation on the union of sets. We now turn to ordinal sums of semigroups and therefore shifting the focus from orders
to operations.

2.2. Ordinal sums in the sense of Clifford

In [5], see also [6,19,27], ordinal sums have been introduced in the context of abstract semigroups aiming at a
construction of a new semigroup from a given family of semigroups. The basic idea is to extend an ordinally ordered
system of non-overlapping semi-groups into a single semigroup whose carrier equals the union of the original carriers.

Definition 2.4 (Clifford [5]). Let (I, <), I # ¥ be a linearly ordered index set, (X;);c; a family of pairwise disjoint
sets, and (G;);e; with G; = (X;, ;) a family of semigroups. Put X = [ J,_; X; and define the binary operation * on
X by

iel

Xk y if(x,y)eX,- XX,',
xxy={x if (x,y) e X; x Xjandi < j,
y if (x,y) € X; x Xjandi > j.

Then we say that (X, x) is the ordinal sum of all (X;, *;);cs. If necessary, we refer to this type of ordinal sum as ordinal
sum in the sense of Clifford.

Proposition 2.5 (Clifford [5]). With all the assumptions of the previous definition the ordinal sum (X, *) is also a
semigroup, i.e., * is an associative operation on X.

Note that ordinality in the sense of Clifford refers to the linear order of the index set / involved. The elements of
some X;,i € I, need not fulfill any special order relation. On the other hand, taking into account that equality is an
order relation on any set we immediately can state the following corollary.

Corollary 2.6. Any ordinal sum in the sense of Clifford can be expressed as an associative operation on an ordinal
sum of a family of sets in the sense of Birkhoff.

The semigroup operation * on X is linked to the order structure of the index set and therefore also to the order of
the deduced ordinal sum in the sense of Birkhoff.

Similar as in the case of ordinal sums of Birkhoff the condition of disjointness can be and has been relaxed in the
case of ordinal sums in the sense of Clifford.
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Proposition 2.7 (Clifford [5]). Let (I, X), I # @ be a linearly ordered set, (X;)ic; a family of sets, and (G;);cy with
Gi = (Xi, *i) a family of semigroups.

Assume that for all i, j € I withi < j the sets X; and X j are either disjoint or that X; N X ; = {x;;}, where x;j is
both the unit element of G; and the annihilator of G j, and where for each k € I withi < k < j we have X; = {x;;}.
Put X = J;c; Xi and define the binary operation  on X by

xxy if (x,y) € Xi x Xi,
xxy=41{x if(x,y)e X; x Xjandi < J,
y if(x,y) e X; x Xjandi > j.

Then (X, ) is a semigroup.
2.3. Ordinal sums of t-norms on the unit interval

We now concentrate on a special class of semigroups with carrier [0, 1], namely t-norms which are commutative
semigroups, non-decreasing in each coordinate and having 1 as neutral element.

Definition 2.8. Let (Ja;, bi[)ics be a family of pairwise disjoint open subintervals of [0, 1] and let (7;);<; be a family
of t-norms. Then the ordinal sum T = ({a;, b;, T;))ics: [0, 11> — [0, 1] is given by

X—ai y-—a

ai + b —a)T; | ——, if (x,y) € [a;, bi]?,
bi —a; b, —a;

min(x, y) otherwise.

T(x,y) =

If necessary, we refer to this type of ordinal sums as ordinal sums of t-norms.

Note that some differences to previous definitions can be stressed:

e The carrier of the ordinal sum is the unit interval [0, 1] which in general need not equal the union of all [a;, b;],i € 1
of the family of intervals involved.
e The members of the family of t-norms (7;);<; are not acting on the subdomains [a;, b;], but on [0, 1].

According to the fact that all [a;, b;] € [0, 1] and all a; as well as b; are ordered by the natural order on R an
index set J, J # ) and a family of intervals [a;, b;] can be found such that [0, 1] = @jej[aj, b;] (see also [29]).
On each [a}, b;] associative operations #*; can be defined either as isomorphic, in fact linear, transformations of the
corresponding t-norms or by the minimum such that in this case the ordinal sum of t-norms is just an ordinal sum in the
sense of Clifford. Note that such an ordinal sum of t-norms yields again a t-norm. Moreover, any continuous triangular
norm on the unit interval is an ordinal sum of t-norms in the sense above where each summand t-norm is isomorphic
either to the product or the Lukasiewicz t-norm [31,34].

3. Triangular norms on bounded lattices

Extensions of triangular norms on lattices in the framework of fuzzy sets and fuzzy logic (see also [13,15,18]) always
require the top resp. bottom element of L to play the role of a neutral element resp. of an annihilator. Therefore, we
concentrate on bounded lattices L only with top and bottom elements, denoted by 1 and 0, respectively, in the sequel.

Definition 3.1. Consider some bounded lattice (L, A, V, 1, 0) and denote by < the corresponding lattice order. A
binary operation T : L?> — L is called a triangular norm (t-norm) on L if the following conditions are fulfilled for all
x,y,z7 € L:

D) T(x,y) =T, x), (commutativity)
(1) T (x,z) <. T(y,z) whenever x <y, (monotonicity)
(i) T (x, 1) = x, (neutral element)

V) T(x,T(y,2))=T(T(x,y),2). (associativity)
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Note that the structure of the lattice L heavily influences which and how many t-norms on L can be defined. However,
for each lattice L there exist at least two t-norms, i.e., the minimum Tl\ﬁ (x,y) = x A y and the drastic product

L . x/\y lfle{-xvy}’
Ty (x,y) = :0 otherwise,

which are always the greatest and smallest possible t-norms on that lattice L. Observe that up to the trivial cases when
|L| <2, we always have TDL #= Thﬁ. In case that |L| = 2, there is a unique t-norm on L which is, in fact, the standard
boolean conjunction. Finally, if |L| = 1, there is only one binary operation on L.

Classical t-norms are then just t-norms on the lattice ([0, 1], A, Vv, 1,0). The intervals [a;, b;], i € I, used as
carriers for the ordinal sum of t-norms are subintervals with bottom element @; and top element b;. The isomorphic
transformations of t-norms are t-norms on these subintervals in the sense of the definition above.

We turn to ordinal sums of t-norms on an arbitrary lattice L. Since each of its summands is described by a sublattice L;
of L and a t-norm 7; acting on that sublattice, the sublattice has to possess a largest element acting as the neutral element
of the t-norm involved and a smallest element acting as its annihilator. Moreover, monotonicity of the final operation
should be provided such that appropriate candidates for such sublattices are intervals [a, b] = {x € L | a<;x < b}
with a < 1 b (see also [38]). Therefore, we define ordinal sums of t-norms on lattices in the following way.

Definition 3.2. Consider some lattice (L, A, Vv, 0, 1) and some linearly ordered index set /. Further, let (Ja;, b;[)ics
be a family of pairwise disjoint subintervals of L and (T'a-bily, ; a family of t-norms on the corresponding intervals
([ai, biDicr. Then the ordinal sum T = ((a;, b;, T1%Pi1));c;: L> — L is given by

T[aiabi](_x’y) ifx,y € [aiabi]a
XAY otherwise.

T(x.y) = i ®)

In the sequel we concentrate on conditions such that an operation 7: L?> — L defined by Eq. (2) is a t-norm on the
lattice L.

4. Ordinal sums with one summand only
4.1. Ordinal sums with one summand only on some fixed subinterval

Consider some bounded lattice (L, A, Vv, 1, 0) and fix some subinterval [a, b] = {x € L | a<<px < b}, with <.
the lattice order. Further assume a t-norm 7'%-?) on [a, b]. Then T: L? — L defined by

TP (x, y) ifx,y € la,b],
XAy otherwise.

T(x,y)= i 3)

is an ordinal sum ((a, b, T'?1)) of T1*?1 on L with one summand only.
By this the following questions arise quite naturally:

e For which lattices L is T defined by Eq. (3) a t-norm for arbitrary t-norms T'*?! on [a, b]?

e If T defined by Eq. (3) is a t-norm for arbitrary t-norms 7'%*! on [a, b], what do we know about the structure of the
underlying lattice L?

e Do we end up with the same answers to the previous two questions?

4.1.1. From lattices to t-norms
The following lemma provides a partial answer to the first question.

Lemma 4.1. Consider some lattice (L, A, V, 1,0) and a subinterval [a, b] of L. If L is an ordinal sum of intervals
such that L = [0,a] @ [a,b] & [b, 11, then T: L?> — L defined by Eq. (3) is a t-norm for arbitrary t-norm Tla.b]
on la, b].
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T|0 z|la u 1 1
0(0 0(0 0 O
z|0 2|0 0 =z u
a|l0 Ofla a a X
|0 O0la o u o
110 z|a u 1

with o € {a,u} 0

Fig. 1. T-norms on some special lattice (Example 4.2).

Proof. Note that due to the structure of the lattice as ordinal sum of intervals, it holds that for all x ¢ [a, b] either
x < paor b<px is fulfilled. The latter conditions are equivalent to x A @ = x or x A b = b, respectively.

If [a, b] = {a, b}, the t-norm Tla:b1 op [a, b] is necessarily Tl\[,? ’b], implying T = Tl\ﬁ. Therefore, we assume that
la, b[ # @, i.e., there exists some u € L suchthata <; u < b.

Commutativity holds due to the commutativity of A and T!¢?! It is also straightforward to show that 1 is the
neutral element of 7. The preservation of associativity is a direct consequence of Clifford’s theorem on ordinal sums
of semigroups (see also Proposition 2.7).

Finally, monotonicity is preserved due to the monotonicity of 71%?! on [a, b] and of A on the lattice L in all cases
but two, i.e., if z € [a, b] and either x € [a, b] or y € [a, b] with x < y. First assume that x € [a, b] and y ¢ [a, b].
Since y >y x it follows that y > b, then

T(x,2) = T (x, ) < TP (v, )<z =y A2 =Ty, 2).
Secondly, if x < a and y, z € [a, b] then
T(x,2)=xAz=x<a<, T (y,2) = T(y, 2).

Therefore, T defined by Eq. (3) is a t-norm independently of the choice of T1%?1 on [a, b]. O

The previous proposition only provides a sufficient and not a necessary condition for 7 being a t-norm, as the
following example shows.

Example 4.2. Consider the bounded lattice (L, A, V, 0, 1) with L = {0, x, a, u, 1} as shown in Fig. 1, further the
subinterval [a, b] = [a, 1] = {a, u, 1} and the operation T as defined by Fig. 1. It can be easily checked that T is
defined by Eq. (3) and is, moreover, a t-norm although L is not an ordinal sum of intervals.

4.1.2. From t-norms to the structure of the lattice

Before turning to necessary and sufficient conditions for 7" defined by Eq. (3) being a t-norm we prove some basic
lemmata revealing insight into the structure of the underlying lattice. Note that throughout this section we consider
some bounded lattice (L, A, Vv, 0, 1) and a fixed subinterval [a, b] of L.

Lemma 4.3. Assume that T defined by Eq. (3) is a t-norm for arbitrary T'“?) on [a, b] and choose x € L arbitrarily.
If there exists some u € [a, b[ such that x < pu then x € [0,a] or x € [a, b], i.e., x is comparable to a.

Proof. Assume that T defined by Eq. (3) is a t-norm for arbitrary T!@b) on [a, b] and let x € L and u € [a, b[ such
that x < pu,i.e., x Au = x.If u = a the proposition is trivially fulfilled, therefore we demand that u € ]a, b|.
Assume that x is incomparable to a. By such x is not contained in [a, b], i.e., x ¢ [a, b]. Due to the associativity of

T and the fact that 7 is also a t-norm for 71?1 = T, ]ga,b] the following equality must hold

aAnx=T(a,x)=TT u,u),x)=T(T(u,u),x)
=Tw, Tu,x)=Tw,unx)=T(w,x)=x,

being equivalent to x < ;a and contradicting the assumption of incomparability of x to a. [
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Note that the previous lemma is equivalent to the following corollary focusing on the incomparability to a.

Corollary 4.4. Assume that T defined by Eq. (3) is a t-norm for arbitrary T\*") on [a, b] and let x € L arbitrarily. If
x is incomparable to a, then x is also incomparable to all u € [a, b].

We now turn to the incomparability with the top element b of the subinterval.

Lemma 4.5. Assume that T defined by Eq. (3) is a t-norm for arbitrary T'%?) on [a, b]. If some x € L is incomparable
to b then x is incomparable to all u € la, b].

Proof. Consider some lattice (L, A, V, 0, 1) and a subinterval [a, b]. Assume that T defined by Eq. (3) is a t-norm for
arbitrary 71421 on [a, b]. Let x € L be incomparable to b and therefore x ¢ [a, b].

Suppose that there exists some u € Ja, b] to which x can be compared. If x < pu, also x < u < 1 b contradicting the
incomparability to b. Therefore, let x > ; u from which we can conclude that

b> bAnx>bAa=a,

ie., b Ax €la,bl,evenb A x € [a, b| since b A x = b would lead to a contradiction to the incomparability of b and
x. Since T is a t-norm also for 71?1 = Tlga'b] and is therefore associative the following equation is fulfilled

u=TY b u)y =Tk, x Au) =T b, T(x,u))
=T(Th,x),u)=TbAx,u) =T bAx,u)=a

contradicting that u € ]a, b] and showing that x has to be incomparable to all # € ]a, b] in case that it is incomparable
tob. O

Note that the previous lemma also implies that if x is incomparable to b and there exists some u € [a, b] to which x
can be compared, it follows necessarily that u = a.

Lemma 4.1 shows that if the underlying lattice can be described as an ordinal sum of intervals, any ordinal sum with
summands according to these intervals is again a t-norm. Corollary 4.4 and Lemma 4.5 already indicate that from the
fact that 7" defined by Eq. (3) is a t-norm for some fixed subinterval [a, b] of L we can draw some conclusions about the
structure of the underlying lattice L. The following corollary states under which conditions the lattice L even fulfills
L = [0, a] & [a, b] & [b, 1]. It is an immediate consequence of the previous lemmata resp. a consequence of Theorem
4.8 proven later.

Corollary 4.6. Consider some lattice (L, A, V, 0, 1) and a subinterval [a, b). Assume that T defined by Eq. (3) is a
t-norm for arbitrary T'%") on [a, b. If for all x € L there exist some u € la, b[ such that x can be compared with u,

then L = [0,a] & [a, b] ® [b, 1].

Remark 4.7. Example 4.2 shows that there exist ordinal sum t-norms on lattices L which are not ordinal sums of
intervals, i.e., L # [0, a] @ [a, b] & [b, 1]. Note that those x € L \ [0, a] & [a, b] & [b, 1] are incomparable to all
u € la, b[. They are further at most comparable to either a or b, but not to both at the same time (see also Fig. 2).

Vb xzVb b
b b U
T U T T
a u a
T Aa a T ha

Fig. 2. Lattice cases.
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4.1.3. Necessary and sufficient conditions
The following theorem provides necessary and sufficient conditions for an ordinal sum being a t-norm and providing
insight into the structure of the underlying lattice.

Theorem 4.8. Consider some bounded lattice (L, A, V, 0, 1) and a subinterval [a, b] of L. Then the following are
equivalent:

(i) The ordinal sum T: L* — L defined by Eq. (3) is a t-norm for arbitrary Tla.b] op [a, D].
(1) For all x € L it holds that

(a) if x is incomparable to a, then it is incomparable to all u € [a, b|,
(b) if x is incomparable to b, then it is incomparable to all u € la, b].

Proof. Consider a bounded lattice (L, A, V, 0, 1) and a subinterval [a, b] of L. The necessity follows directly from
Lemma 4.5 and Corollary 4.4.

For proving the sufficiency, the claim is trivially fulfilled if [a, b] = {a, b}, since then T = Tl\ﬁ. Therefore, we
assume that ]a, b[ # @, i.e., there exists some u € L suchthata <y u < b.

Commutativity holds due to the commutativity of A and 71?1 It is also straightforward to show that 1 is the neutral
element of T'.

Monotonicity: Monotonicity is preserved due to the monotonicity of 71%*! on [, b] and the monotonicity of A on the
lattice L in all cases but one, namely if x ¢ [a, b] and y € [a, b] with x < y. We have to show that T (x, 2) <. T (y, 2)
is fulfilled for all z € [a, b] and x, y as described just before.

If x <aandy,z € [a, b] it holds that

T(x,2) =xAz<panz=a<, Ty, 2) =T(@,2).

In case that x is incomparable to a and therefore to all v € [a, b[ it follows necessarily that y = b. Moreover, it holds
for all z € [a, b] that

T(x,2) =xAz<pz =T b, 2) =T, 2).

Further if x < a or x incomparable to a, y € [a, b], but z ¢ [a, b] T (x,z) < T (y, z) due to the monotonicity of A.

Associativity: Associativity holds trivially if all arguments are either from [a, b] or from L \ [a, b]. For the remaining
possibilities we distinguish the following two cases:

Case 1: Suppose that exactly one argument involved is from [a, b]. We assume x € [a, b] and y, z ¢ [a, b].

If y A z € [a, b[, necessarily y A z = a. Then we can conclude that

Tx, T(y,2))=Tx,yAz)=T(x,a)=a
=xANa=xAyAnz=T(T(x,y),2).

All other cases can be shown analogously or are fulfilled due to the associativity of A.

Case 2: Suppose that exactly two elements involved are from the subinterval [a, b]. We choose x, y € [a, b] and
z ¢ la, b]. It can be easily verified that in case that either x or y are equal to one of the boundaries of [a, b] associativity
of T is fulfilled due to the associativity and monotonicity of A. Therefore, we assume that x, y € ]a, b|.

In case that x <z or y<z, z is comparable to all [a, b] and fulfills necessarily z > ; b. Moreover,

T(T(x,y),2)=Tx,)Anz=Tx,y)=Tx,yrz) =Tx,T(y,2)).
Similarly, if x >z or y > z, z is comparable to all [a, b] and z < ;a such that
T(Tx,y),2)=Tx,y)rz=z=xAz=Tx,yrnz2) =T(x,T(y,2).
In case that z is incomparable to x and y it holds that u A z = a A z forall u € [a, bl[.

IT'(Tx,y),2)=Tx,y)Nz=aANz
=xANanz=Tkx,yrnz)=Tx,T(y,2)).

The remaining cases can be shown analogously such that associativity is proven. [
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4.2. Ordinal sums with one summand on arbitrary subintervals

The previous results deal with t-norms on some fixed subinterval. How does L look like if 7" defined by Eq. (3) is a
t-norm not only for arbitrary t-norms 7'%-*1 but also for arbitrary subintervals [a, b]?

Recall that a bounded poset (X, <, 0, 1) is called a horizontal sum of the bounded posets ((X;, <;,0, 1));er if
X = ;¢ Xi with X; N X; = {0, 1} whenever i # j, and x <y if and only if there is an i € I such that {x, y} C X;
and x <;y (compare, e.g., horizontal sums of effect algebras [36]).

Theorem 4.9. Let (L, A, V, 0, 1) be a bounded lattice. Then the following are equivalent:

() for any [a, b] L and any t-norm T'%") the ordinal sum operation T on L given by (3) is a t-norm on L,
@) forallx,y e L: {x ANy, x vy} C{0,1,x,y},
(iii) L is a horizontal sum of chains.

Proof. The equivalence of (ii) and (iii) is obvious.

(1)=(ii): Assume that T defined by Eq. (3) is a t-norm for an arbitrary subinterval [a, b] and an arbitrary t-norm
T4 on [a, b]. Consider some x, y € L being incomparable and further fulfilling x v y = z # 1. Applying Corollary
4.4 to [x, 1] we get a contradiction since y is incomparable to x but comparable to z € [x, I[dueto y<;x Vy = z.
Similarly, Lemma 4.5 leads to a contradiction if x A y = z % 0 for some incomparable x, y, € L.Incase thatx, y € L
are comparable we clearly get {x A y, x V y} = {x, y}.

(i1)=(@): Up to the trivial case wherea = 0 and b = 1,1i.e., [a, b] = L, we get in all other cases that [a, b] is a proper
subchain of L. If some x € L is incomparable to a then necessarily a 7% 0 and x belongs to another subchain L; of L
such that L; N [a, b[ = @. Therefore, x is also incomparable to all u € [a, b[. Analogously, we can argue about some
x being incomparable to b such that condition (ii) of Theorem 4.8 is fulfilled for each subinterval [a, b] of L and thus
showing that T is at-normon L. [

The theorem shows under which condition a kind of plug-in strategy for building t-norms can be applied. Provided
that the lattice is describable as a disjoint union of chains with some common bottom and top element we can choose
any subinterval of the lattice and plug-in arbitrary t-norm on that subinterval such that the final operation is still a
t-norm on the original lattice.

Example 4.10. Consider the lattice L = {0, a, b, ¢, 1} as displayed in Fig. 3 then the following cases can be distin-
guished:

e For any interval [u, v] which consists of at most of two elements T**1 is clearly Tl\[,i’ “landassuch T = Tlﬁ trivially
a t-norm.

e For any [u, v] D {a, b} and for any t-norm Tl on [u, v], T is a t-norm on L.

e The only subintervals leading to contradictory results are [a, 1] and [b, 1]. We illustrate this for the subinterval [a, 1].
There are only two t-norms on [a, 1]. For T¢! = Tl\[,il’l] also T = TI\[,?’I]. For Tl®1 = TI[)“’H we get

T(T(c,c),b)=T(a,b)y=0#b=T(c,b)=T(c,T(c, b)),

u,v]

and therefore associativity is violated.

0

Fig. 3. Lattice discussed in Example 4.10.
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Table 1
Triangular norms on {0, 1} x {0, 1}

T (0,0) 0,1) (1,0) (1,1)

(0,0) (0,0) (0,0) (0,0) (0,0)
(0,1) (0,0) o (0,0 (0,1)
(1,0) (0,0) (0,0) o (1,0)

(1,1) (0,0) (0,1) (1,0) (1,1)
with ¢ € {(0, 0), (0, 1)}

Example 4.11. Consider the poset
L={(-1L-D,d,1,(=x,1-x), &, x—1)[xe]0I[}

equipped with the product order on R?. It is a lattice with top element (1, 1) and bottom element (—1, —1). Moreover,
it is a suitable candidate for defining ordinal sum t-norms ({a, b, Tla.Plyy for arbitrary subintervals [a, b] and arbitrary
t-norms T[%?1 on [a, b], since removing the top and the bottom element leads to two disjoint chains of incomparable
elements.

4.3. Ordinal sums on special bounded lattices

Motivated by the last example we may ask whether there are ordinal sum t-norms on product lattices with the order
on the product lattice being defined coordinate-wisely. Taking into account Theorem 4.9 we know that subintervals
of the product lattice and t-norms on it can be chosen arbitrarily if and only if the product lattice without top and
bottom element is a disjoint union of chains. In fact, these are just product lattices which are either isomorphic to a
chain, i.e., all factor lattices are singletons up to one which forms a chain, or they are isomorphic to the product lattice
{0, 1} x {0, 1}, i.e., all factors are singletons up to two containing exactly two elements.

In the first case any t-norm on the quite trivial product lattice acts as a corresponding t-norm on the chain. In the second
case, there exists no subinterval of the product lattice containing more than two elements besides the product lattice
itself. Therefore there exist only four different t-norms on {0, 1} x {0, 1} which are displayed in Table 1. Note that the
values of T((0, 1), (0, 1)) and T'((1, 0), (1, 0)) can be chosen independently of each other. Due to the incomparability
of the involved elements monotonicity is not violated.

We have seen by the previous remark that ordinal sum t-norms consisting of a summand with an arbitrary subinterval
as well as an arbitrary t-norm on the subinterval are possible just for very trivial product lattices. Therefore, is it possible
to build an ordinal sum t-norm on a more complex product lattice taking into account not arbitrary but some special
subinterval?

Proposition 4.12. Consider some lattices (L;, Ni, Vi, 0;,1;),i €{l,...,n},n € N,n>=2with |L;| > 1 foralli and
the corresponding product lattice L = []'_, L;. The order on the product lattice is defined coordinate-wisely, i.e.,
(@i, ...,an)<p(b1,...,by) ifand only if a; <p,;b; foralli € {1,...,n}. An interval [a, D] = ]_[l’.’:l la;, b;i] and an

arbitrary t-norm T} on that interval lead to an ordinal sum t-norm T on L as defined by Eq. (3) if and only if either
la,b] = L or]a, bl = 0.

Proof. Assume lattices (L;, A;, Vi, 0;, 1;) as given above and the corresponding product lattice L as well as some
interval [a, b] = ]—[l'-l:1 [a;, b;). Xf [a, b] = L or Ja, b[ = @, the ordinal sum T: L? — L defined by Eq. (3) is clearly
a t-norm for arbitrary 71451 on [a, b]. Note once again that in the latter case the only t-norm on [a, b] is TI\[,f *1 and as
such T = Ty

In order to show the necessity assume that [a, b] fulfills [a, b] # L and la, b[ # @ and that T': L? — L defined
by Eq. (3) is a t-norm for arbitrary T14-P] Duye to the structure of [a, b] there necessarily exists some k € {1, ...,n}
such that [ay, bx] # Ly and some u = (uy,...,u,) € la, b[ and that there exist further some /,m € {1, ..., n} not
necessarily different from each other or from & such that the following conditions are fulfilled:

o Ox <p, aror by <p, i due to the fact that [ay, br] # Ly,
e a; <r, uyand u,, <r, by because of u being an interior element of [a, b].
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We assume first that O <, ai and recall that a, u, b and some arbitrary x € L are given by

b=W,....bi,....b,....by, ..., by,

U= (UlyeeeyUlyeoey U]y ey Uy ..., Upn),
a=(@ay,...,Qky..., 01, ..., 0y, ...,04y),
X = (X0 eeey Xk ooe s Xy eee s Xty oo e s Xnt)s

We distinguish different cases for &, [ and m and show that for all possibilities we find two elements of L contradicting
the incomparability conditions of Theorem 4.8.

k # 1: Choose x € L such that x; = O, x; = u; and x; = qg; foralli € {1,...,n}\ {k,I}. Since Oy <, ar <p ux,
as well as x; = u; >, aj and u; > ,a; = x;, x is incomparable to a but fulfills x < u with u € ]a, b[ leading to a
contradiction to Theorem 4.8.

k =1 # m: We select two elements x and y from L in the following way:

X = (ala .. 'ak—lv Okv ak-f—lv ey am—l, bm, am-f—lv ceey al’l)v

)’ = (Cll, . -ak—l’ak’ak-f—l’ CECIR ,am—l»bm,am—f—la LR ,an)
then y € |a, b[ since ax <, by and a;, <p, um <L, bm = ym. Furthermore, x <y although x is incomparable to a
because of a,; <, xm and x; = O <, ax and as such contradicting again Theorem 4.8.

k =1 = m: Note that in this case Ox <z, ax <pr, ur <r, bx <r, Ix form a sub-chain of L. Since the number n of
lattices involved in the product lattice is at least two, n >>2, we know that there exists some further j € {1, ..., n} such
that [a;, b;] € L; with |[L;| > 1.

Assume thata; # bj,i.e., a; <L, bj. We choose x, y € L by

X = (alv . 'ak—190k9 ak+1’ o 7aj—17 bjsa]-f—lv L 9al’l)7
y = (ala e Af—1, ks Af+15 - - - ,Clj_l, bjaaj+l, LR ,an),
then again y € ]a, b[, x <y but x being incomparable to a leading to a contradiction to Theorem 4.8.
If a; = b then either 0, <, ajor b <r, 1. In the first case, we build x, y € L by

x =(ar,...ax—1, U, g1, ., aj—-1,05,aj41, ..., an),
y = (ala <o Qp—1, Uk, A4-1,5 '~-aaj—lvujaaj+l7 ---»an),

then y € Ja, b[, x < 1y but x being incomparable to a. In the second case, choose x, y € L by

x=(ay,...ax—1, Uk, Q41,-..,aj—1,1j,aj1,...,an),
y:(a17"'ak_l’uk’ak+17"',aj_17bj’aj+17"'7an)7
then y € Ja, b[, x <y but x being incomparable to b such that both cases contradict Theorem 4.8.

In case that by <y, i, elements x, y € L contradicting the incomparability conditions of Theorem 4.8 can be
constructed in an analogous way. [J

Note that the previous proposition just provides insight why the method of building ordinal sum t-norms is, up to
some trivial cases, not appropriate for creating t-norms on product lattices. However, there exist several other ways for
defining t-norms on such lattices, e.g., [8,25].

Remark 4.13. Similar arguments hold for the case of t-norms on the lattice (L*, A, V, Op, 17+) with L* = {(x1, x2) |
(x1,x2) € [0, 1]2 A x1 4+ x2 <1}, the join and the meet operation defined as follows:

(x1, x2) A (y1, y2) = (min(xy, y1), max(x, y2)),
(x1,x2) V (y1, y2) = (max(xy, y1), min(x2, y2))

for arbitrary (x1, x2), (y1, y2) € L*, and bottom and top element given by O+ = (0, 1) resp. 1.+ = (1, 0).

As one can see immediately the removal of the bottom and top element from the lattice does not lead to a disjoint
union of chains expressing that no ordinal sum t-norm in the sense of Definition 3.2 can be built on L*. Moreover, if
some subinterval is fixed, elements contradicting the incomparability condition of Theorem 4.8 can in general be found
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similar as before in the case of product lattices. Surely there exist other strategies for defining t-norms on L* being
inspired by a kind of plug-in strategy, i.e., by using transformations and projections of t-norms on L* as been carried
outin, e.g., [11].

5. Ordinal sums with more summands

Theorems 4.8 and 4.9 deal with ordinal sums with one summand either based on some arbitrary or fixed subinterval.
We now extend these results to ordinal sums with more summands (see Definition 3.2) and end up again with a close
relationship between the structure of the underlying lattice and the operation defined on that lattice.

Proposition 5.1. Consider some bounded lattice (L, A, V, 0, 1) and some linearly ordered index set (I, <), I # (.
Then the following are equivalent:

(1) The ordinal sum T as defined by Eq. (2) is a t-norm for arbitrary families of pairwise disjoint subintervals
(lai, bil)ie1 and for arbitrary t-norms T4i-bi1 on the corresponding a;, b;].
(i) L is a horizontal sum of chains.

Proof. Consider some bounded lattice (L, A, V, 0, 1) and some linearly ordered index set (/, <), [ # . If T defined
by Eq. (2) is a t-norm for arbitrary summands, then for sure also for only one arbitrary summand leading to L being a
horizontal sum of chains due to Theorem 4.9.

On the other hand, suppose that L is a horizontal sum of chains. We want to show that 7: L?> — L defined by

Tlebil if x,y € [a;, bi],
T,y = { x Ay  otherwise,
is a t-norm for an arbitrary family ([a;, b;])ie; and arbitrary t-norms Tlai-bi] on [g;, b;i]. Note that the family of
subintervals is such that all members are pairwise disjoint regarding their interiors, i.e., up to boundary elements.
Commutativity of 7" is preserved because of the commutativity of A in L and T4-bi] on [a;, b;]. Furthermore, the
neutral element of 7 is obviously 1, leaving associativity and monotonicity to be proven.

Monotonicity: We have to show that whenever x <y holds then T (x, z) < T (y, z) for all z € L. Consider some
x,y € L and assume that x < y. If x = 0 or y = 1 the inequality is trivially fulfilled for arbitrary z € L.

Therefore, suppose that x, y € L\ {0, 1}. Since L \ {0, 1} is a disjoint union of chains and x < ; y by assumption, x
and y have to belong to one of theses chains, i.e., x, y € C* for some chain C* C L\ {0, 1}.

For all z € L\ C* the above inequality is trivially fulfilled since T (x, z) = 0 = T (y, z) due to the incomparability
of x and z, resp. y and z.

If z € C* U {0, 1} monotonicity can be proven analogously to Lemma 4.1 by describing C* U {0, 1} as an ordinal
sum of intervals in the following way: Choose a = Af{a; | i € I,a; € C*}and b = \/{b; | i € I,b; € C*}. Then
C*U{0,1} = [0,a] & [a, b] ® [b, 1] is an ordinal sum of intervals and T acts as an ordinal sum t-norm with one
summand on that domain.

Associativity: We have to prove that T'(x, T (y, 7)) = T(T (x, y), z) is fulfilled for arbitrary x, y, z € L. If one of
the arguments is equal to O or 1 the equality is trivially fulfilled, such that we assume x, y, z € L \ {0, 1} arbitrarily. In
case that all three arguments belong to the same chain C* associativity can be shown again analogously to Lemma 4.1
by describing C* as an ordinal sum of intervals as mentioned before. In case that at least one of the arguments is from
some other sub-chain associativity is trivially fulfilled since T (x, T(y,z)) =0=T(T (x, y),z). U

In case that L is a chain, the previous propositions show immediately that the subintervals and the t-norms on them
can be chosen arbitrarily up to the fact that the subintervals have to have pairwise disjoint interiors. In any case T
defined by Eq. (2) is surely a t-norm on L. The previous proposition emphasizes again the special role of the so-called
horizontal sum in case that the family of subintervals can be chosen arbitrarily.

In case that the family of subintervals is fixed we get the following necessary and sufficient conditions, being in fact
a direct generalization of Theorem 4.8.
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Proposition 5.2. Consider some bounded lattice (L, N, V, 0, 1), some linearly ordered index set (I, <), 1 # ¥ and a
Sfamily of pairwise disjoint subintervals (la;, bi|)icy of L. Then the following are equivalent:

() The ordinal sum T: L> — L defined by Eq. (2) is a t-norm for arbitrary T'%-%1 on [a;, b;].
(ii) Forall x € L and for alli € I it holds that

(a) if x is incomparable to a;, then it is incomparable to all u € [a;, b;],
(b) if x is incomparable to b;, then it is incomparable to all u € la;, b;].

Proof. Fix some bounded lattice (L, A, V, 0, 1) and a family of pairwise disjoint subintervals (la;, b;[);ic; of L w.r.t.
some linearly ordered index set /. The necessity of the proposition is a direct result of Theorem 4.8 since by assumption
that T is a t-norm for arbitrary Tla-bil on [a;, b;] we can choose T1ig-big ] arbitrarily for some ip € I and for all other
i # io we define T14-Pil = TI\[,? 0] fulfilling the necessary conditions of Theorem 4.8.

For proving the sufficiency assume that 7 is defined by Eq. (2) and all x € L fulfill the incomparability conditions
for all i € I. Commutativity again holds due to the commutativity of A and all 714?11 i € I as well as 1 is clearly
the neutral element of 7. Monotonicity is fulfilled in most cases due to the monotonicity of A. The remaining cases
can be proven analogously to the proof of Theorem 4.8. Similarly, regarding associativity, note that T(T (x, y), z) =
T(x,T(y,z)) = x Ay Azisfulfilled up to the case where at least two elements involved are from the same subinterval
[ai, bi], which in turn can be proven analogously to the proof of Theorem 4.8. [J

Remark 5.3. Remember that in case of ordinal sum t-norms on the unit interval with summands based on some fixed
family of subintervals ([a;, b;]);es, the unit interval could be described as an ordinal sum of some family ([a;, b;]) jes
being a covering of ([a;, b;i])icr.

In the case of ordinal sum t-norms on some lattice L w.r.t. some fixed family of subintervals ([a;, b;])ics there
exists a family of chains (Cj) ey, pairwise disjoint up to their boundaries, not necessarily forming a covering of
([ai, bi))ier, such that all [a;, b;] and L itself can be constructed by applying either the ordinal sum or the horizontal
sum construction principle to these chains resp. such built intervals consecutively. We would like to illustrate this by
the following examples. As such we denote by C 1U;,C5 the horizontal sum built as the disjoint union of C; and C;
with identifying their bottom and top elements.

e The lattice L discussed in Example 4.2, see also Fig. 1 is describable by C; = {0, a, u, 1} and C» = {0, x, 1} through
L =C1U,Cs.
e Lattice L discussed in Example 4.10, see also Fig. 3 is equal to

(0, a, c}UR{0, b, ¢}) ® {c, 1.

Note that for any t-norm 7[0, c] on [0, c], T defined by (3) is a t-norm on L.
e Similarly {0, 1}? is equivalent to

{(0,0), (0, 1), (1, D}UR{(0, 0), (1, 0), (1, D)}.

Note that building new ordinal or horizontal sum of the previous lattices and keeping the corresponding t-norms on the
sublattices leads again to a t-norm on the such constructed lattice.

6. Conclusion

We have investigated the ordinal sum construction principle for building t-norms on bounded lattices. We have shown
that the structure of the underlying lattice has quite an influence on how such ordinal sum t-norms can be determined.
It turned out that lattices built as ordinal and horizontal sums of chains are the most important and appropriate ones.
Further that there exist no t-norms on product lattices constructed through the proposed ordinal sum construction
principle except for some trivial cases regarding the t-norms or the lattices involved. Note that we have focused on
subintervals of the bounded lattice as the carriers of the summand t-norms. Further investigations of sublattices, not
necessarily being a subinterval, as summand carriers are discussed in [38].
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ABSTRACT

Smallest and largest possible extensions of triangular norms on bounded lattices are discussed. As such
ordinal and horizontal sum like constructions for t-norms on bounded lattices are investigated. Necessary
and sufficient conditions for the lattice guaranteeing that the extension is again a t-norm are revealed.

1. INTRODUCTION

Many-valued logics are usually based on a bounded lattice (L, <,0, 1) of truth
values [17,18,25,31,36,37], not necessarily being a chain (a first attempt in this
direction is described in [17, Section 15.2], compare [4,12] and also the para-
consistent logic in [8]). In such a case, the conjunction is interpreted by some
triangular norm on L. The structure of t-norms (fulfilling the intermediate value
property) is known in some special cases only (closed real intervals, especially the
unit interval, finite chains), see [3,21]. In this paper we are interested in the problem
of extending a t-norm acting on a (complete) sublattice of L to a t-norm acting
on L, discussing the largest and smallest possible extensions. Although in many of
the before mentioned cases the lattices involved tend to be distributive we will not
make any additional assumptions on the lattice structure except for its boundedness.

Let (L, <, 0, 1) be a bounded lattice. An operation T : L? — L which turns L into
an ordered abelian semigroup with neutral element 1 will be called a triangular
norm or, briefly, a t-norm on L [10]. In fact, (T, L) is a commutative integral
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[-monoid [20] (compare also Examples 1.1-1.4 of commutative semigroups in [16])
if and only if 7: L> — L is a triangular norm on L additionally fulfilling T (x, y v
2)=T(x,y)vT(x,z) forall x,y,z € L.

Note that the structure of the lattice L heavily influences which and how many
t-norms on L can be defined. However, on each bounded lattice L with |L| > 2 there
are at least two t-norms, the minimum A and the drastic product Tp” defined by

xAy iflef{x,y},
T X,y) =
D™ (. ) {0 otherwise,

which are also the greatest and smallest t-norms on the lattice L (if [L| = 2 then
A and Tp coincide with the standard boolean conjunction).

Now consider a bounded sublattice (S, <, a,b) of L and a t-norm 75:52 — S
on S. We are investigating the strongest and weakest possible extension of TS
leading to a t-norm 7 on the lattice L.

Inspired by ideas of Clifford [7] (in the context of ordinal sums of abstract
semigroups) and [14,24,29,34,35] (ordinal sums of t-norms on the unit interval),
define the binary operation 7./ : L> — L by

I
XAy otherwise.

More recently, similar constructions (fowers of irreducible hoops [1,6]) have been
applied to characterize BL-chains [18]. Evidently, TTLS is an extension of 7.
Moreover, if TTLS is a t-norm then it clearly is the strongest t-norm extending 7.

In the following sections we shall investigate under which conditions, starting
from an arbitrary t-norm 75 on some sublattice S, the extension Tfs always is a
t-norm on L. We will show that the arbitrariness of the choice of 75 on S, for
T;S to be always a t-norm on L, leads to some restrictions on the structure of the
sublattice S. As a consequence also to restrictions on the structure of L, in case
that not only any choice of 75 but also any choice of S shall be admissible. Based
on these results we further discuss the strongest extension of families of arbitrary
t-norms on some corresponding families of arbitrary sublattices and a few further
properties of triangular norms. Finally, we turn to the determination of the smallest
possible extension W%S of a t-norm TS on a bounded and complete sublattice S.

2. S AND L WITH COMMON BOTTOM AND TOP ELEMENTS

Fix a bounded lattice (L, <, 0, 1) and consider a bounded sublattice (S, <, a, b) of
L and at-norm T5: 5% — S on S. Obviously, TTLS as defined by (1.1) is commutative
and has neutral element 1. Since S is also a sublattice of ([a, b], <, a, b) with
[a,b] ={x € L |a < x < b}, we have

L _ oL
TTS - TT[a.h]’
TS
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i.e., we may first extend T to [a, b] via (1.1) and repeat the same procedure to
extend TT["s’b] to L. Because of

la,b] _ L
Trs™ = Trslapp:

a necessary condition for T, TLS to be a t-norm is that T}‘é’b' is a t-norm. Therefore,
without loss of generality we may restrict ourselves first to sublattices of L having
the same bottom and top element as L.

Proposition 2.1. Let (L, <, 0, 1) be a bounded lattice and (S, <, 0, 1) a sublattice
of L. The following are equivalent:

(i) Forall (x,y) e (S\{1}) x (L\ S) we have x Ay € {0, x} and for all (x,y) €
(L\ S)% it holds that x Ny € S = x Ay =0.
(ii) For each t-norm TS:S* — S on S, the operation T;S is a t-norm on L.

Proof. To show necessity assume that condition (i) is fulfilled. It is immediate to
see that TTLS defined by (1.1) is commutative and has neutral element 1. Since for
each t-norm T we additionally have T (x, y) < x A y, for the monotonicity of TTLS
it suffices to check if TTLS (x,y) < TTLS (x*,y) for x <x*incase x ¢ S, x* € S, and
yeS\{l}.

If x* # 1, then, because of condition (i), x* A x = x € {0, x*} C S, contradicting
the assumption x ¢ S. Therefore, x* = 1, and we can conclude T, TLS (x,y)=xAyEe€
{0, v}, TYI:S (x*,y) =TS(x*, y) =y, and, obviously, TTLS(x, V<y= TTLS(x*, y).

For proving the associativity, i.e., T (x, T (v, z)) = T (T (x, y), z), it is obvious that
it holds whenever either all x, y,ze€ Sorall x, y,ze L\ S aswell asif 0 € {x, y, z}
or 1 € {x,y, z}. Therefore, let us first assume that x, y ¢ S and z € S\ {0, 1}. Then,
xAz€{0,z},yAz€{0,z},and if x A y € S then x A y =0 such that in all cases it
follows

T(x,T(y,2)=xAyAz=T(T(x,y),z).

Similar arguments can be applied in case x,z ¢ S and y € S\ {0, 1} resp. y,z ¢ S
and x € §\ {0, 1}.

In case that only one element involved is element of the sublattice, let us first
assume that x ¢ S and y,z€ S\ {0,1},then x Ay € {0,y}, x Az€{0,z}, yAz€
S\{l},and x A T(y, z) € {0, T (y, z)}. Then the following can be argued: I[f x A y A
z = 0 then associativity is trivially fulfilled. Otherwise, if x Ay Az=y Az >0,
such that T'(x, y) = y and therefore T (T (x, y),z) = T(y,z) and T(x, T (y,z)) =
xAT(y,z)=T(y,z) since T(y,z) <y =x Ay < x. Analogous arguments can be
applied for proving the case z ¢ S and x, y € S\ {0, 1}. Finally, it remains to show
associativity for y ¢ S and x, z € S\ {0, 1}. If x A y A z =0, then again it is trivially
fulfilled. Otherwise, necessarily x A y = x and y A z = z, such that

T(x,T(y,2)=Tx,yA2)=Tx,2)=Tx Ay, 2)=T(T(x,y),2).
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Conversely, assume that TTLS is t-norm for each t-norm 7% on S and fix some
(x,y) € (S\{1}) x (L\ S) such that x Ay ¢ {0, x}.
If x Ay € S consider the t-norm TS on S given by

0 if (u, v) € ([0, x]1N )%\ {(x, x)},
u Av otherwise,

TS5u,v) = {

and we obtain TTLS(TTLS (X, %), V) =xAy#0= TTLS (x, TTLS (x,y)).
Ifx Ay ¢S then

TTLDS(TTLDS(x,x),y)=0¢x/\y=TTLDS(x,TTLDS(x,y)).
Moreover, fix some (x, y) € (L \ S)? such that x A y =z € §\ {0}. Then

TY{;)S(TI{‘DS(X’ y),z) = TTI;)S(Z, 2)

=0<z=Ty s(x.2) =Ty s(x. Ty 5(3.2)).
Since in all cases the associativity is violated, this proves that (ii) implies (i). O

Note that condition (i) equivalently expresses that for all x € S\ {1} and for all
ye L\ S either x A y=0 or x <y is fulfilled and for all x € S\ {0, 1} and all
v,z€ L\ S,suchthatx < yandx <z,alsoyAzeL\S.

3. EXTENSION OF T-NORMS ON AN ARBITRARY INTERVAL

First consider a fixed subinterval [a, b] of a bounded lattice (L, <,0,1) and an
arbitrary t-norm T!a.51 on [a, b]. We want to check under which conditions on the
interval [a, b] (and on the lattice L) the operation TTL[M] constructed by (1.1) will
be a t-norm on L (see also Theorem 4.8 in [33]). Recall that the open interval
la, b[ is defined by [a, b] \ {a, b}. Moreover, if ]a, b[ =@, then T'¢?) = A and also
Tﬁ[a, » = A clearly being a t-norm on L, so without loss of generality we can restrict
in the sequel to subintervals [a, b] with ]a, b[ # @ only.

Proposition 3.1. Let (L, <,0, 1) be a bounded lattice and [a, b] a subinterval of
L with la, b[ # @. The following are equivalent:

(1) {xeL|3yela,bl:x<yorx>2y}=[0,a]Ula,b]UI[b, 1].

(i) For each t-norm Tlabl: (a,b)> = [a,b] on [a,b), the operation Tt

rlab) 1S @

t-norm on L.

Proof. Note that condition (i) expresses that whenever some lattice element x, not
necessarily from [a, b], is comparable to an interior element of the subinterval, then
it must be comparable to both boundaries of the subinterval, i.e., to a as well as to b.
Now assume that condition (i) is fulfilled. For the monotonicity of T f[a. p it
suffices to check the case x ¢ [a, b], {y, z} C[a,b] and x < y. If x < a then

TTL[a.b] (x,2)=xAz<aAz=a<T¥Pl(y z)= TTL[a,b](y, 2).
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If x and a are incomparable, then x ¢ [0, a] U [a, b] U [b, 1], i.e., x is incomparable
to all u € [a, b[, such that y = b and

Tylwl[a'b] (X, Z) =xAz<z= T[a’b] (y7 Z) = T;[a.b] (y» Z)'

Similarly, the associativity of TTL[a,m can be checked case by case. We illustrate the
case of x € L being incomparable to a and y, z € [a, b]. We prove the associativity
for this case by a series of properties:

Since x is incomparable to a, it is incomparable to all u € [a, b[ and therefore it
follows that, necessarily x A v ¢ [a, b] for all v € [a, b].

Further, for all v € [a, b[ it holds that x Av = x Aa: If v = q, this is obviously true,
therefore assume that v € ]a, b[. In order to guarantee that x A v ¢ [a, b] it follows
from x A v < v < b that necessarily x A v < a and further x Av <a Ax <vAx due
to the monotonicity and the idempotency of A.

Based on these properties we can now conclude for the associativity of some
x € L being incomparable to « and some y, z € [a, b] with y A z € [a, D[:

T(x,T(y,z)):x/\T(y,z):x/\a:x/\a/\z
:T(x/\a,z):T(x/\y,z):T(T(x,y),z).

Ify=z=b,then T(x,T(y,2) =Tx,b) =x Ab=T(x Ab,b) =T(T(x,y),2)
which concludes the case. The remaining cases for showing the associativity of T
can be checked analogously, thus showing that (i) implies (ii). Clearly, T TL[a.h] is
commutative and has 1 as a neutral element.

Conversely, let x € L be incomparable to b and comparable to some u € ]a, b[,
i.e., x > u, which implies b A x €]a, b[. Then

u= TD[a’b](by u) = TTI;)[a,b] (b, x Au)

L L L L
= Lpplad] (b, TTD[a,bJ (x,u) = TTD[u,bJ (TTD[a,bJ (b, x),u)

=Ty an 0 Ax. ) =Tpl"" (b Ax u)y=a

contradicting u €]a, b[ and showing that the incomparability of x to b implies
the incomparability to all elements of ]a, b[. In complete analogy we can show
that the incomparability of x to a implies the incomparability to all elements of
Ja, b[ by proving a contradiction to 7' (T (u, u),x) = T (u, T (u, x)) in case that x is
comparable to some u €la, b[, i.e., in case x < u and choosing T1**1 = Tp[®-b]
thus completing the proof that (ii) implies (i). O

Corollary 3.2. Let (L,<,0,1) be a bounded lattice, (S,<,a,b) a bounded
sublattice of L and TS:5? — S a t-norm on S. Assume that for each (x,y) €
(S\ {b}) x ([a,b]\ S) we have x A y € {a, x}, that for each (x,y) € ([a,b]\ S)?
it follows that x Ay € S implies x Ay = a, and that, in case la, b[ # @, condition (1)
in Proposition 3.1 holds. Then TTLS is a t-norm on L.
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Note that the conditions in Proposition 3.1 heavily depend on the interval [a, b]
and on the lattice L. Now we look for conditions on L only guaranteeing that for
each subinterval each t-norm can be extended to a t-norm on L.

Recall that a bounded poset (X, <, 0, 1) is called a horizontal sum of the bounded
posets ((X;, <i, 0, 1))ies if X = J;; Xi with X; N X; ={0, 1} whenever i # j, and
x < y ifand only if there is an i € I such that {x, y} C X; and x <; y (compare, e.g.,
horizontal sums of effect algebras [32]). A non-trivial example of a bounded lattice
which is a horizontal sum of chains is given by

L= {(_15 _1)7 (15 1)5 (_-x7 1 _-x)v (xs-x - 1) |x 6]07 1[}
equipped with the product order on R2.

Proposition 3.3 ([33]). Let (L, <,0,1) be a bounded lattice. The following are
equivalent:

(i) L is a horizontal sum of chains.
(i) Forallx,yeL: {x Ay, xVy}C{0,x,y,1}.
(iii) For each subinterval [a,b] of L and each t-norm 7@ 14, b)? = [a,b]

on [a, b), the operation T*

rlap) IS @ t-normon L.

4. T-NORMS ON HORIZONTAL SUMS OF CHAINS

Until now we have considered one subinterval of the bounded lattice (L, <,0, 1)
only. However, Proposition 3.3 can be generalized to a system of pairwise disjoint
intervals.

Definition 4.1. Let (L, <, 0, 1) be a bounded lattice and 7 some index set. Further,
let (Ja;, bi[)ier be a family of pairwise disjoint subintervals of L and (Tlaeibily,
a family of t-norms on the corresponding intervals [a;, b;]. Then the A-extension
T:L*>— L,denoted T = (([a;, bi], T}))ic1, is given by

[a;.b;] ; .12
(41) T(x,y)={T (Xv)’) lf(-x7y?e[alsbl] b
XAY otherwise.
Corollary 4.2 ([33]). Let (L,<,0,1) be a bounded lattice. The following are
equivalent:

(1) L is a horizontal sum of chains.

(i) For each family of pairwise disjoint subintervals (la;, b;[)ics of L and for each
family of t-norms (T'-Yily;.; on the corresponding intervals [a;, b;] the A-ex-
tension ({[a;, b;], T;))ie; defined by (4.1) is a t-norm on L.

As an immediate consequence of Corollary 4.2 we obtain the ordinal sum
construction [14,24,29,34,35] for t-norms on the unit interval (see also [22] for
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a full investigation of the relationship with the concept of Clifford [7]) and on any
chain.

Moreover, applying consecutively Proposition 2.1 and Corollary 4.2 we obtain
the following general result:

Proposition 4.3. Let (L, <,0, 1) be a bounded lattice which is a horizontal sum
of some family (Ly)rek of chains, and let (S;, <, a;, b;)ics be a family of bounded
sublattices such that the sets Sl.f i defined by S;’j « =1ai, bi[ N Ly are pairwise disjoint.

If for each i € I and for each (x,y) € (S; \ {b;i}) x ([ai, bi]1\ S;) we have x AN y €
{a;, x}, then for each family (T5i);c; of t-norms on the corresponding sublattices S;
the function T : L?> — L given by

TS(x,y) if(x,y) €S
XAy otherwise,

T(x,y)= {
is a t-norm on L.

Proof. If for all i € I and all k € K, S;’jk =@, it follows that S; = {0, 1} for all
i € I and therefore T = A. Otherwise, assume that for some i € I and for some
ke K, S¥, #0. It remains to show that for all (x, y) € ([a;, bi]\ $;)?2 it follows that
XAYyE€E S} implies x Ay =aq;.

In case a; # 0 or b; # 1, for any (x, y) € (5 \ Si)? it follows that x A y € {x, y}
such that x A y ¢ S;. In case ¢; =0 and b; = 1 it might be that x € S;fk \ S C
[ai,bi1\ S; and y € Sl.’fl \ S; C[a;, bi]\ S; with k [, however, then x A y =0 =
a; € S; follows immediately. Because of Proposition 2.1 we can further conclude
that T|([ai,bi]ﬂLk)2 is a t-norm on the bounded sublattice (subinterval) ([a;, b;] N
Li, <,a;,b;) of L. Notice that in case @; =0 and b; = 1, [a;,b;] N Ly = L; and
otherwise [a;, bj1N Ly =[a;,b;]. O

The special structure of horizontal sums allows us to represent each t-norm as the
A-extension of its restrictions to the summands:

Proposition 4.4. Let (L, <,0,1) be a bounded lattice which is a horizontal sum
of some family (Ly)xex of bounded lattices. Then a binary operation T : L> — L is
a t-normon L if and only if T = ({Ly, T|Lk2))k€K~

Proposition 4.4 allows us to give a representation of certain types of t-norms on
horizontal sums of chains, thus generalizing the representation theorem [19,24,29,
30] of continuous t-norms on the unit interval and of t-norms on finite chains [26]
fulfilling the intermediate value property by means of additive generators. Recall
that a t-norm T : L? — L on L fulfills the intermediate value property if it satisfies
that for all x,y,z € L with x < y and for each u € [T(x, 2), T(y, 2)], there is a
v € [x, y] such that T'(v, z) = u.

Corollary 4.5. Let (L,<,0,1) be a bounded lattice which is a horizontal sum
of bounded chains (Cy)rek, where each chain Cy, is either finite or isomorphic to
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a non-trivial compact subinterval of the real line. If T : L> — L is a t-norm on L
fulfilling the intermediate value property, then there exist a family (S;, <, a;, b;)icr
of subchains of L satisfying the hypothesis of Proposition 4.3 and a family of
continuous, strictly decreasing real-valued functions (t; : S; — [0, 00));c; satisfying
t;(b;) = 0 such that for each (x, y) € L?

T, y) = {rﬁ(mm(ri @) + 6. ti@)) if (x.y) €S2,
XAy otherwise.

Proof. From Proposition 4.4 we know T = ((C, Tlc2Dkek - If Cy. is finite then
the t-norm T|. » fulfills the intermediate value property, and the existence of the
subchains S; of C; and the functions #;: S; — [0, oo] with the desired properties
follows from [26,27]. If Cy is isomorphic to a non-trivial compact subinterval of
the real line, then (Cy, T lc,2) is isomorphic to an /-semigroup [13], and the result
follows from [29] (compare also [21,30]). O

Due to the well-known structure of t-norms on the real unit interval and on finite
chains fulfilling the intermediate value property (in the latter case such t-norms
are uniquely determined by their non-trivial idempotent elements), we are able to
construct all such t-norms on bounded lattices which are horizontal sums of non-
trivial compact subintervals of the real line and finite chains [21,26,29].

As an immediate consequence, the number of t-norms on a finite lattice L which
is a horizontal sum of chains which fulfill the intermediate value property is given
by 2!21=2 (compare the result of [26] for divisible t-norms on finite chains). Observe
that the minimum A always satisfies the hypothesis of Corollary 4.5 (the index set /
being empty in this case) whereas, e.g., for L = {0, % % 1} the drastic product Tp’
does not fulfill the intermediate value property.

Further note that in Corollary 4.5 the hypothesis that the infinite chains involved
there be isomorphic to non-trivial compact subintervals of the real line cannot
be relaxed, in general. Take the chain (L, <) with L =]0, 1[2U{(0,0), (1, 1)}
and < being the lexicographic order. Then the function 7:L?> — L given by
T ((x1,y1), (x2, y2)) = (x1y1, x2y2) is a t-norm which fulfills the intermediate value
property and is not representable as a A-extension of some t-norm possessing an ad-
ditive generator since the semigroup (L \ {(0, 0)}, T'| L\{0,00)2) is Archimedean and
cancellative, but has anomalous pairs (e.g., (0.5, 0.6) and (0.5, 0.5)), compare [2,28]
and see [15] for the corresponding notions and related results. Moreover, take the
chain (L, <) with L ={—1} U [0, 1] and < the standard order on the real line. Then
the function T : L? — L defined by

x+y—1 ifx4+y>1,
—1 otherwise,

T(x,y) ={

is an Archimedean t-norm fulfilling the intermediate value property but with no
additive generator.
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5. FURTHER PROPERTIES

A lattice (L, 0,1, <) equipped with some t-norm T:L? — L is called divisible
[20] if for all x,y € L with y < x there exists some z € L such that y = T'(x, 2)
(compare also the natural ordering of groupoids in [15]). Note that the divisibility
of at-norm 7 is, in general, a weaker property than its intermediate value property
as the following example shows.

Example 5.1. Consider the bounded lattice (L, <,0, 1) with L ={0, 1, a, b, c,d, e}
as displayed and define 7: L?> — L by

T|0 a b ¢ d e 1 1
0j0 0 0 0 O O0 O
al0 0 0 0 O O a e C
b0 0 0 0 O0 a »b

d b
c|0 0 0 a a b c
d{0 0 0 a 0 a d a
e |0 0 a b a d e
110 a b ¢ d e 1 0

Then T is a t-norm on L which is divisible but does not fulfill the intermediate value
property (it suffices to choose for x =b, y =e and z = ¢).

However, for chains the intermediate value property and divisibility coincide.
Moreover, the intermediate value property of a t-norm 7 on a lattice L which is a
horizontal sum is equivalent to the intermediate value property of T restricted to
the summands of L. Thus the requirement of the intermediate value property for T
in Corollary 4.5 can be relaxed to divisibility.

Further note that in many-valued logics, the algebraic background is mostly a
residuated lattice (L, 0, 1, <, *, —), where *: L2 — L is a t-norm on L. The t-norm
% modelling the conjunction operator and the operator — : L> — L modelling the
implication operator form adjoint operators linked to each other by the adjunction
relation

xxy<z ifandonlyif x<y—z
for all x, y, z € L. Note that a such residuated lattice is divisible if and only if
(5.1) xk(x—>y)=xAy

for all x,y € L [20]. Observe that (5.1) is preserved by ordinal sums. However,
this is not more true for horizontal sums of chains. To see this, consider any finite
bounded lattice (L, 0, 1, <). Choosing * = A, then (L, 0, 1, <, A, —) is residuated
if and only if it is distributive, i.e., it does not contain as a sublattice a non-trivial
5-point horizontal sum [5,23]. Thus the only non-trivial horizontal sum of chains
which yields a residuated lattice (L, 0, 1, <, A, —) is the four-point diamond lattice
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which is also the product of two chains with two elements. Note that for this
lattice all t-norms 7' fulfill the intermediate value property and therefore divisibility,
but (5.1) is only fulfilled for * = A.

6. WEAKEST POSSIBLE EXTENSION

It was mentioned already in the beginning that the A-extension of some t-norm 7'
on some bounded sublattice S as given by (1.1) is the strongest possible extension of
TS. We have shown that guaranteeing that the A-extension is a t-norm independent
of the choice of the t-norm T3 (and the sublattice §) demands rather restrictive
conditions on the underlying lattice. Quite different is the situation when looking
for the weakest possible extension of 75 on some single sublattice S.

Definition 6.1. Let (L, <,0, 1) be a bounded lattice, (S, <, a, b) a complete and
bounded sublattice, and 75 a t-norm on the corresponding sublattice S. Then define
7SV (s U{0,1})% — (SU {0, 1}) by

XAy if 1 € {x,y},
6.1) 190Nk =10 if0 e {x, y},
T(x,y) if(x,y)e S2.

Further define W/ :L* — L by

XAY if 1 € {x,y},

62)  Wis(x,y):=
(6.2) 75 (X, y) {TSU{O’”(X*,))*) otherwise,

with x* =sup{z |z < x,z€ SU{0, 1}}.

Lemma 6.2. Let (L,<,0,1) be a bounded lattice and assume some complete,
bounded sublattice (S, <, a,b). Let TS be a t-norm on the corresponding sublat-
tice S. Then TSV (S U{0,1})% — (S U {0, 1}) defined by (6.1) is a t-norm on
S U {0, 1}. Moreover, it is the unique t-norm extension of TS from S to S U {0, 1}.

Proof. In case {0, 1} C S, then 75V(0.1} = TS, Moreover, clearly this “extension”
is unique. For all other cases, it is immediate that 75V(0-1} = TTSSU{O’I}, ie., TSY0O.1
coincides with the strongest possible extension provided by means of (1.1) such
that indeed 75Y{%1} is a t-norm. For any extension 7’ of T to the sublattice S U
{0, 1} which is also a t-norm it holds that 77(x, y) = TS(x, y) for any (x,y) € S2.
Moreover, T'(x,0) = T'(0, x) = 0 = TSVl (x, 0) = 75V(0.1}(0, x) for any x € SU
0,1}, and T'(x, 1) =T'(1, x) = x = TS0 (x, 1) = 75V01(1, x) forany x € SU
{0, 1}, showing that 75V} is the unique and as such the weakest and strongest
possible t-norm extension of 75 on SU {0, 1}. O

Proposition 6.3. Let (L, <,0, 1) be a bounded lattice and assume some complete,
bounded sublattice (S, <, a,b). Let TS be a t-norm on the corresponding sublat-

tice S. Then W;“S :L? — L defined by (6.2) is a t-norm on L.
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Proof. First note that in case some x is smaller or incomparable to all elements
of S, then x* = 0. If x is greater than some element in S, then x* € S since S is a
complete sublattice. Moreover, if x € S, then x* =x € S. Since in any case x* < x
it is guaranteed that WTLS is well defined.

Moreover, for any x,y € L \ {0, 1} it holds that W;‘S (x,y) € SU{0,1} and
therefore Wl (x,y)* = Wh(x,y). It is immediate to see that W has neutral
element 1 and that it is symmetric.

Let us next focus on its monotonicity. Therefore, assume some x, x’, y € L such
that x < x’ and let us show T(x,y) < T(x',y). Since x < x/, also x* < (x)*.
Whenever 1 € {x, y}, monotonicity is trivially fulfilled. Therefore, assume that
x'=1butx #1andy+#1,then

WTLS(X’ y) = TSU{O’”(x*, V) <xF Ay <y= WTLS(L 9.
And, finally, for all other x, x’, y € L it holds that
WTLS (x,y)= TSU{O’l}(x*, y*) < TSU{O’”((X’)*, y¥) = WTLS (", y).
It remains to prove associativity, i.e., Wi (x, Wh(y,2)) = Wh (W (x, ), 2)
for all x,y,z € L. Whenever all x,y,z € S, 1 € {x,y,z}, or 0 € {x*, y*, z*},

this holds immediately. However, for all remaining cases, we have WTLS (x,y) =
TSU{O‘I}(X*, y*) — TSU{O’I}(X*, y*)*’ such that

W;s (WTLS (x, y), z) = TSV TSV (0 y¥) %)
= 7SO0 (o SO (3 Y)W (x, Whi (3, 2))

proving associativity and thus that WTLS isindeed at-normon L. O

Proposition 6.4. Let (L, <,0, 1) be a bounded lattice and assume some complete,
bounded sublattice (S, <, a,b). Let TS be a t-norm on the corresponding sublat-
tice S. Then W;“S : L?> — L defined by (6.2) is the smallest possible t-norm extension
of TS on L.

Proof. Assume that 7’ is a t-norm extension of 75 on L. For all (x, y)e(SU
0, 1D2, T'(x,y) = WTLS(x, y). Next, consider that either x ¢ SU{0,1} or y ¢ SU
{0, 1}, then x* < x and y* < y, and further
T/()C, y) > T/(x*, y*) — TSU{O’I}(.X*, y*) — W7I:S (x, y)
such that WTLS is indeed the smallest possible t-norm extension of 75 on L. O
So far we have considered one complete sublattice S of the bounded lattice

(L, <,0,1) only. Next, we aim at a generalization in case of families of complete
sublattices and corresponding t-norms.
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Definition 6.5. Let (L, <,0, 1) be a bounded lattice and 7 some index set. Further,
let (S;, <, a;, b;)ics be a family of complete and bounded sublattices of L such that
the family (la;, b;[)ics consists of pairwise disjoint subintervals of L. Finally, let
(T5i);c; be a family of t-norms on the corresponding sublattices S;. Then define

W;‘Sl_ :L?> — L by

XAY if 1 € {x,y},

63) Wk (x,y):= i
(6.3) Ts,(x y) {TSiU{Ovl}(x;",y;") otherwise,

with x¥ =sup{z | z < x,z € S; U{0, 1}} and define W:L?> — L by

(64)  W(x.y):=sup Wi, (x, ).
XS]

Note that, by definition, W is a symmetric and monotone operation on L which
has neutral element 1. However, further restrictions on the family of sublattices
have to be applied in order to guarantee that W is indeed an extension of arbitrary
t-norms 75 on the sublattices S;.

Proposition 6.6. Let (L,<,0,1) be a bounded lattice and 1 some index set.
Further, let (S;, <, a;, b;)ic1 be a family of complete sublattices of L such that the
family (la;, bi[)iecr consists of pairwise disjoint subintervals of L. Further assume
that for all i, j € I with i # j it holds that

(1) if x € Sj then x¥ ¢ S; \ {a;, bi}, i.e, x] €{0,q;, b;},
(i) if x € S;\ {b;} and x| = a;, then (a;)} > a;, and
(iii) if x € S;\ {b;} and x* = b;, then (a;)} = b;.

Then for all t-norms TS on S; and for all t-norms TSi on S; with i # j it holds
that WZL‘Si (x,y) < TSi(x,y) forall (x,y) e sz- and W;Sj (x,y) < TSi(x,y) for all

2 .
(x,y) €S, ie,

L Si L S;
W J %% i
TSi|Sj2 gT and Tsjlsl,Z <T .

Moreover, W given by (6.4) is a monotone and symmetric extension of each TS,
ie, Wigp= TSi for all i € I, which has neutral element 1.

Proof. Without loss of generality fix some t-norms 75, 75/ on S; resp. S ; with
i,j€l,i#j,andlet (x,y) € S7. Then x, y* € {0,a;, b;}. If x} =0 or y} =0, it
follows immediately that Wﬁs,- (x,y)=0< TS5 (x, y). If x¥ = b; or y} = b;, then
(a;)} = b; such that

Wis[ (x,y) <b; <a; < TS (x,y).
Finally, for x} = y* = a;, necessarily (a;)} > a;, such that we can conclude

Wk (v, ) =a; < (@) <a; <TS (x, ).
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Therefore, for all j € I and for all (x, y) € sz.,

sup Wi (x,y) <T% (x,y)
ieli#j

and moreover, since W;Sj ls,;2 = T5i, W(x,y) = sup;; W;‘S[_ (x,y) = TSi(x,y)

showing that W is indeed an extension of 75/. O

Further note that the supremum of arbitrary t-norms on a lattice L need not be a
t-norm in general, compare also [11]. However, for particular and important classes
of lattices the operation W as defined by (6.4) is associative, i.e., is a t-norm.

Example 6.7. Let (L;,<,0;,1;),i €{1,...,n}, n €N, be arbitrary complete and
bounded lattices and consider their product lattice L = []/_, L;. Then for each i €
{1,...n}, S ={©O,...,xi,...,0,) | x; € L;} is a complete and bounded sublattice
of L. Moreover, for each t-norm 7; on L;, the function 75 : S? — S; defined by

TSi(Xsy):(015"'17}(xi7yi)s"'30n)

denotes a t-norm on S;. Therefore, W : L> — L as defined by (6.4) can be computed
as

W y) = sup Wl (y) = (Ti(x1, y1)s - o, ToGns yn))
i=1,...,n

i=l,...,

and is a t-norm on L for arbitrary t-norms 7; on L;.

Example 6.8. Let (L,<,0,1) be a bounded lattice. Further, let (la;, b;[)ic; be
a family of pairwise disjoint, non-empty subintervals of L with (/, <) a linearly
ordered index set such that

e ({[ai, bi[|i € I}) U{{1}} forms a partition of L and
e whenever i < j then x <y forall x € [a;, b;] and for all y € [a}, b;],

i.e., L is a so-called ordinal sum of partially ordered sets ([a;, b;[, <), i € I, and
({1}, ), see e.g. [9]. Let J be a finite subset of I, i.e., J = {i1,...,i,} S I for
some n € N, such that i; <i» <--- <i, and as a consequence a;, < a;, <--- < aj,.
Additionally define g;, a=L

Finally, let (T[aii bij ]) ijel be a family of t-norms on the corresponding intervals
lai;, bi;]. Then, (lai;, bi;1, Qijes forms a family of complete and bounded sublat-
tices of L for which the requirements of Proposition 6.6 hold such that W defined
by (6.4) can be computed as

XAy if 1€ {x. y},
lai ; .bi ;] .
W(x,y) = T (x,y) lf(x,y)e[aij,bij]z,
» Y x/\y/\bij ifaijgx/\y<aij+landbl.jngy<1’
0 ifx<a,~l 0ry<ai1_
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Moreover, W is associative, 1.e., a t-norm on L.

Remark 6.9. Note that for J/ = I, it holds that a;, =0 and, foralli; € J, bi_]. =dj;,,
and therefore x A y A bij =x Ay whenever x Ay € [aij , b,»j.] and b,-j <xVy. Asa
consequence, for J = I, the weakest extension W and the strongest extension 7' as
defined by (4.1) of t-norms (T'4-%il);; on corresponding intervals [a;, b;] coincide.

In case J G I, always W # T such that the present example provides another
way of obtaining t-norms on chains, in particular on [0, 1], which extend t-norms
(T14i-bily, .1 on corresponding intervals [a;, b;]. Note further that for L = [0, 1],
the weakest extension W is right-continuous whenever all (T-%il);.; are right-
continuous.

In case of chains the previous result can even be strengthened.

Proposition 6.10. Let (L, <,0, 1) be a chain. Further, let (la;, bi[ )icr be a family
of pairwise disjoint, non-empty subintervals of L and (T'%"i)y,c; a family of
t-norms on the corresponding subintervals with (I, <) a linearly ordered index set.
Then W defined by (6.4) is associative, i.e., a t-norm on L.

Proof. From Proposition 6.6 we can conclude that W is a monotone and symmetric
extension of each 7'%?il which has neutral element 1. Next choose arbitrary
x,y,z€ L. In case 1 € {x, y, z} the associativity of W holds trivially, therefore
assume that 1 ¢ {x, y, z}. In case x A y A z € [a;, b;] for some i € I we can conclude
that

W(We90,2) =TT Ay A2 D)
— T[a[’bi](x Abi, T[a;,b[](y Abi,z /\bi))
= W(.x, W(y, Z))~

Ifm=xAynzeL\U,glai, bil, then for all i € I such that b; < m it holds that
W;[ai,bi](w;j[ai’bi](x, y), Z) = WTL’{[aifbi] (X, le"‘[ai*bi](y7 Z)) = b[.

Ifa; >m, then Wh, , (Wh (e 9),2) = Why g (6, W 40 (37,2) = 0. As a
consequence W(W(x,y),z) = W(x, W(y,z)) =sup{b; | b <m}. O

Proposition 6.10 can further be extended to horizontal sums of chains.

Corollary 6.11. Let (L,<,0,1) be a bounded lattice which is a horizontal sum
of some family (Ly)kex of chains. Further, let (1a;, b;i[)ier be a family of pairwise
disjoint, non-empty subintervals of L and (T'%%y,c; a family of t-norms on the
corresponding intervals a;, b;]. Then, for any k € K, W |L% is a t-norm on Ly and
of the form as described in Proposition 6.10. In case x € Ly \ {1} and y € L; \ {1}
with k 1, W(x,y) =0, and in case 1 € {x,y}, W(x,y) =x Ay, such that W is
also a t-norm on L.
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A primer on triangle functions I
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Summary. This primer aims at providing an overview of existing concepts and facts about
triangle functions as they have been presented in [41]. Moreover, it contains new results on
triangle functions and proofs for results not easily available. In this first part we present the
most important classes of triangle functions, based on the recent notions of semicopula, quasi-
copula, as well as the more traditional ones of t-norm, copula and (generalized) convolution. We
close this part by listing some basic results needed for the applications (inequalities, aspects of
stability and invariance of subspaces) and outlining a few open questions.
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1. Introduction

Triangle functions constitute an important class of binary operations on a subspace
of distribution functions. From a historical point of view, they were introduced
by Serstnev in [47, 48] in his definitive formulation of the triangle inequality in
probabilistic metric spaces (see for a historical introduction to these spaces [35]).

The aim of the present primer is to collect and select known results about
these functions, to provide proofs for results not easily available and to add new
results; in this way we hope to help the reader to find her/his way in the existing
literature, and to provide a handy reference when needed. More than twenty
years have elapsed since the publication of the book Probabilistic Metric Spaces
by Schweizer and Sklar [41], in which a whole chapter, the seventh, was devoted
to triangle functions; the notes added by the authors in the second edition of
this fundamental reference only point to corrections and to works published in
the meantime. The present one seems to be a good time for writing a work like
this one, since, on the one hand, the revived interest in the theory of probabilistic
metric and normed spaces has necessarily brought triangle functions to the fore;
on the other hand, the paper [36] by Schweizer seems to be the harbinger of new
applications in a vast field such as that of fuzzy sets and related areas. In order
to keep the length within reasonable bounds we split this primer into two parts of
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which the present one mainly deals with the known classes of triangle functions.
In the second part we intend to discuss duality, conjugate transforms, functional
equations and inequalities for triangle functions, in particular dominance.

The first part of this primer is devoted to a thorough introduction of basic
notions and principles; triangle functions in general and particular classes of these
constitute the middle and main part of this primer. Finally, a few selected topics
related to triangle functions will be discussed.

2. Preliminaries and notation

In this section we collect some of the preliminaries that are needed in the sequel
and fix the notation.

Definition 2.1. A distribution function (briefly a d.f.) F' is a function from the
extended reals R into [0, 1] such that

(a) it is increasing’;

(b) it is left-continuous on R;

(¢) F(—o00) =0 and F(c0) = 1.

The set of all d.f.’s will be denoted by A. The subset of A consisting of
proper d.f.’s, namely of those elements F' such that ¢+ F(—o00) = F(—o00) = 0 and
(= F(400) = F(4+00) = 1 will be denoted by D. Here, for a function ¢ : R — R,
we have used the notations

" p(t) = lim p(s) and T p(t) := lim p(s).
<t =t

A distance distribution function (briefly, d.d.f.) is a d.f. F such that F(0) = 0.
The set of all d.d.f.’s will be denoted by AT, while DT := DN AT will denote the
set of proper d.d.f.’s.

For a d.f., or a d.d.f., F' the set of its points of discontinuity will be denoted
by D(F). It is well-known that D(F') is, at most, countable, card(D(F)) < Rg. A
d.f. or a d.d.f. F may be decomposed as the sum of a continuous function F, and
of a discrete function Fy, i.e., for all x € R,

F(z) = F.(z) + Fy(x).

Among d.f.’s the following will be met again and again:

<
eal(z) = {0, r < a,

1, T > a,

1 The reader should be warned that by the term increasing we mean increasing in the weak
sense, often termed non-decreasing.
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where a is any number in [—o0, +-00[, while for a = +o0,

0, t < +o00,
foo(t) = {1 t = +o00

The d.f. £, belongs to AT if, and only if, a is positive, @ > 0. In the sequel, we
refer to functions of type ¢, as step functions.
The following family of d.f.’s in AT will also be needed; for s € |0, 1],

0, z <0,
Ve(@):==1qs,  x€]0,+o0], (2.1)
1, T = +00.

The elements of A are partially ordered by the usual pointwise order
F <G if, and only if, F(z) < G(z) for all z € R.

In this order €_, is the maximal element, while £, is the minimal element.

The restriction to AT of the order just introduced on A has now g as the
maximal element, while the minimal element is still £.

Moreover, if F'is in A and A is a subset of R, then

sup{F(z) | z € A} = F(sup{z | z € A})

because of the left-continuity of F'.

The supremum of any set of d.f.’s is again a d.f., whereas the infimum need not
be, since left-continuity might not be preserved.

For a d.f. F' € A its (left-continuous) quasi-inverse F” is defined by

F(z) :=sup{t | F(t) < z}.

The sets A, AT, D and DT can all be made into metric spaces by the introduc-
tion of several topologically equivalent distances. As is traditional, we shall select
the Sibley metric (see [49]), which is called the modified Lévy metric in [41].

Definition 2.2. If F and G be d.f.’s, i.e., F,G € A, and h is in ]0, 1], denote by
(F, G; h) the condition
11
h’h
The Sibley distance is the function dg: A x A — [0, 1] defined by

ds(F,G) = inf{h | both (F,G;h) and (G, F; h) hold}. (2.2)

Va:e] [ F(zx—h)—h<G(x) < F(x—h)+h.

That (2.2) defines a bona fide metric on A was proved in [49] (see also [34]). We
keep denoting by dg the restriction of the Sibley metric to AT, since no possible
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confusion may arise. It was proved in [49] that dg metrizes the topology of weak
convergence for d.f.’s in A: a sequence (F),)nen of d.f.’s or of d.d.f.’s, converges
weakly to a d.f. (respectively to a d.d.f.) F if

lirf F,(z)=F(x)

at every point € R at which F' is continuous. Notice that this definition requires
that also the limit function F' is a d.f. or, respectively a d.d.f..

Although it is not the “right” metric on A, we shall mention the Lévy metric
dr,, which is defined on D by

dr(F,G) :=inf{h > 0 : both (F,G;h) and (G, F’; h) hold} (2.3)
where, for F' and G in A, (F, G;h) denotes the condition
VeeR F(r—h)—h<Gx)<F(x+h)+h.

See, for instance, [26] for a proof of the fact that dy, is indeed a metric on A
and that it metrizes the weak convergence of d.f.’s belonging to D. The spaces
(D,dy) and (D*,dy) are not compact, while so are both (A, dg) and (A™,dg).

Moreover, it follows immediately form their respective definitions that, for any
two d.f.’s F and G in A,

ds(F,G) < di(F,G).

3. Operations on the range or on the domain of (distance) distri-
bution functions

We adopt from [41, Section 7.1] the definitions of the sets of operations ¥ and £.
The first set of operations, ¥, deals with operations on the unit interval, which is
the range of (distance) distribution functions, whereas the second class deals with
operations on the extended positive real line, Ry := [0, +00], which is the domain
of every d.d.f.. However, in order to take into consideration also recent advances,
we modify the notation of [41]. In the language that has come into use after the
publication of the book [41], the elements of ¥ are called semicopule (see [8, 9])
or conjunctors (see [7, 13, 33]).

Definition 3.1. A semicopula is a function S : [0,1]* — [0, 1] that satisfies the
following two conditions:
(S1) S is increasing in each place, viz., for every s € [0, 1], the functions ¢ —
S(t,s) and t — S(s,t) are increasing;
(S2) for every t € [0,1], S(¢,1) = S(1,t) =t.

We shall denote by S (rather than ¥) the set of all semicopulas. Note that
a semicopula need be neither commutative nor associative. Moreover, because of
isotony and the fact that 1 serves as neutral element, any semicopula S € S has
also 0 as its unique null element.
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Vice versa, the set of all binary operations S* on [0, 1] that are increasing in
each place and which have 0 as the neutral element will be denoted by S*. We
will refer to its elements as co-semicopulas.

Further we distinguish the following subclasses of semicopulas:

Definition 3.2. A quasi-copula is a function @ : [0,1]* — [0, 1] that satisfies the
following conditions:

(Q1) @ is increasing in each place;

(Q2) Q satisfies the Lipschitz condition, i.e., for all a,b,¢,d € [0, 1],

1Q(a,0) — Q(c,d)| < |a—c|+[b—d; (3.1)
(Q3) for every t € [0,1], Q(¢,1) = Q(1,t) =t.

Quasi-copulas were introduced in [2] and characterized in [12]; the set of quasi-
copulas will be denoted by Q.

Since it will be needed later, we further provide the definition of a copula, which
was introduced by Sklar ([50], see also [31, 51]).

Definition 3.3. A copula is a function C : [0,1]> — [0,1] that satisfies the
following conditions:

(C1) for every ¢ € [0,1], C(0,t) = C(¢,0) = 0 and C(1,¢) = C(t,1) = t;

(C2) C is 2-increasing, i.e., for all s, §', t and ¢’ in [0, 1], with s < s’ and ¢t < ¢/,

C(s',t)—C(s',t) — C(s,t') + C(s,t) > 0. (3.2)

It follows from the definition that every copula C' is increasing in each place
and that it satisfies the Lipschitz condition (3.1). As a consequence, every copula
C is a quasi-copula, but there are quasi-copulas that are not copulas; these will
be called proper. If C denotes the set of all copulas, we can write

ccQcs.

In the sequel, the notion of ¢-norm will often be needed. This concept was
introduced in a slightly different form by Menger in [27] and in its definitive form
in [37, 38]. To this class of operations are devoted the important monographs [1,
17], see also [18, 19, 20, 16].

Definition 3.4. A triangular norm or, briefly, a t-norm is a function T : [0, 1]2 —
[0, 1] that satisfies the following conditions:
(T1) T is commutative, i.e., T'(s,t) = T'(t, s) for all s and ¢ in [0, 1];
(T2) T is associative,i.e., T (T(s,t),u)=T (s, T(t,u)) for all s,¢ and w in [0, 1];
(T3) T is increasing, i.e., T'(s,t) < T(s',t) for all ¢ € [0, 1] whenever s < §';
(T4) T satisfies the boundary condition T'(1,¢) = ¢ for every t € [0, 1].
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Notice that by virtue of its commutativity, any t-norm 7' is increasing in each
place. Moreover, since a t-norm is obviously a semicopula, any ¢t-norm 7" has 0 as
its unique null element. The set of all ¢-norms will be denoted by 7.

The most important ¢-norms are the minimum M, the product II, the Luka-
siewicz t-norm W and the drastic product D given by
M(z,y) := min{z,y} =z Ay,
W(z,y) := max{0,z +y — 1},

D(x, ) min{z,y},  max{z,y} =1,
T,y) = )
Y 0, otherwise.

In the literature these t-norms are often called T\, Tp, 11 and Tp, respectively.

Of these t-norms, M, II and W are also copulas, while D is not. It has been
shown by Moynihan ([29, Theorem 3.1], see also [41, Theorem 6.3.2], that a t-
norm is a copula if, and only if, it satisfies the Lipschitz condition. Vice versa,
any associative copula is a (continuous) ¢-norm (see also [17, Corollary 9.9]).

Proposition 3.1. If a quasi-copula Q is a t-norm, then it is an associative sym-
metric? copula.

Proof. A quasi-copula @ is a t-norm if, and only if, it is commutative and associa-
tive. Then, if @ fulfils these two properties, i.e., if it is a t-norm, it satisfies also,
by definition, the Lipschitz condition (3.1). But following Moynihan’s result, it is
therefore a (symmetric) copula. O

Corollary 3.2. No proper quasi-copula is a t-norm.

Further, from a function f : [0, 1]2 — [0,1], in particular, for a ¢t-norm, for a
quasi-copula, or for a copula, two other functions, also from [0, 1}2 into [0, 1], are
defined, namely

fr(s,t):=1—f(1—s,1—1), (3.3)
and
f(s,t) :=s+t— f(s,1). (3.4)

If fis a t-norm T, then T* is called the t-conorm? of T, while if it is a copula C,
then C is called the dual copula of C [31]. A dual copula is not a copula because
it is not 2-increasing. We shall denote the corresponding sets of co-functions, resp.

2 The two terms “symmetric” and “commutative” are here equivalent; we shall use the word
“symmetric” only when speaking of copulas or quasi-copulas

3 We should like to point out that in many books and publications related to ¢t-norms, corre-
sponding t-conorms are denoted by S. However, since in our case S serves as a symbol for a
semicopula, we shall denote t-conorms by 7.
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duals, accordingly; for instance, the set of all co-semicopulas by §*, the set of all
dual semicopulas S.
The following simple result is sometimes useful.

Lemma 3.3. For a function f : [0, 1]2 — [0, 1] the following statements are equiv-
alent:
(a) f satisfies the Lipschitz condition (3.1);
(b) f is increasing, in the sense that f(s',t') > f(s,t) for all s, t,s', t' in [0,1]
with s < s andt < t.

We now turn to the other set of operations, which we denote by £ as in [41].

Definition 3.5. The class £ is the set of all binary operations on R such that
(L1) L is onto, i.e., Ran = Ry;
(L2) L is increasing in each place;
(L3) L is continuous on Ry x R, , except possibly at the points (0,00) and
(00, 0).
Additional properties may be required of elements of £:
(LS) L is strictly increasing in the following sense

for all uy, ug,v1,v2 €ERy with ug < ug,v1 <wa: L(u1,v1)<L(ug,v2). (3.5)

(LO) L has 0 as its neutral element.
(LB) For every z € [0, 00[ the set A, = {(u,v) | L(u,v) = x} is bounded.

Example 3.1. Examples of operations in £ are the minimum, the maximum, the
sum, and
Ko(z,y) = (@ +y)"*  (a>0).

Notice also that the minimum satisfies condition (LS) but neither condition (LO0)
nor condition (LB), the maximum, the sum, and K, for e > 1 satisfy (LS), (LO)
and (LB).

4. Triangle functions

Since the introduction of Probabilistic Metric Spaces (=PM spaces) first, and, then
of Probabilistic Normed Spaces (=PN spaces) (see [3, 4, 21, 22, 24, 41, 45, 46])
binary operations on AT have been the object of great interest, especially triangle
functions, namely continuous (i.e., topological) semigroups on A™T.

Definition 4.1. A triangle function is a binary operation on AT that is commu-

tative, associative, and increasing in each place and has ¢ as identity. Explicitly,

a triangle function 7 satisfies the following conditions, for all F', G and H in At:
(TF1) 7(F,G) = 7(G, F);
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(TF2) 7 (r(F,G), H) = = (F, (G, H)):
(TF3) if F <@, then 7(F,H) < 7(G,H);
(TF4) 7(e0, F) = 7(F,e0) = F.
Moreover, a triangle function is continuous if it is continuous in the metric space
(AT dg).

For every triangle function 7 and for every F' € AT, one has
oo < (€00, F) < T(Ecos€0) = Ecos (4.1)

so that €, is the null element of 7.
The order on At induces an order on the set of triangle functions

n<m <= VFGeAt VzeR, 7(F G)(z)<n(F G)(z).

Many examples of triangle functions will be encountered in the next sections.

Since the result of applying a triangle function to a pair (F,G) of d.d.f.’s is
again a d.d.f., the simplest way of constructing a triangle function is to compute
the value at x directly from the values F' and G taken at the same point x; such
operations will be investigated in Sections 5 and 6.

A second possibility is to associate a pair of numbers (u,v) with the given
argument z, ie., (u,v) ~ z, and to evaluate the d.d.f.’s involved at u resp. v.
Formally, assume that two d.d.f.’s F' and G are given; then consider a structure of
the following form:

Oa~.0(%) = Qup)na{AF (1), G(0))}, (4.2)

where A represents a rule on how to combine F(u) and G(v), ~ the relationship
between (u,v) and z. Of course, several (u,v) might be related to x; therefore,
©4,~ o(z) will have to be determined from the set {A(F(u), G(v)) | (u,v) ~ z},
which we denote by means of the operation €. Although it is simple to pose the
following question, the answer to it will prove to be a real challenge:

For which classes of A, ~ and Q is O4 ~. o an operation resp. a
triangle function on AT 2

In Sections 7 through 9 we shall deal with some operations of this type and
provide a partial answer to the above question.

And finally, we shall turn to a third class of operations involving integrals and
measures in Section 10.

5. Pointwise induced triangle functions

As mentioned above, operations on A" can be induced pointwise by operations
on [0,1] (see Definition 7.1.3 in [41]).
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Definition 5.1. Let f be a mapping from [0, 1]? to [0, 1]; for every pair of d.d.f.’s
F and G and for every z € Ry, the function II; : AT x AT — [0,1]%* is defined,
by

Iy (F,G)(x) = f(F(x),G(x)). (5.1)
If Iy maps AT x A* into AT, ie., I} (A" x AT) C AT, then Iy will be referred
to as the operation pointwise induced by f on AT. If it is also a triangle function,
we shall speak of the triangle function pointwise induced by f.

It is of particular interest to investigate for which operations f, II; yields a
binary operation on A, or, even, a triangle function. It was already mentioned
in [41] that a left-continuous ¢-norm is an appropriate choice for getting a triangle
function; however, this result can be strengthened. But, before proceeding, the
definition of left-continuity will be needed.

Definition 5.2 ([41, Definition 7.1.6]). A binary operation f on [0, 1] that is in-
creasing in each place is said to be left-continuous if

f(z,y) = sup{f(u,v) [0 <u<z,0 <v <y}
for all z and y in |0, 1].

The following basic result for increasing functions will play an important role.
Its proof is only a slight modification of that in [15] or [17, Proposition 1.22].

Lemma 5.1. A binary operation f on [0,1] that is increasing in each place is
left-continuous if, and only if, it is left-continuous in each place.

Now we are ready to turn to the characterization of the triangle functions Ilr.

Theorem 5.2. Let T be a function from [0,1]° into [0,1]. Then Iy defined
by (5.1) is a triangle function if, and only if, T is a left-continuous t-norm.

We shall prove this result by means of a series of lemmata.

Lemma 5.3. Let T be a function from [0,1]?
t-norm, then It is a triangle function.

into [0,1]. If T is a left-continuous

Proof. The left-continuity of T' guarantees that II7 is a binary operation on A*.
Further, the associativity and commutativity of T imply that also Iy is associative
and commutative. It remains to verify that ¢ is the neutral element of IIp. If
x > 0, then

U (F,e0)(x) = T(F(x),e0(x)) = T(F(x),1) = F(z),

while, for = = 0, IIp(F, £0)(0) = L (F(0), £0(0)) = T(0,0) = 0 = F(0). O
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Lemma 5.4. Let T be a function from [0, 1]2 into [0,1]. If Iy is a triangle
function, then T is a t-norm.

Proof. Assume that Ilp is a triangle function. Then one has to show that the

function T': [0,1]*> — [0,1] that induces Il through (5.1) is indeed commutative,

associative, increasing in each component and has 1 as its neutral element.
Choose s and ¢ arbitrarily in |0, 1]. Then, for every real a > 0,

T'(s,t) =T (Vs(a),Vi(a)) = 1 (Vs, Vi)(a) = I (V, Vi) (a) = T'(2, s),

which proves the commutativity of T for s,¢ € ]0,1]. When s = 0 and ¢ is in ]0, 1],
then

T(0,t) = T(eo(a), Vi(a)) = Mr(eco, Vi)(a) = 0
=z (Vi;€00)(a) = T(Vi(a), €00 (a)) = T(¢,0).

This also proves that T'(0,t) = T'(t,0) = 0 for every t € [0,1]. Further, one can
prove, in a completely analogous manner, that T is associative and increasing as
II7 is also associative and increasing.

Finally, put s = 1 and notice that s = 1 = g¢(a) so that

T(1,t) = T(eo(a), Vi(a)) = Mz (e, Vi)(a) = Vi(a) = t,

which shows that 1 is the neutral element of 7. Thus T is indeed a t-norm
whenever Il is a triangle function. O

Lemma 5.5. Let T be a t-norm. If Ilp is a triangle function, then T is left-
continuous.

Proof. We shall prove this result by contradiction. Assume, if possible, that Il is
a triangle function and that 7" is not left-continuous. Because of Lemma 5.1, it is
possible to study left-continuity for only one place, say the first one. Then there
exists a sequence (zp)nen of elements of [0, 1] and some yo € [0, 1] such that

sup{T (zn,y0)} < T <sup xn,yo) . (5.2)
neN neN

Without loss of generality, it can be assumed that x, # 0 for all n € N. Indeed,
if z, =0 for all n € N, then equality would hold in (5.2). Therefore, there exists
at least some natural n such that x, # 0; thus, by eliminating from (z,)nen all
zero elements (and by repeating elements if there are only finitely many non-zero
elements left), another sequence can be constructed which again fulfils inequality
(5.2). Therefore, we may assume that for (x,,)nen, ©n # 0 for all n € N.

Now consider the two d.d.f’s U and V,,, where U is the d.f. of a random
variable uniformly distributed on (0, 1).

0, z <0,
U(x) = | z, z €]0,1],
1, z > 1.
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Since, by assumption, II7 is a triangle function, Il (U, V,,) is a d.d.f., say G, i.e.,
G =1r (U7 ‘/yo) :

However, G cannot belong to AT. In fact, consider the sequence (¥, )nen intro-
duced above and notice that the left-continuity of both U and V,,, yields

sup G(zn) = sup T(U(2n), Vyo (#n)) = sup T (zn, yo)
neN neN neN

<T <sup xn,yo) =T <U (sup xn> Vo <sup :cn)) =G (sup xn>
neN neN neN neN

so that G is not left-continuous on ]0, col; therefore Il7 is not a triangle function.
This contradicts the assumption and concludes the proof. g

Corollary 5.6. If T is a left-continuous t-norm, then the triangle function Ilp
is sup-preserving on AT, in the sense that, if (F,,)nen is a sequence of d.d.f.’s
such that sup,,cy F,, = F, then, for every G € AT,

sup lIp(F,,G) =1r (Sup F,, G) (5.3)
neN neN

Proof. For every x > 0, one has, because of the left-continuity of T,

sup I (F,,G)(z) =sup T (F,(z),G(z)) =T (Sup F,.(x), G(x))
neN neN neN

=T(F(z),G(x)) = Up(F,G)(z) =y (sup F, G) (z),

neN
which proves (5.3). O

A triangle function that can be expressed as a function of the values of F' and
G at x, but cannot be reconducted to the type introduced in Definition 5.1 was
introduced by Ying in [52]. Let a be in Ry and T be a left-continuous ¢-norm,
then, see [52, Theorem 1], a triangle function 7, 7 is defined via

Tor(F,G)(z) == min{T (F(z),G(aVx)),T (F(aVz),G(x))}, (5.4)
which may also be written in the form

To,r (F, G)(2) = max{T (F(x),G(x)) ,min{T (F(a),G(z)),T (F(x),G(a))}.

6. Pointwise induced operations and aggregation operators

Let us turn back to Definition 5.1 and ask which properties are required of a
function f in order that II; is a binary operation, but not necessarily a triangle
function, on A*. Are any functions f: [0, 1}2 — [0, 1] appropriate candidates?
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Theorem 6.1. Let A be a mapping from [0, 1]2 into [0,1]. Then W4 defined
by (5.1) is a binary operation on AT if, and only if, A is a left-continuous binary
aggregation operator.

Again we provide the proof in two steps, which we state as lemmata. Recall
that a binary aggregation operator A: [0, 1]2 — [0, 1] is defined by the following
properties:

(A1) A(0,0) =0and A(1,1) =1,

(A2) A(u1,v1) < A(uz,ve) for all uy, ug, v1 and ve in [0, 1] with u; < ug and

(% S V3.

Lemma 6.2. Let A be a mapping from [0,1] into [0,1]. If A is a left-continuous
binary aggregation operator, then 114 defined by (5.1) is a binary operation on A™.

Proof. We have to show that, for arbitrary F and G in AT, I14(F,G) belongs
to A*. Let I and G be arbitrary d.d.f.’s. By Definition 5.1, it is clear that
I14(F,G) is indeed a function from R into [0,1]. It is also increasing, since for all
z and y in R with <y,

IA(F,G)(z) = A(F(z),G(z)) < A(F(y),G(y)) = Ha(F,G)(y).
Moreover,

T4 (F, G)(0) = A(F(0),G(0)) = A(0,0) =0,
TLA(F, G)(+00) = A (F(+00), G(+00)) = A(1,1) = 1.

For every sequence (x,,)nen of elements of R, the left-continuity of A, F and G
together with Lemma 5.1 implies

sup 4 (F, G)(zn) = sup A(F (), G(z,)) = A <sup F(x,),sup G(mn)>

neN neN neN neN
=A <F <sup :cn) .G <sup xn)> =Ta(F,G) (sup xn> ,
neN neN neN
which establishes the left-continuity of II4(F, G). O

Lemma 6.3. Let A be a mapping from [0, 1]2 into [0,1]. If 14 defined by (5.1) is
a binary operation on AT, then A is a left-continuous binary aggregation operator.
Proof. Let I14 be a binary operation on A*. Then necessarily,

II4(F,G)(0) =0 and IT4(F,G)(4+00) =1

for all F' and G in At so that one also has A(0,0) =0 and A(1,1) = 1.
In order to show that A is increasing in each place, let uy, us, v1 and vy be
in [0, 1] and satisfy the conditions u; < uy and v1 < vy. Then choose a and b in
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10, 400 with a < b. Define two d.d.f.’s F' and G by

0, x <0,
Fg) = 44 x €10,qa],
(@) = U2, x € la,bl,
1, x>b,

if u; < ug, and by F =V, when u; = us. Similarly

0, z <0,

0
G(I)Z U1, $€] aa]a
Vg, x € a,bl,

1, T > b,

if v1 < v, and by G =V, when v; = vs.
Therefore,

A(u,v1) = A(F(a), G(a)) < A(F(b), G(b)) = A(uz, va).

In the same manner as in the proof of Lemma 5.5 it can be shown that A is
left-continuous in each place. O

As a consequence of the previous results, the only admissible operations on [0, 1]
guaranteeing that I 4 is indeed a binary operation on A™ are left-continuous binary
aggregation operators. Analogous arguments can be applied when extending this
result to n-ary operations on AT induced by some n-ary aggregation operator A
on [0,1] that is left-continuous in each place.

Further we remark that in [2] the authors studied pointwise induced operations
on A™T; however, this study was restricted to operations induced by corresponding
operations on the underlying random variables. It turned out that the induced
operations on AT correspond only in very few cases to operations on random
variables on the same probability space (namely when the induced operation is
related to some quasi-copula). We quote the main result from [2].

Theorem 6.4. Suppose that @ is a binary operation on AY such that & = II,
for some binary operation ¢ from [0, 1}2 into [0,1] and that it is derivable from
a function f on random wvariables defined on a common probability space. Then
precisely one of the following holds:

(1) f = max and ¢ is a quasi-copula;

(2) f =min and ¢ is the dual of a quasi-copula;

(3) f and ¢ are trivial, i.e., in the sense that they are the projections onto

either the first or the second coordinate.

Next we turn to some operations on A following (4.2) introduced in Section 4.
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7. Operations involving semicopulas

Definition 7.1 (compare also [41, Definition 7.2.1]). Let f be a mapping from
[0,1]2 to [0,1] and let L belong to £; the function 777 : AT x AT — [0,1]%
is defined, for every pair F' and G of d.d.f.’s and for every = € Ry, by

71,0 (F, G)(2) = sup{f(F(u), G(v)) | L(u,v) = x}. (7.1)

If L denotes the sum, then its index is usually omitted, and we simply write 7.

Again, we have provided the definition in its most general form. As will be seen
later, the appropriate choice for f will be a semicopula. In [41] these operations
have in fact been introduced for semicopulas and have been denoted by 77 1, (with
T being a semicopula, not necessarily a ¢t-norm).

Notice that the operation 7,1, where f is a function from [0,1]? to [0, 1] and
L is in £, may be represented according to the structure introduced in Section 3,
ie.,

TrL = Of=, sup

where by ((u,v) =p, ) we mean (L(u,v) = x).

7.1. Operations on A™+

The following sufficient conditions on f and L ensure that 7y, 1, is a binary operation
on AT; they were presented in [41, Lemma 7.2.3|, however, we state it an slightly
different way.

Lemma 7.1. Let S be a left-continuous semicopula and let L € £ satisfy condi-
tion (LS) of Definition 3.5. Then Ts,1, is a binary operation on AY.

It is easily seen that 7g max = Il for any semicopula S. Following Theorem 6.1
we know that S has to be left-continuous in order to guarantee that 7g max is
a binary operation on AT. Moreover, it has to be a left-continuous t-norm if
TS, max 15 to be a triangle function. Thus one might be lead to conjecture that the
semicopula involved must necessarily be left-continuous; however, as the following
example shows, this need not be the case.

Example 7.1 ([41, p. 100]). Consider the drastic product D, which is not left-
continuous, and the standard summation, then

0 (F,G)(x) = max { F(max{0,z — G"(1)}), G(max{0,z — F*(1)})}. (7.2)

It is a triangle function and therefore, in particular, a binary operation on AT,
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Moreover, 7p is not continuous on (A1, dg). If F), is the exponential distribu-
tion of parameter 1/n, F,, ~ T'(1,1/n), namely, for xz € Ry,

F7L($) =1- e—m/n7

then (F,)nen converges weakly to g, but (7p(Fp, Fn))neny does not converge
weakly to g = Tp (€0, €0), since 7p(Fp, F)) = € for every n € N.

Further, it might be conjectured that f in Definition 7.1 has to be a semicopula
in order to guarantee that 77, given by (7.1) is an operation on A*. However,
this also need not be the case as the following example shows.

Example 7.2. Consider the function f: [0,1]*> — [0, 1], f(z,y) = max{z —y, 0},
which is increasing in its first and decreasing in its second argument, and thus
not a semicopula. Choose L = max. Then, for every € Ry, the set L(z) =
{(u,v) | L(u,v) = x} contains at least the points (z,0), (0,z). Since f attains
its maximum whenever the first argument becomes as large as possible and the
second as small as possible, we can conclude that for any d.d.f.s F,G € At

71,0 (F, G)(x) = sup{f(F(u), G(v)) | max{u,v} = z} = f(F(z),G(0)) = F(x),

ie., 74, (F,G) = F is nothing else than the projection on the first coordinate.
Notice that the same result is achieved if, instead of L = max, any other operation
L € £ fulfilling (L0O) and (LS) is chosen. Clearly, 74 1 (F,G) is again a d.d.f. and
is continuous on (A™,dg).

If 74, is a binary operation on A" for an arbitrary L € £, the boundary
conditions for a d.d.f. suffice to imply some necessary conditions on f.

Lemma 7.2. Let f be a function from [0,1] to [0,1] and let L € L. If 74,1, is a
binary operation on AT, then f(0,0) =0 and sup{f(1,0), f(0,1), f(1,1)} = 1.

Let us next turn to the question whether, whenever 7y 1, is a binary operation
on AT, the continuity of some of the d.d.f.’s affects the continuity of 74 (F,G)
as a d.d.f.. Moynihan gave the following result on the continuity of the triangle
function 7 (F, G), where L is replaced by standard addition and 7T is a ¢t-norm.

Theorem 7.3 ([28, Theorem 1.1]). If T is a continuous t-norm and if either F
or G is continuous, then mr(F,G) is continuous.

We now extend this theorem for functions 7g, 5 where S is a continuous semi-
copula and L is commutative and associative, fulfilling (LS) and (L0) of Defini-
tion 3.5. The choice of S guarantees that 7g r is indeed a binary operation on
AT (see Lemma 7.1). The proof is adapted from that of Moynihan’s theorem,
the main difference being that, while the sum on R, is the restriction of a group
operation, and hence subtraction and a limited cancellativity are allowed, this is
not so with a generic semigroup operation like L.
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For all A and B subsets of Ry and for every L € £, let L(A, B) denote the set
L(A,B) :={L(u,v) |u € A,v € B}.

We first show a relationship between the set of points of discontinuity of all
d.d.f.s involved.

Theorem 7.4. Let S be a continuous semicopula, let L be commutative, associa-
tive and let it fulfil both (LS) and (LO) of Definition 3.5. For any given F and G
in AT, let H be the d.d.f. defined by H := 75 1(F,G). Then

D(H) C L(D(F), D(G)). (7.3)

Proof. Let € > 0 be given arbitrarily. In view of the uniform continuity of S on
the unit square [0, 1]?, there exists n = n(g) > 0 such that

|S(a1,b1) — S(ag,b2)| <ég,

whenever |a; — az| <n and |by — ba| < 7.

Since what we are going to say below is true if both D(F') and D(G) are finite
(or empty), there is no loss of generality in assuming that both D(F) and D(G)
contain a countable infinity of points; then there exist two subsets A and B of N
such that D(F) = {z; | i € A} and D(G) = {y; | j € B}. Since both

S [TF(zi) - Fz)] <1 and > [07G(y;) — G(y;)] < 1,

icA i€eB
there are finite subsets A C A and B C B such that

> [ F@)-F@)] <) and Y [FGly) -G < ).
ieA\A icB\B

Thus, if > y and Fy(x) > F4(y) + n/2, then there exists z; € D(F) with i € A
such that y < z; < x. Similarly, if Ga(x) > Ga(y) + n/2, then there exists
y; € D(G) with j € B such that y < y; < z.

Assume, now, x ¢ L(D(F),D(G)). As A and B are finite sets, there exists
d > 0 such that the closed interval [x — 6,2 + §] contains no point of the type
L(x;,y;) with ¢ € A and j € B. The continuous parts F. and G, are uniformly
continuous; thus, there exist v > 0 such that

[F(t) = Fo(s)| < and [Ge(t) = Gels)] < |
whenever [t — s| < 7.

Since L is continuous, there exists p > 0 such that |L(u/,v") — L(u,v)| < §
whenever |u' —u| < p and |v — v| < p.

Take now h with 0 < h < min{~, d, p} and choose v and v such that L(u,v) = z.
If

Fy(u+h) — Fq(u) <n/2, (7.4)
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then
|[Fu+h) — F(u)| < |F.(u+h) — Fe(u)] + | Fa(u + h) — Fyg(u)| <,
from which
|S(F(u+h),G(v)) — S(F(u),Gv))]| < e.

Therefore,

H(x) > S(F(u),G()) > S(F(u+h),G(v)) —e. (7.5)
If, on the other hand,

Fy(u+h) — Fa(u) > n/2, (7.6)

it was seen above that there is a point z; € D(F) with i € A and z; € [u,u + h|.
But then, one would necessarily have G4(v + h) — G4(v) < n/2, for, otherwise,
there would be y; € B with j € B and y; € [v,v + h[. The isotony of L would
then yield

L(u,v) < L(x;,y;) < L(u+ h,v+ h),

or, because of the continuity of L,
z < L(z;,y;) < L(u,v) + 6 =z + 6,
which contradicts the definition of §. Therefore,
|IG(v+h) — G)| < |Ge(v+ h) — Ge(v)| + |Ga(v + h) — Ga(v)| <,
whence
| S(F(u), G(v+ h)) = S(F(u),G(v) | <&,
so that,
H(z) > S(F(u),G(v)) > S(F(u),G(v+ h)) —e. (7.7)
Finally, there are A’ < ¢ and h” < ¢ such that L(u+ h,v) = L(u,v) +h' =z + 1’
and L(u,v+ h) = L(u,v) + b = x4+ h”. Therefore, it follows from (7.5) that
H(z) > sup{S(F(u+h),G)) | L(u,v) =x} —¢
> sup{S(F(u+ h),G()) | L(u,v) = z and (7.4) holds} — ¢
=sup{S(F(s),G(t)) | L(s,t)=x+h'} —e=H(z+ 1) —e,
while it follows from (7.7) that
H(z) > sup{S(F(u),G(v+h))| L(u,v) =z} —¢
>sup {S(F(u),G(v+h)) | L(u,v) =z and (7.6) holds} — e
=sup{S(F(s),G(t)) | L(s,t)=x+h"} —e=H(x+h")—c.
The last two inequalities yield, for every ¢ < min{h’, h"},
H(z) > H(z+1t)—e.
This implies that H is right-continuous and, hence, continuous at x, since it is

also left-continuous, like any d.d.f.. Therefore x does not belong to D(H); this
completes the proof. O
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The following corollary is an immediate consequence of the previous theorem.

Corollary 7.5. In the same assumptions as in Theorem 7.4, if F and G are in
AT and if at least one of them is continuous, then so is also 75 (F, Q).

On the other hand, if 75 1 (F,G) is a continuous d.d.f. independently of the
choice of F' and G, then, for some operations L, also the semicopula S involved is
continuous.

Lemma 7.6. Let S be a semicopula and let L € £ satisfy conditions (LS) and
(LO) of Definition 3.5. Then if 7s,.(F,G) is a continuous d.d.f. for arbitrary
F,G € AT, then S is also continuous.

Proof. Let S be a semicopula. Let = be any strictly positive real number and let
(zn)nen be any sequence of positive real numbers converging to x. By recourse to
Lemma 5.1 it suffices to prove that for every yo > 0 one has

nli)g_loo S(In,yo) = S(‘/ano)' (78)
Put

Zn = L(xnay()) and L(l‘,yo)-

z =
Notice that, as a consequence of properties (LS) and (L0) of Definition 3.5, one
has
sup{u | Jv: L(u,v) = x} = x.

Therefore, if U is the uniform d.f. on (0, 1),
TS,L(U7 Vyo)(zn) = sup S (U(u)7 Vy() (1}))

(u,v):L(u,v)=2p

= sup S (U(u)7 Vyo (yO)) =5 (U(xn)ayO) = S(UCmyo)-

(u,v):L(u,v)=2p
A similar argument yields
75,1 (U, Vi) (2) = S (U (), Vyo (y0)) = S(2, o).
Thus, since 7g,1,(U, V) is continuous, one has

lim (l‘n, yO) = nl{r_ﬁx} TS,L (U’ Vyo) (Zn) =TS,L (U’ Vyo) (Z) = S(Iv yO)'

n—-—+oo

This concludes the proof. O

Finally, we quote a result showing that continuous semicopulas provide a suf-
ficient condition for the continuity of the binary operations 75 on A1 on the
metric space (AT, ds).

Theorem 7.7 ([41, Theorem 7.2.8]). Let S be a function from [0,1]? to [0,1] and
let L € £ satisfies condition (LB) of Definition 3.5. If S is a continuous semi-
copula, then Ts 1, is uniformly continuous on the metric space (AT, dg).
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7.2. Triangle functions

From now on we assume that 777 is indeed an operation on A*. Requiring
additional properties for 7y restricts the choice of the function f. The cases
when L € £ fulfils the conditions (L0) and (LS) will first be examined; later on L
will be assumed to be commutative and associative.

Theorem 7.8. Let S be a function from [0,1])? to [0,1] and let L € £ satisfy
conditions (LS) and (LO) of Definition 3.5. If s, is binary operation on AT
that fulfils (TF3) and (TF4), then S is a semicopula.

Proof. For arbitrary s and ¢ in [0, 1] and for all v and v in ]0, 0o[, one has
S(s,t) = S (Va(u), Vi(v)).

Moreover, since conditions (LS) and (L0) of Definition 3.5 together imply that,
for any x > 0, the set L(z) = {(u,v) | L(u,v) = z} is a curve that connects the
points (z,0) and (0, z), which, in its turn, implies that this curve contains points
different from its end-points, the set L(x) contains some point (u*, v*) with u* > 0
and v* > 0. Therefore, for all 0 < x < oo,

75,0 (Vs Vi) (@) = sup{S(Vi(u), Vi (v)) | L(u,v) = x}
= sup{5(0,1), S(s,0), S(s,?) | L(u,v) = z}
= ma‘X{S(O7 t)7 S(Ov S)? S(Sa t)}
is again a d.d.f. of type (2.1).
Choose t and x arbitrarily in [0, 1] and ]0, co[ respectively, and s = 0. Then,
Vs = €. Moreover, since 7g, 7, fulfils (TF3) and (TF4) and has therefore e, as
null element,
0 < 5(0,t) = S(Vo(0), Vi(x)) = S(ec0(0), Vi(x))
< sup{S(eoo(u), Vi(v)) | L(u,v) = 2} = 75,0(600, Vi) (2) = £0c(x) = 0,
so that S(0,¢t) = 0 for all ¢ € [0,1]. An analogous argument proves that also
S(t,0) =0 for all ¢ € [0, 1]. In particular S(0,1) = S(1,0) = 0.
Next choose s = 1, so that V; = g, and let ¢ and = be arbitrary points from
10, 1] and ]0, co[ respectively. As 0 is the null element of S and 7g 1, has, because
of (TF4), ¢y as its neutral element, the following equalities hold
75,0(V1, Ve)(x) = sup{5(0,1),5(0,2), S(1,%)} = sup{0, S(1,1)}
7.1 (Vi, Vi)(#) = 75.1.(20, Vi) (@) = Vi) = 1.
Since S(1,¢) > 0, it follows that S(1,t) = t for all ¢ € ]0,1]. By applying an
analogous argument and by taking into account that S(0,1) = S(1,0) = 0, it
follows that 1 is the neutral element of S.

It remains to show that S is increasing in each place; this will be proved
explicitly only for the first place, the proof for the other one being completely
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analogous. If S(s,t) = 0 then S(s',t) > S(s,t) for all s’ with s’ > s. Therefore,
assume S(s,t) > 0 and let s’ > s. The isotony of 7g yields, for all z with
O0<x <1,

S(s,t) = 75,L(Vs, Vi) (2) < 75,0 (Vir, Vi) () = S(s', 1),

which proves that s — S(s,t) is increasing for every t € [0,1]. Therefore, S is a
semicopula. O

In view of this result one can immediately conclude that f must be a semicopula
whenever 7y 1, is a triangle function.

Corollary 7.9. Let S be a function from [0,1)% to [0,1] and let L € £ satisfy
conditions (LS) and (LO) of Definition 3.5. If Tg 1 is a triangle function, then S
s a semicopula.

Moreover, the associativity and commutativity of 7g 1, induce the corresponding
properties on the semicopula S involved so that S has to be a t-norm.

Lemma 7.10. Let T be a function from [0,1]? to [0,1] and let L € £ satisfy the
conditions (LS) and (LO) of Definition 8.5. If Tr 1 is a triangle function, then T
s a t-norm.

Proof. Let s € ]0, 1] be arbitrary. As a consequence of Theorem 7.8 T' is a semi-
copula; furthermore, for all = € ]0, 1],

17,0 (Vs, Vi) () = T(s,t).
Fix s and ¢ in ]0, 1[. Since 7p 1, is commutative, one has, for all z € |0, oo,
T(s,t) = TT7L(V87 V;f)(x) = TT,L(‘/tv V;)(*T) = T(Sv t),

which establishes the commutativity of T'.
As for its associativity, consider s, ¢, w and x in |0, 1[. Then simple calculations
lead to

TT,L(TT,L(VSv Vt)7 Vw)(.%') = T(T(S’ t)’ w)7
TT,L(‘/m TT,L(V%, Vw))(x) = T(T(t7 'LU), S).

Thus T(T(t,w),s) = T(t,T(w,s)). If 1 or 0 appears among the inputs s, ¢ and
w, then the associativity condition holds trivially on account of the boundary
conditions of T'. Therefore, T is a t-norm. O

When 77,1, is a triangle function T is necessarily a t-norm. It is natural to
ask for sufficient conditions. It is already known from Lemma 7.1 that the left-
continuity of the t-norm 7T ensures that 7r 1, is a binary operation on A*. When
L ¢ £ fulfils (LO) and (LS) and is also associative and commutative, 7p 1, is a
triangle function.
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Theorem 7.11 ([41, Theorem 7.2.4]). Let T be a function from [0,1]* to [0,1]
and let L € £ satisfy conditions (LS) and (LO) of Definition 3.5. If T is a left-
continuous t-norm and if, in addition, L is commutative and associative, then T,
is a triangle function.

As was seen by Example 7.1 the left-continuity of a semicopula S is not neces-
sary for 75 to be a triangle function, but it may affect the continuity of the triangle
function 75 on the metric space (A™,dg).

Since condition (LO0) implies that L also fulfils condition (LB), the following
corollary on the continuity of triangle functions is an immediate consequence of
Theorems 7.7 and 7.11.

Corollary 7.12 ([41, Corollary 7.2.9]). Let T be a function from [0,1]* to [0,1]
and let L € £ fulfil conditions (LS) and (LO) of Definition 3.5. If T is a continuous
t-norm and L is commutative and associative, then the triangle functions T, is
uniformly continuous on the metric space (AT, dg).

When L is commutative and associative and satisfies (LS) and (L0), one can
prove a result analogous to Theorem 5.2 thus strengthening the result of The-
orem 7.11. Notice that similar results under conditions for L that are slightly
different from those listed in Definition 3.5 were obtained by Ying in [53].

Theorem 7.13. Let T be a function from [0,1]? to [0,1] and let L € £. If L is
commutative, associative and satisfies condition (LO) of Definition 3.5, the follow-
ing statements are equivalent:

(a) 7r,r s a continuous triangle function;
(b) L satisfies condition (LS) and T is a continuous t-norm.

Proof. The proof of the implication (b) = (a) is a direct consequence of Theo-
rem 7.11 and Corollary 7.12. Thus only the converse implication has to be proved.
We first prove that L satisfies condition (LS).

Assume, if possible, that there exist numbers uq, ug, v1, vo in Ry, with 0 <
up < ug and 0 < vy < vg, such that L(uy,v1) = L(ug,v2). Then, by definition of
TT,L,

TT,L (Eu176v1) (L(ulvvl)) = sup {T (51!1 (u)7€v1 (U)) | L(U,’U) = L(ulvvl)}
> T (e, (u2), €4, (v2)) =T(1,1) = 1.

Therefore L(uq,v1) > 0, since, otherwise 7r r, (€y,,€v,) (0) = 0.

For every y € ]0, L(u1,v1)[, the relationship L(u,v) = y implies either u < u;
or v < vs, or both. Since

71,1 (Eur s €01) (Y) = sup AT (€u, (u), €0, (v) | L(u,0) =y},
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one has 77 1, (y,,€v, ) (y) = 0 and, as a consequence,

sup  Tr,L (Euss€0,) () =0 <1 =711 (€0, €0, ) (L(ur,v1)),
y<L(ui,v1)
so that 7r 1, (€4, , €y, ) is not left-continuous. Thus L satisfies (LS).
As a consequence of Lemma 7.10, T is known to be a t-norm. It remains to
show that it is also continuous; this is done in the following lemma which provides
a slightly more general result since fewer restrictions are imposed on L. O

Lemma 7.14. Let S be a commutative semicopula and let L € £ satisfy condi-
tions (LS) and (LO) of Definition 3.5. If s, is a continuous triangle function,
then S is also continuous.

Proof. Let S be a commutative semicopula. Let x be any strictly positive real
number and let (z,,)nen be any sequence of positive real numbers converging to x.
By recourse to Lemma 5.1 it suffices to prove that, for every yo > 0, one has that,
for every € > 0, some n € N exists such that, for all m > n,

|S('7;7y0) - S(quyO)l <e. (79)

Notice that since S takes values in the unit interval, the inequality is trivially
fulfilled for any € > 1. We shall therefore restrict our considerations to € < 1 only.

Next we associate with each x,, the d.d.f. V, defined by (2.1) and select sim-
ilarly V, and G =V, through (2.1). Therefore, we get a sequence of d.d.f.’s
(Vi )nen which converges to V,, pointwise, i.e., V, (u) — V,(u) for all u € R4
and, as a consequence, converges also weakly, i.e. for any 6 > 0 there exists
some n € N such that, for all m > n, |Vy(u) — V,,, (u)| < 4§, and, even more,
ds(Vy,,, Vi) <0.

Now choose € such that 0 < € < 1. Since 7g, 1, is uniformly continuous on the
metric space (AT, dg), it follows that there exists some v > 0 such that

ds(ts,1.(Vs, ., G), 75, (Vz,G)) < e, whenever dg(V,,, V) <7.

m

Note that ds(G,G) < « is trivially fulfilled. Since (V, )nen is a convergent se-
quence of d.d.f’s, one can choose n* € N such that |V;(u) — V,, (u)] < v for
all w € Ry and also dg(V,,,,Vz) < « for all m > n*. Choose such an m > n*
arbitrarily and fix it for the rest of the proof.

Assume first that ds(7s,.(Va,,, G),7s,.(Vz, G)) > 0; then there exists some

0 < h* < € such that, for all w €]0,1/h*],

75,0 (Vi G) (1) < 75,0V, G) (u + 1) + h7,
75,1 (Va, G)(v) < 75,0(Va,,, G)(u + h*) + h*
are fulfilled. Now choose u* with 0 < w* < min{!,1 —¢}. Then necessarily

u* + h* < 1. Because of properties (LO) and (LS) and because of the fact that
u* > 0, there exists a pair (u,v) with «* > v > 0 and «* > v > 0 such that
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L(u,v) = u*. Therefore,
75,0(Va,,, G)(u*) = sup{S(Va,, (v), G(v)) | L(u,v) = u"}
= sup{S(0,y0), S(xm,0), S(Tm,y0)}
= S(@m,y0) = 75, (Va,,, G)(u* + h"),
79,0 (Ve, G)(u*) = S(z,y0) = 75,0V, G)(u” + "),
and, as a consequence,
S(Zm,y0) — € < S(Tm,yo) — h* < S(z,90) < S(Tm,yo0) + " < S(Tm,y0) + ¢,
namely
[S(z,90) — S(Tm,y0)| < €.
When ds (15,1, (Va,,, G), 75, (Va, G)) =0, 75, (Va,,,, G) = 75,1 (Vz, G) since dg is a
metric on AT. Choosing an arbitrary v* € ]0, 1] leads to

S(@m,y0) = 75,0V, G)(v*) = 75, (Va, G)(v") = S(z, y)

so that |S(z,y0) — S (®m, yo)| < € is trivially fulfilled. Therefore, for arbitrary ¢ > 0
there exists n = n(e) € N such that for any m > n, |S(z,y0) — S(Tm,y0)| < &,
which proves the continuity of the semicopula S. g

8. Operations involving co-semicopulas

Definition 8.1 (compare also [41, Definition 7.3.1]). Let S* be a co-semicopula
and let L belong to £; a function 75. ; : AT x AT — [0, 1%+ is defined for every
pair F and G of d.d.f.’s and for every x € R, by

75« 1 (F, G)(x) = inf{S™(F(u),G(v)) | L(u,v) = x}. (8.1)

If L is the sum, then this index is usually omitted, and we write simply 73..

The notation adopted here is slightly different from that of the book [41]. The
choice of a co-semicopula S* in the above definition guarantees that, for all F' and
G in AT, the function 75.  (F,G) is increasing on Ry, satisfies 7&. ,(F,G)(0) =
0 and at least 75. (F, G)(00) < 1. Since every co-semicopula is an increasing
function, also 3.  is increasing on AT in each argument (see also [41, Lemma
7.3.2]). It was shown in [41, Lemma 7.3.7] that, for every co-semicopula S*,
Tg*ymin = IIg+. Theorem 6.1 ensures that S* has to be left-continuous in order to
guarantee that 7g« min is indeed a binary operation on AT.

We present the proof of the following results, since they do not appear explicitly
in [41]; our Lemma 8.1 slightly differs from Lemma 7.3.3 in [41]. It demands an
additional condition on L namely (LO), which, in our opinion, is essential for
proving the result. There is no proof of this result in [41] where the reader is only
referred to a modification of the proof of Theorem 5.1 in [34], and this, in its turn,
deals only with the special case L = +.
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Lemma 8.1. If S* is a left-continuous co-semicopula and L satisfies conditions
(LS) and (LO) of Definition 3.5, then 75. ; is a binary operation on AY.

Proof. Let S be a left-continuous semicopula. Then S(u,v) :=1—S5*(1 —u,1—v)
is the right-continuous semicopula associated with S*. We show that g+ 1, sends
AT x AT into A*. To this end, let F' and G be arbitrary d.d.f.’s and define

Vi (@) = sup {S(1 — F(u),1 - G(v) | L(u,v) = a};

then
TE*VL(F, G)(z) =1-Vrg(x).

We now have to show that 1 — Vp ¢ is a d.d.f., namely, that (i) Vpg(x) is in
[0,1] for every = > 0, (ii) V(0) = 1, (iil) V¢ is decreasing, and (iv) Vg is left-
continuous. The proof of (i) and (ii) is trivial, since S is an operation on [0, 1] and
L is increasing in each coordinate and fulfils L(0,0) = 0. As for (iii), let 6 > 0 be
given and let ;1 and x5 be such that x9 > x1. Then, there exist us and vy with
L(ug,v2) = x4 such that

0< VF,G'(%Q) — S(l — F(UQ), 1-— G(UQ)) < 4.

Because of properties (LS) and (LO0) of Definition 3.5, there exist u; and v; such
that
L(ui,v1) =21, w1 <wuz, v1 <oa.

Therefore,

Veg(z1) >S5S (1 —F(u1),1 — G(v1))
> S (1 — F(UQ), 1-— G(Ug)) > VF’G(.TQ) — 0.

The arbitrariness of § > 0 implies Vi g(z1) > Vi g(z2).

In order to establish (iv), the left-continuity of 75. ; (F, G) at an arbitrary point
xo > 0, notice that there is nothing to prove if Vi g(zg) = 1; therefore assume
Vra(zo) < 1, and suppose, if possible, that Vg ¢ is not left-continuous at z¢; then,
there exist 7 > 0 and a sequence of points (z,,)nen increasing to xg such that, for
alln € N,

Vra(xn) > Via(zo) + 2.

It follows from the definition of 75. ;(F,G), that, for every n € N, there exist
some u, and v, such that L(un,v,) = z, and

Vea(zn) > S — F(un),1 —G(vn)) > Vea(zo) + 1. (8.2)

Thus, since z,, < x for every n, condition (LO) of Definition 3.5 implies that the
sequences (Un)nen and (v, )nen are bounded and, as a consequence, contain con-
vergent subsequences (U (k) )ren and (vn(r))ken. We may choose these sequences
to be monotone. Set

ug := lim wu and vp:= lim w .
k—+4oco n(k) k—-+4o00 n(k)
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Since L(tUn(k); Vn(k)) = Tn(k), the continuity of the function L yields
L(uo,vo) = xo- (8.3)

We now distinguish three cases:
Case 1. The sequences (tpx))ren and (v, ) )ren increase to ug and vy respec-
tively. Since F' and G are left-continuous and S is right-continuous, the sequence

(8 (1= F(tn@): 1 = Gam))) pen
decreases to S (1 — F'(ug),1 — G(vp)). But then the definition of 75. ; and equa-
tions (8.2) and (8.3) yield
Vra(ro) > S (1 — F(ug), 1 — G(vo)) > Vr.a(xo) + 1,

which is impossible.

Case 2. The sequences (un(x))ken and (vy ) )ren decrease to ug and vy respec-
tively; this cannot happen since L(tp k), Un(k)) = Tn(k) < o

Case 3. One of the two sequences, say (un(k))ren, increases, while the other
one, (vn(k))ken, decreases. Then the sequence (1 - F (un(k))) decreases to

keN
1 — F(ug), while the sequence (1 -G (vn(k))) increases to 1 — {7 G(vg). Since,
for every k € N,

keN

1-— €+G(vn(k)) <1—0TG(vo) <1 - G(ug),
we have
S (1= F(uppy), 1= G(vg)) =S (1 = F(unmy), 1 — Gunw)) = Vra(xo) + 1.
Let k go to 400 in order to obtain
Vig(zo) > S (1 — F(ug),1 — G(vg)) > Veg(zo) + 1.

This is again a contradiction, so that Vg ¢ is indeed left-continuous at z¢. There-
fore 75. [ (F,G) = 1 — Ve belongs to A%, ie. 75. is indeed an operation
on At. O

We can now state the formal theorem that gives conditions under which 75. |,
is a triangle function.

Theorem 8.2. If T* is a continuous t-conorm and if L € £ is commutative,
associative and satisfies properties (LS) and (LO) of Definition 3.5, then T7. 1 is
a triangle function.

Proof. First, because of Lemma 8.1 we know that 77. ; is already a binary op-

eration on At. Therefore, only the properties of triangle functions remain to be
checked. Let F be an arbitrary d.d.f.; then

T}*yL(F, eo)(z) = inf {T*(F(u),e0(v)) | L(u,v) =a} =T* (F(x),0) = F(x),
so that 77. [ (F,e0) = F for every F' € AT and property (TF4) is satisfied.
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Properties (TF1) and (TF3) are easy consequences of the properties of T*
and L. Before proving the associativity of 7. ;, we notice that a t-conorm is also
associative, as is easily checked.

Let F, G and H be in AT; then

T (75 L (F,G), H) (z) = inf {T* (75 (F,G)(u), H(v)) | L(u,v) =z}
= L(g’rg:x T (L(Sn%)fu T (F(s),G(t)) ,H(v))

inf_inf T*(T(F(s),G(t), H
Llaw)=z L(sh)=u (T™ (F(s),G(1)) , H(v))

T (F(s), T (G(1), H(v)))

inf
L(L(s,t),v)=x

s T (F (), T (G0, H))

inf T*(F(s), inf T*(G(t),H(v
Lt 1 (R, nt | T (60, ()

Lt T (B ()i (G H) (W) = 7 g (B (G H)) (@),

where in the second line we have used the continuity of 7%, in the fourth one the
associativity of 7%, in the fifth line that of L. This concludes the proof. a

Finally, we mention a result showing that under the assumptions of Theorem 8.2
7§+ 1, 1s not only a triangle function, but even more, it is continuous on the metric
space (A7, dg).

Lemma 8.3 ([41, Corollary 7.3.9]). If T* is a continuous t-conorm and if L € £
is commutative, associative and fulfils both (LS) and (LO) of Definition 3.5, then
the triangle function T7. 1 is uniformly continuous on the metric space (AT, dg).

9. Operations involving quasi-copulas

Definition 9.1 ([41, Definition 7.5.1]). Let @ be a quasi-copula and let L belong
to £; a function pg r : AT x AT — [0, 1}R+ is defined, for every pair F' and G of
d.d.f’s and for every x € Ry, by

pa.1(F, G)(x) = nf{Q (F(u), G(v)) | L(u,v) = x}
where @ is defined by (3.4).

Also in this case we have abstained from introducing p for a more general
class of operation, since the resemblance of this definition with Definition 8.1 is
obvious. More precisely, we can state that functions of type pg 1 are completely
covered by Definition 8.1. To see this, notice that every quasi-copula @ fulfils the
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1-Lipschitz property. As a consequence, @ is increasing in each argument (see also
Lemma 3.3). Moreover, @ has neutral element 0, since

Q(u,0)=u+0—-Q(u,0) =u=Q(0,u).

Therefore, @) is a co-semicopula. Now it immediately follows that, for every quasi-
copula @,

PQ,.L = TEQ,L' (9.1)

Although, the operations pg,r, can be subsumed as particular cases of operations
of the type 75. , it is reasonable to consider them separately. In particular, for
those L € £ that are so called “composition laws”, the operations pc  are of
importance in the generalized theory of information of Kampé de Fériet and Forte
(see also [14, 39]).

We are now in a position to rephrase Theorem 7.5.2 and Corollary 7.5.3 in [41].
We shall also give the proof of this latter result (see Corollary 9.2, below)* since
the proof in [41] refers to a modification of the proof of Theorem 5.1 in [34].

Lemma 9.1 ([41, Theorem 7.5.2]). Let Q be a quasi-copula and let L € £ satisfy
(LS). Then pq.1 is a binary operation on A™.

Corollary 9.2 ([41, Corollary 7.5.3]). If Q is a symmetric quasi-copula, if L is
also commutative and satisfies properties (LS) and (LO) in Definition 3.5, and if
both @ and L are associative, then pqg 1, is a triangle function.

Proof. Since @ is a symmetric quasi-copula, () is a symmetric continuous co-
semicopula. Moreover, the associativity of @ implies that ) is a continuous ¢-
conorm; therefore, all the assumptions of Theorem 8.2 are fulfilled. O

Similarly one proves

Lemma 9.3. If Q is a symmetric quasi-copula, if L is commutative and satis-
fies properties (LS) and (LO) in Definition 3.5, and if both Q and L are associa-
tive, then the triangle function pqg r is uniformly continuous on the metric space
(A*, ds).

As a consequence of previous examples and Equation (9.1), we can immediately
conclude (compare also [41, Lemma 7.5.4]) that, for every quasi-copula @,

PQ,max = Té,max =II, and PQ,min = * _ HQ'

Q,min

4 The reader ought to be alerted to the fact that its correct statement can be found in the errata
in the Dover edition of the book [41].
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10. Operations involving copulas

In analogy with convolution #, i.e., the function *: AT x AT — AT defined by
(F+@G)(0):=0, (F*G)(c0) :=1and

(F+G)(z) = /F(:r—t)dG(t) (10.1)

(0,2]

for arbitrary F, G € A™, the following class of operations o¢, 1, was introduced by
Sklar in [51].

Definition 10.1 ([41, Definition 7.4.1]). Let C be a copula and L belong to £; a
function o : AT x AT — AT is defined, for every pair F and G of d.d.f.’s and
for every x € Ry, by

oc,.(F,G)(0) :=0, oo, (F,G)(00) :=1
and
oc,L(F,G)(r) := / dC(F(u),G(v)) (10.2)
L(x)
for all & € ]0,4o00], where
L(z) = {(u,v) | u,v € Ry, L(u,v) < z}.

If L is the sum, then we drop L in o¢,;, and simply write o¢.

The integral in (10.2) is just the Lebesgue—Stieltjes H-measure of the set L(x)
where H(u,v) = C(F(u),G(v)) for all u,v € R. The operation o¢,;, has a proba-
bilistic interpretation (see [40, Theorem 4]): if X and Y are positive real-valued
random variables on a probability space (92,4, P), having d.f.’s Fx and Fy, and
if C is their copula, then the d.f. F,(x yy of the random variable L(X,Y") is given
by

Fuan®= [ dC(Fx(). B (v) = ocn(F.G)0).
{(u,v)€R:L(u,v)<t}

In order to avoid possible misunderstandings, we notice that if the d.f.’s Fx and
Fy of the random variables X and Y are continuous the copula C of X and Y
is unique. Otherwise, the given pair of random variables uniquely defines a sub-
copula on Ran F'x x Ran Fy, rather than a copula; it is then possible to use a
bilinear interpolation (see [6, 31]) in order to single out a unique copula. Therefore
one can speak of the copula of the random variables X and Y.

For every copula C and for every L € £, o¢ 1, is a binary operation on A% (see
also Theorem 4.2 in [10] and Theorem 7.4.2 in [41]). Moreover, o¢, 1, is increasing
in each argument on AT x AT. Therefore, one of the properties of a triangle
function is already satisfied by o¢ 1. The other properties will now be examined.
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The first ones of these were derived in [11] by Frank who extended his previous
results of [10] dealing with the particular case L = +.

Lemma 10.1 ([11, Theorem 2.1]). Let C' be a copula and L € £. Then oc,1 has
go as its neutral element if, and only if, L fulfills (LO) of Definition 3.5.

Lemma 10.2 ([11, Theorem 2.2]). Let C be a copula and L € £. If oc,p, is com-
mutative, then also L is commutative. Vice versa, if C' and L are commutative,
then so is oc, 1.

Finally, we turn to associativity. If o¢ 1, is associative, then also L has neces-
sarily to be associative (compare [11, Theorem 2.3]). Therefore, when oc 1, is a
triangle function, L must necessarily have neutral element 0, and must be both
commutative and associative. Moreover, by definition, it is increasing and continu-
ous in each of its arguments. Therefore, it is reasonable to consider, in particular,
functions L € £ for which there exists some continuous and strictly increasing
function h: Ry — Ry such that

L(u,v) = h= Y (h(u) + h(v)). (10.3)

Such functions have no idempotent elements different from 0 and oo. Therefore,
e.g., max is not covered by this approach, since any element of R is an idempotent
element of max. We shall therefore consider this case separately.

The following theorem provides sufficient conditions that ensure that oc r, is
associative.

Theorem 10.3 ([11, Theorem 4.4]). Let C be a copula and let L € £ have the
form L(u,v) = h=(h(u) + h(v)) where h: Ry — Ry is continuous and strictly
increasing. Then oc,r is associative if, and only if, C is a (triwvial or non-trivial)
ordinal sum of product t-norms, i.e., either C' is the minimum or there exist some
index set I # O and some corresponding family (Ja;, b;|)icr of pairwise disjoint
subintervals of the unit interval, such that

i 2
Clz,y) = {az‘ + bliai (x —a;)(y —a;), if (x,y) € [ai, bi]”,

min{z, y}, otherwise.

Ordinal sums of products are not only copulas but also t-norms. Therefore,
the triangle functions of the preceding theorem coincide with those induced by a
specific class of t-norms; moreover, the class of admissible copulas is rather small.
Choosing h to be the identity mapping leads again to the standard convolution
(10.1), which is then equal to or;. When L equals the minimum or the maximum
oc,r can be computed directly (see also [41]):

® 0¢ max = It since max(z) = [0, z[ x [0, z],

UC,max(F7 G)(I) = / dC(F(u)7 G(U)) = C(F(I), G(CL’)) = HC(F7 G)(I)

[0,z[x [0,z
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® 0¢min = 1l : since min(z) = ([0, 2] x Ry) U (Ry x [0,z),

0 Camin (F, G) () = / dC(F(u), G(v))

min(z)
= Py ([0,2] x Ry) + Py (R4 x [0,z]) — Py ([0, 2] x [0, z)
= F(z) + G(z) - C(F(z),G(z)) = C(F(x),G(z)) = I (F,G)(x).

Lemma 10.4. For a copula C, 0c max 5 a triangle function if, and only if, C s
a continuous t-norm.

Proof. It follows from Theorem 5.2 that ¢ max = Ill¢ is a triangle function, if, and
only if, C is a left-continuous ¢-norm. As a consequence C' has to be associative
and therefore a continuous t-norm. O

Lemma 10.5. For no copula C' is 0¢ min @ triangle function.

Proof. 1t follows again from Theorem 5.2 that oc min = Il is a triangle function,
whenever, if possible, C'is a left-continuous t-norm. However, since 1 is the unique
null element of C this is never the case. Therefore, o¢ min, thanks to the continuity
of C (and therefore also of C), is a binary operation on A", but never a triangle
function. O

Notice that this result also follows immediately from the fact that min has
neutral element 1 and not 0 as demanded by Lemma 10.1. Therefore, any ¢ min
is a binary operation on AT but not a triangle function.

11. Inequalities

Interesting inequalities hold among the operations 7,1, 75 1, p@,. and oc¢,r, that
have been introduced in the previous sections (see [30, 41]).

Theorem 11.1 ([41, Theorem 7.2.12)). If Ly and Ly are functions in £ with L1 <
Lo, and S and Sy are in S with S < Sy, then
TSy, Ly < TSy,Ly-
In particular, if Q is a quasi-copula, i.e., Q € Q, then
TW,Ly < TQ,Ly < TQ,Ly < TM,Ly
if, moreover, L satisfies property (LO) of Definition 8.5, then L > max and
75, < Ilg < Ilpf

for every S € S.
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Theorem 11.2 ([41, Theorem 7.5.5]). Let Q be a quasi-copula and let L satisfy
condition (LS) of Definition 8.5. Then

Tw,r <79, < pQ,L < pw,L;

moreover, if C is a copula, then

To,L < oc,L < po,L-

Theorem 11.3 ([41, eq. (7.4.10)]). Let C belong to C and L to £, then oc,,, <
oc,, whenever Ly < Ls.

Some of the previous results can be strengthened if @ = M.

Theorem 11.4 ([41, Theorem 7.5.6]). If F and G are in DV, namely if they are
proper d.d.f.’s, then, for every L € £,

L (F, G) = pu,(F, G). (11.1)

If, in addition, L has 400 as its null element and is continuous on all of Ri, then

(11.1) holds for all F and G in A™.

We provide an example in order to show that the equality in (11.1) need not
hold if F and G are not in D', and L does not have +oo as a null element. To
this end, consider the d.d.f.’s Vi and V; defined in (2.1), with s < ¢ and choose
L =TI, i.e., the product, for which +00 is not a null element, since 0 - (+00) = 0.
Then, for every x € |0, +o0],

T (Vs, Vi) () = sup M (Vs(u), Vi(v)) = M (s, t) = s,

while
pmi(Vs, Vi)(z) = inf M (Vs(u), Vi(v)) = max{s,t} =t > s.

UV==x

The following result is a direct consequence of Theorems 11.2 and 11.4.

Theorem 11.5 ([41, Corollary 7.5.7]). If L € £ has +oo as its null element, is
continuous on all of Ri and satisfies condition (LS) of Definition 3.5, then

T™M,L = PM,L = OM,L- (11.2)
A comparison of Definitions 8.1 and 9.1 yields

Corollary 11.6 ([41, Corollary 7.5.8]). For every L € £,

TWe.[ = PW,Ls Tii=., = PILL:  Thre1 = PM,L-
Therefore, under the hypotheses of Theorem 11.4,

TITJ*,L = TM,L-
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12. The stability of DT

In different questions concerning PN spaces, for instance in the study of bound-
edness, it is relevant to know when the space DT of proper d.d.f.’s is stable under
a triangle function 7, or, equivalently, when a triangle function 7 is a binary op-
eration on the set DT of proper d.d.f.’s, namely when

(Dt x D) C DF. (12.1)

Not every triangle function 7 satisfies (12.1). For instance, take 7 = 7p, where
Tp is given by (7.2). If @ is the d.f. of the random variable | X | where X has the
standard normal law, X ~ N(0,1), so that ®,(0) =0 and, if = > 0,

1 1 *
Py(x)=_ + /ex —t2/2) dt;
+( ) 9 \/27T o p( / )
thus @/ (1) = 4+-00. Then, for every > 0,
70(®4, ®4)(2) = max{®,(0), 21 (0)} =0,
namely 7p (P, P, ) = €0, which is not in DT while & is.
Sufficient conditions for (12.1) are provided by the following theorem.

Theorem 12.1. If one of the following conditions holds:
(a) 7 =TI for some left-continuous t-norm T';
(b) 7 = 7p,1, for some left-continuous t-norm T and for some L € £;
(¢) T = oc,1, for some copula C' and for some L € £ such that property (LS)
of Definition 3.5 is satisfied;
(d) 7 is the convolution *;
(€) pc,r, where C is an associative and symmetric copula and L satisfies prop-
erty (LS) of Definition 3.5,
then the set DT is stable under 7, i.e., 7(DT x DT) C DT.

Proof. Let I and G be d.f.’s belonging to DT, i.e., such that
tlgl»noo F(t)= tl}glm G(t) = 1.

(a) If 7 = IIp for some left-continuous t-norm 7', then
so that also Il (F, G) belongs to DT.

(b) In view of the definition of 77, one has, for every = > 0, for all u and v
such that L(u,v) = z, and for every pair of d.d.f.’s (F, G),

mr.L(F,G)(x) 2 T (F(u),G(v)).
Now, let = tend to +o00 in order to obtain, for all 4 and v in R,

L (F,G)(+00) > T (F(u), G(v)) .
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Letting u and v go to +oo yields, because T', F' and G are all left-continuous,

07 (F,G)(+00) > T (F(u), G(v)) T(1,1)=1.

u——+00,v—~+00

Thus, 77,1 (F,G) is in DT.

(c) We have already stated that, if X and Y are positive real-valued random
variables on a probability space (2,4, P), having d.f.’s Fx and Fy, if C is their
copula, then the d.f. Fi(x y) of the random variable L(X,Y) is given by

Fuan®= [ dC(Fx(u).Fr(w).
{(u,v)ERy:L(u,v)<t}
But, since both X and Y are real-valued, both
P(X <4o00)=1 and P(Y < 400) =1,
or, equivalently,

lim Fx(t)=1 and lim Fy(t)=1

t——+oo t—-+oo

hold. On account of property (LS) of Definition 3.5, also L(X,Y) is a.c. finite,
viz. P(L(X,Y) < +00) = 1, or, equivalently,

t—+4o0
{(u)E Ry :Luv)<t}

1= tiiglooFL(X’Y)(t) = lim / dC (Fx (u), Fy (v)),

which proves the assertion.

(d) This is a particular case of the previous one, when C' = II and L is the
sum, or equivalently, when the two (continuous) random variables X and Y are
independent and the operation acting on them is the sum.

(e) Since L satisfies property (LS) of Definition 3.5, the relationship L(u,v) =
400 holds if, and only if, at least one between u and v, say v, equals +o0o0. There-
fore, for every u > 0,

€ po.L(F,G)(+00) = of {F(u) +1-C(F(u), 1)} =1,

which concludes the proof. O

13. Multiplications

A multiplication is a binary operation on A rather than on A™; it generalizes the
notion of triangle function. The name and the concept itself were introduced by
Schweizer in [34].

Definition 13.1. A multiplication on A is a binary operation on A that is com-
mutative, associative, increasing in each place, and whose restriction to AT is a
triangle function.
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The main properties of multiplications are collected in the results below. In
the following Theorems the definition of the operations Ilr, of 77, and of 77. is
extended from AT x At to A x A (see [34]).°

Theorem 13.1 ([34]). Let T be a t-norm; the function Ilp defined by (5.1) for
all F and G in A is an order-preserving multiplication on A. If T is continuous,
then Iy is jointly continuous on the metric space (A, dg).

It should be noticed that, when considered as a binary operation on A, rather
than on AT, the d.f. g is not an identity for IIz. The identity in the (contin-
uous) semigroup (A, Ily) is £_o, the d.f. identically equal to 1 on R, while the
(continuous) semigroup (D, Il7) has no identity.

Theorem 13.2 ([34]). Let T be a t-norm; the function 7r defined by (7.1) for
all F and G in A is an order-preserving multiplication on A that has €9 as an
identity. If T is continuous, then T is jointly continuous on the metric space

(D,ds).
It is easily shown that the multiplication 77 is not continuous on (A, dg).

Example 13.1. Consider the sequences of d.f.’s (F},)nen and (Gn)nen, where,
for every n € N, F, = ¢, and G,, = G, this latter being the d.f. defined by
G(—o0) =0, G(+00) =1 and, for x € R, by G(x) = 1/2. Then the two sequences
converge weakly to o, and to G, respectively, namely

liI_"I_l ds (Fp,e00) =0, and lim dg (Gp,G)=0.

n—-+oo

On the other hand, for every z € R,
1 (Eco, G) () = sup {T (600 (u),1/2) | (u,v) :u+v =212} =0,
ie, 71 (Eco, G) = €00, while, for every n € N,
17 (Fy, Gyp) (2) = sup {T (en(u),1/2) | (u,v) :u+v =21} =1/2.

Thus, the sequence (77 (Fy,, Grn)),,cy does not converge weakly to exo.

Theorem 13.3 ([34]). Let T be a t-norm; the function 7. defined by (8.1) for
all F' and G in A is an order-preserving multiplication on A that has €9 as an
identity. If T is continuous, then Tj. is jointly continuous on the metric space

(D,ds).

Like 77, also the multiplication 77. is not continuous on (A,dg). In order to
see this, consider the following example.

5 In this section, whenever we refer to equations (7.1) and (8.1), we take L to be the sum, and
then we allow it to be defined on R? rather than on Ri.
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Example 13.2. Consider the sequences (Fy,)nen and (G )nen where, for every
n € N, F,, = e_, while G,, is the same d.f. as in the previous example. Then the
two sequences converge weakly to e_o, and to G, respectively, namely

lim dg(Fn,e—00) =0, and lim ds(Gn,G)=0.

n—-+oo n—-+oo

But, for every z € R, one has

liT Tiw (62, G) () = 1/2 £ 1 = 774 (- 00, G) (2).
Definition 13.2. The convolution between d.f.’s of A is defined, for all F' and
G in A, and for every x € R, by

(F+G)(z) = /F(:C—y) dG(y). (13.1)

R

All the spaces A, D, AT and DT are stable under convolution (see [34, Theorem

9.1 (i)]).

Theorem 13.4 ([34]). The convolution defined on A x A by (13.1) is an order-
preserving multiplication on A that has €y as an identity. It is jointly continuous
on the metric spaces (D,ds), (A", ds) and (DV,ds) but not on (A,ds).

The proof of the continuity of the convolution on the spaces (A1, ds) and
(A,dy) can be found in Theorems 7.2 and 9.1 (viii) of [34]; that it is continuous
on the space (D, dg) follows from the fact that on D the Sibley and the Lévy metrics
dgs and dy, are both topologically equivalent to the topology of weak convergence.
Thus, it suffices to prove that  is not continuous on (A, dg). To this end, consider
the same sequences (Fy,)nen and (Gp)nen of the Example 13.1. Then

FoxG,=¢e,xG,=Gp*xe, =G, =G and €00 * G = €00}

as a consequence, the sequence (F,, * G, )nen does not converge to €q.

14. The subset of step functions

We consider in this section the subsets of At and of A consisting of the two-valued
d.f.’s, the two values necessarily being 0 and 1; these two subsets are respectively

E+::{ea:a€R+}CA+ and E::{ea:aeR}CA.

In some questions regarding PM and PN spaces it is of some interest to study
the result of the application of a triangle function or of a multiplication 7 to
pairs of the type (g4,€5). In the following theorem we summarize the results
when the multiplication considered belongs to one of the types studied in the
preceding section. The proof consists in a straightforward computation based on
the definition.
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Theorem 14.1. Let a and b belong to R. Then
(a) for every t-norm T,
7 (a, ) = €aves

(b) if T and L satisfy the assumptions of Theorem 7.13,
77,2 (€as €b) = €L(ab)}

(¢c) if T* and L satisfy the assumptions of Theorem 8.2,
77+ 1(€as €b) = EL(ab)}

(d) if @ and L satisfy the assumptions of Corollary 9.2,
PQ.L(€a,Eb) = EL(a b

(e) if C and L satisfy the assumptions of Theorem 10.3
0c,L(€a,€b) = EL(a,b)s

(f) e *x b = €atb-
In all cases, Et is stable under the triangle function T considered,

T(ET x ET) C ET.
Example 14.1. If D is the drastic t-norm, then

™D (Ea; €b) = Eato-
Example 14.2. Let 7,7 be the triangle function of (5.4), and assume, with-
out loss of generality, a < b. A simple calculation shows that, if £ < b, then

T, 1 (Eas €b) = Eqtb, While 7, 7(€4,6) = € if k > b. In either case, ET is stable
also under the triangle functions of this family.

In [44] the following result was proved.

Lemma 14.2. The spaces E and ET are homeomorphic to R and to Ry respec-
tively.

Theorem 14.3. Let T be a continuous t-norm, let L be commutative, associative
and fulfil both (LS) and (LO) of Definition 3.5, then the topological semigroups
(Ry, L) and (A*,ds,Tr.1) are homeomorphic.

Proof. The assertion follows from Theorem 14.1, from Lemma 14.2 and the fact
that L is a semigroup operation on R. O

A similar proof establishes
Theorem 14.4. LetT* be a continuous t-conorm, let L be commutative, associa-

tive and fulfil both (LS) and (LO) of Definition 3.5, then the topological semigroups
(A*,ds, 7. 1) and (R4, L) are homeomorphic.
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15. A few questions

The reader should refer to the problem section (Section 7.9) of the book [41] by
Schweizer and Sklar and to the notes to Chapter 7 in the Dover edition of that
book in order to have a list of open problems on triangle functions. The problems
presented there touch also aspects not yet covered in the present paper, but which
will be the object of the second part.

1. Are there triangle functions different from the types we have listed and briefly
presented above? Having at one’s disposal a great variety of possible triangle
functions would be of great theoretical interest, and would also enrich the collection
of tools available to researchers for the applications.

2. To the best of the authors’ knowledge, triangle functions have hitherto been
used and discussed almost exclusively in the theory of PM and PN spaces. Par-
ticular examples of triangle functions, especially of the type Il and 77 with L
some basic operation on the real line, also appear in, e.g., the treatment of fuzzy
numbers or in information theory (compare also [32]), but are not in the focus of
the investigation therein. However, even in the theories of PM and PN spaces,
the triangle functions considered belong to the family 7 and, in the case of PN
spaces, also to the family 7., where T is a continuous t-norm and T its associ-
ated t-conorm. Is there room in these theories for triangle functions of the type
71,1, with L € £ different from the sum? If yes, what is the meaning of the binary
operation L?

3. It has been shown (see Theorem 12.1) that for all the families of triangle
functions considered the inclusion

(Dt x DT) C D

holds. The one example we have where this inclusion is not respected is of a
discontinuous triangle functions, viz. 7p; this leads to the following question: If
the triangle function 7 is continuous on (A*,dg), does the above inclusion hold?
Notice, however that the inclusion (12.1) may hold even for a discontinuous triangle
function. In fact, let a € Ry and let T be a left-continuous ¢-norm, then the
triangle function 7, 7 of (5.4) is not continuous, but the above inclusion holds for
it.

4. In Section 14 it was proved that the subset of E* C AT of step functions is
stable under the triangle functions Ilr, 77,1, 77 1, pQ.L, 0c,L, and, even, under
7p and 7,7, namely under all the triangle functions considered in the present
paper. Then

(a) is E™T stable under any triangle function 77?

(b) If 7 belongs to any of the classes of triangle functions studied in this paper
are there other subsets A of AT that are stable under 7 in the sense that

T(A x A) C A?
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Abstract

As is well known, the Fréchet—-Hoeffding bounds are the best possible for both copulas and quasi-copulas: for every (quasi-)
copula Q, max{x +y — 1,0} < Q(x, y) < min{x, y} for all x, y € [0, 1]. Sharper bounds hold when the (quasi-)copulas take
prescribed values, e.g., along their diagonal or horizontal resp. vertical sections. Here we pursue two goals: first, we investigate
construction methods for (quasi-)copulas with a given sub-diagonal section, i.e., with prescribed values along the straight line
segment joining the points (xg, 0) and (1, 1 — xq) for x¢ €]0, 1[. Then, we determine the best-possible bounds for sets of quasi-
copulas with a given sub-diagonal section.
© 2007 Elsevier Ltd. All rights reserved.

Keywords: Quasi-copula; Copula; Sub-diagonal (section)

1. Introduction

Copulas and quasi-copulas play an important role in many applications. Copulas were first introduced by Sklar in
1959 in [23]. The copula of a random pair (X, Y) completely captures the dependence structure of (X, Y); moreover,
every copula is the restriction to the unit square of a bivariate distribution function whose marginals are uniform on
[0, 1]. Quasi-copulas were introduced by Alsina et al. in [2] and characterized by Genest et al. in [13]; they characterize
operations on distribution functions induced by operations on random variables defined on the same probability space.

Moreover, copulas and quasi-copulas are of considerable interest in other fields also, like e.g., many-valued logics
and preference modelling, mainly because associative copulas are also continuous triangular norms (see, e.g., [1,3,4,
9,14,15,21,22]) often, but not only, used for modelling many-valued conjunctions. Therefore, having at one’s disposal
a large number of examples of (quasi-)copulas is of great practical and theoretical interest. During the last few years
several investigations have been devoted to constructing copulas and quasi-copulas with given values along specified
sections and to determining the best-possible bounds for the functions thus constructed (see [6-8,10-12,16,19,20]).
In this spirit we study quasi-copulas with a given sub-diagonal section.

* Corresponding author at: Institut fiir Wissensbasierte Mathematische Systeme, Johannes Kepler Universitit Linz, A—4040 Linz, Austria. Tel.:
+43 70 2468 9195; fax: +43 70 2468 1351.
E-mail addresses: jquesada@ugr.es (J.J. Quesada-Molina), susanne.saminger-platz@jku.at, susanne.saminger @unile.it (S. Saminger-Platz),
carlo.sempi@unile.it (C. Sempi).

0362-546X/$ - see front matter (© 2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.na.2007.11.021
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2. Preliminaries
Before discussing the main results we summarize a few basic notions and properties that will be useful later on.

2.1. Basic operations

Definition 1 (/23]). A copula C is a function from [0, 1]2 into [0, 1] with the following properties:
(@ CO,u)=C(u,0)=0and C(1,u) = C(u, 1) = uforeveryu € [0, 1];
(b) forall u, u’, vand v/ in [0, 1] withu < u’ and v < v’

ALY (C) = C'v) = Cu', v) = Clu, o)) + Clu, v) = 0. W

The expression AZ’Z//(C ) is called the C-volume of the rectangle [u, u ] X [v, v’ ] The set of copulas will be denoted
by C. ’

It follows immediately from the definition that every copula C is increasing in each place, i.e., for every v € [0, 1],
the functions u — C(u, v) and u — C (v, u) are both increasing,l and that it satisfies the Lipschitz condition, i.e., for
all u, u’, vand v’ in [0, 1],

IC@,v") = Cu, v)| < [u' —u| + v —vl. 2

Definition 2 (/2,13]). A quasi-copula Q is a function from [0, 1]2 into [0, 1] with the following properties:

(@ Q0,u) =Qu,0)=0and Q(1,u) = Q(u, 1) = u forevery u € [0, 1];
(b) Q is increasing in each place, i.e., u — Q(u, v) and u — Q(v, u) are both increasing functions;
(c) Q satisfies the Lipschitz condition (2) for all u, u’, v, v" in [0, 1].

The set of quasi-copulas will be denoted by Q.

Every copula is also a quasi-copula, but there are quasi-copulas that are not copulas; these latter ones will be
called proper quasi-copulas. Therefore the inclusion C C Q is strict. A quasi-copula Q is called symmetric if
O(u,v) = Q(v,u) forall u, v € [0, 1].

The most important copulas are the minimum M, the product I, and the copula W, which are given by

M (u, v) := min{u, v}, II(u,v) =uv, W(u, v) .= max{0,u +v — 1}.

The copulas M and W are also known as the Fréchet—Hoeffding bounds for copulas and quasi-copulas, since
W < Q < M for any quasi-copula Q; and I is also known as the independence copula (for more details on copulas
and quasi-copulas we refer to [18]).

Definition 3. Given a quasi-copula Q and xo € [0, 1], the sub-diagonal section 8)% of Q at xq is the function
8)% : 10,1 — xo] = [0, 1 — xq] defined by

82(1) = Q(xo +1.1). 3)
When xg = 0 we omit the index and refer to 8€ as the diagonal section of Q.

Sub-diagonals may be defined as functions fulfilling particular properties.

Definition 4. Given x¢ € [0, 1], a sub-diagonal 5, is a function from [0, 1 — x¢] into [0, 1 — xo] with the following
properties:

(DS1) 6y, (1 —x0) =1 — xp;

! We use the term increasing in the weak sense, viz. a function ¢ is increasing if ¢(u1) < ¢(up) whenever u| < uy; when the strict inequality
holds, we say that the function is strictly increasing.
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1 1

S1(xo) Sy (z0)

1—xzq 1=z

Sz(xu)

Sr.(z0)

0 0
0 o 1 0 o 1

Fig. 1. Sub-domains of [0, 1]2.

(DS2) 0 <éy,(r) <t,foreveryt € [0, 1 — xol;
(DS3) 0 <8y, (1) — 8y, (1) <2(t' —1),foreveryt,t’ € [0,1 — xo] withr <1’
When x¢p = 0 we again omit the index and simply speak of a diagonal.

The sub-diagonal section of any quasi-copula is a sub-diagonal. In fact the conditions specified above, are
easy consequences of the properties of a quasi-copula. Condition (DS2) follows immediately from the inequality
Q(x,y) < M(x, y) that holds for all x and y in [0, 1], whereas condition (DS3) expresses the 2-Lipschitz condition
and the isotony of any sub-diagonal section. Since W < Q, it follows from (3) that, for all r € [0, 1 — x¢],

82 (1) = max{xo + 2t — 1, 0}.

The sub-diagonal section at xg of a copula C has a simple probabilistic meaning. If C is the restriction to the unit
square of the distribution function of two random variables X and Y with uniform distribution on (0, 1), then

8C(t) =C(xo+1,1) = P (max{X — xp, Y} < 1).

X0

2.2. Further notions and basic properties

For a given x( € [0, 1] we distinguish the following sub-domains of the unit square (see also Fig. 1):
Ty (x0) = {(u, v) € [0, 11* | u — xo < v}; Tr(x0) = {(u, v) € [0, 11* | u — x0 = v};
S1(x0) == [0, xo] x [1 — x0, 11; $2(x0) = [x0, 11 x [0, 1 — xo];
SL(x0) = [0,x01*;  Sy(xo) :=1[1—x0, 11*; D(x0) := SL(x0) U Sy (x0).
If xo > 0.5, then Sz, (x0) and Sy (x¢) are not disjoint, while S (xp) and S>(xg) always have in common just the single
point (xg, 1 — xo) independently of the choice of xg.
We further introduce two functions my,: [0, 112 = [0, 1 — xo] and My,: [0, 112 = [0, 1 — xo] through
My, (u, v) = max{min{u — xo, v}, 0}; @
My, (u, v) == min{max{u — xo, v}, 1 — xo}. %)
One has (u, v) € Ty (xo) if and only if m, (4, v) = u—xg and My, (u, v) = v. The truncation by O resp. 1 —x( ensures

that §,, (or any function derived from it) may be applied to m,(u, v) resp. My, (u, v) for arbitrary (u, v) € [0, 11%.
Notice that

my, (1, v) = min{u — xo, v}, My, (u, v) = max{u — xo, v},

for all (u, v) € S>(xp). .
Associated with a sub-diagonal §,, we consider the function 8, defined by

85:10, 1= x0] = [0, 1= xo], 8eg (1) =1 — 8, (2). (6)
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It is immediate to see that any Sxo fulfills the following properties, which are all consequences of (DS1)—(DS3):

(HD1) Sfo(O) = Sf(,(l —x0) = 0;
(HD2) |8y, (t") — 8x,(1)| < |t —t| forevery t,1" € [0, 1 — x¢];
(HD3) 0 < 8,,(r) < minfr, 1 —xq — t} forevery € [0, 1 — xo].

Property (HD2) implies that the function t — ¢ + SXO () is increasing.
The following functions will also be needed:

ey 110, 1 —x0] = [0, 1 —x0],  qutt, v) 1= max{éxo(t) | £ € [y, v), My (u, v)]}; %

hyg 10,1 —xo] = [0, 1 —x0], Iy (u, ) = min{Sxo(t) |1 € [ @, v), My (u, v)]}; )
1 1

kyy : [0, 1 —x0] = [0, 1 — xo], kyx, (1, v) == §5x0(mx0 (u,v)) + 55x0(Mx0(M, v)); ©)

allowing to determine the maximum and the minimum of 8 xo On some sub-domains.
2.3. Problem statements and known results

The first and natural problem that arises, and which will be investigated in the next sections, is the following one:

Given a sub-diagonal §,,, does there exist a copula or a quasi-copula Q whose sub-diagonal section 8)% coincides with

x5 1.€., for which 8)% = 8x,? As will be seen, we shall answer this question in the positive by constructing several
quasi-copulas with the required property. A second question is then: Given a sub-diagonal &, if Q% and C,;xo denote,
respectively, the set of all the quasi-copulas and of all the copulas whose sub-diagonal sections coincide with §,,, what
are the best-possible bounds for Q%? We shall show later how to construct lower and upper bounds for Q,;xo.

The answers to the questions put above are already known for the particular case of x9 = 0, i.e., for diagonal
(quasi-)copulas. We briefly recall the main results (see also [19,20]).

Theorem 1. Consider a diagonal 5 and define Bs, Ks and As as functions from [0, 112 into [0, 1] by

Bs(u, v) := minf{u, v} — min{§(¢) | r € [minfu, v}, max{u, v}]}; (10)
Ks(u, v) := min{u, v, w}; (11)
As(u, v) := min{u, v, max{u, v} — max{S(t) | t € [min{u, v}, max{u, v}]}}; (12)

foreveryu, v € [0, 1]. Then the following statements hold:

(a) Bs and K5 are symmetric copulas; As is a symmetric quasi-copula.
(b) For every quasi-copula Q with 82 = § the following inequalities hold:

Bs < Q0 < As;
(c) Cs < K5 for every symmetric copula Cs € Cs.

Therefore, for the case xg = 0, best-possible bounds as well as constructions are already known. For more details
on how to determine also non-symmetric (quasi-)copulas we refer to [6,20]. As a consequence, in what follows we
shall restrict our considerations to xg € 0, 1[.

We also mention that, by well-known transformations of (quasi-)copulas, and as a consequence of our results,
(quasi-)copulas with prescribed values on other preassigned line segments can be constructed. More precisely, given
a (quasi-)copula Q, the functions Q’, Q”, and Q" from [0, 1]? into [0, 1] defined by

Q/(I/l, v) =u—- Q(”h 1 - U),
QN(M, U) =V - Q(l —Uu, U),
Q" u,v) =u+v—14+01—u,1-0v);
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are (quasi-)copulas (compare also [16,18]). Therefore, for a given xo €10, 1[, a given sub-diagonal §,,, and a quasi-
copula Q € ng, Q' is a quasi-copula with prescribed values along the straight line segment joining the points (xg, 1)
and (1, xp), determined by corresponding values of 8y,. Analogously, the values of Q" (resp. Q") are prescribed by
dy, for the line segment joining the points (1 — xp, 0) and (0, 1 — xo) (resp. (1 — x¢, 1) and (0, xp)). Thus, such
(quasi-)copulas, either with given opposite super-diagonal section (Q’), opposite sub-diagonal section (Q"), or super-
diagonal section (Q"), can be constructed, and their respective bounds can be determined.

3. From diagonal to sub-diagonal (quasi-)copulas

Bilinear transformations of quasi-copulas with given diagonals may be used to construct quasi-copulas with a
prescribed sub-diagonal section. From a geometrical viewpoint the idea is to rescale and shift a given quasi-copula so
that it is defined on S (xo) rather than on the whole unit square and to fill the gaps on [0, 1]?\ S»(xo) in an appropriate
way. Because of the transformation and shifting process, the value of the new quasi-copula at the point (xg, 1 — xo)
must be equal to 0. Following the results of [17] such a quasi-copula Q may be represented as a W-ordinal sum, i.e.,
there exist quasi-copulas Q1 and Q> such that

on1<” L”_l) if (u, v) € S1 (x0),

X0 X0

Q=1 XO)Q2< — X 1—x0)’ if (1, v) € $2(x0). (13
W(u, v), otherwise.

Note that Q is indeed again a quasi-copula and will be denoted by ({0, xg, Q1), {(xo, 1, oNnv
Moreover, if Q1 and Q5 are copulas, then Q also is a copula [17].

Proposition 2. For xo €10, 1[, let 8x, be a sub-diagonal. Consider an arbitrary quasi-copula Q| and a quasi-copula
Q> € Qj, 8:[0, 11 — [0, 1] being the diagonal defined by

8xy (1 — x0)1)
1 —xg ’

8(t) = (14)

Then the W -ordinal sum Q = ({0, xo, Q1), (xo, 1, Q2))W defined by (13) is a quasi-copula that fulfills 8)% = 8y, L€,
Q € Q(sx().

Proof. It suffices to prove that, for every xo € 10, 1[, § is indeed a diagonal and that Q(f + xo, 1) = 8x,(¢) for all
t e [0, 1 — xq]. Slnce (1 — xo)S(t) = 8y, ((1 — x0)1) it follows immediately from properties (DS1) and (DS2) that
s (1) =1land 0 < 31 (t) <t forall ¢ € [0, 1]. Moreover, since 8y, fulfills (DS3), it can be easily seen that, for all  and
t'in [0, 1] witht <t’,

Y Y 1 / /
0=8) =5 = T (8n (1 = 0)0') = 85y (1 = o)) =20 = ).

Now assume that t € [0, 1 — xg]; then ( + xg, t) € S>(xg) and

Q(r+xo,r)=(1—xo)Q2( Lo ! )z(l—xo)'g(%)zaxoa)
-

1—x0 1—xo
so that indeed Q belongs to sto' O

Corollary 3. For every xo €10, 1[ and for every sub-diagonal 8y, there exist a quasi-copula Q and a copula C that
belong to Q5x0 and to C%’ respectively.

Although bilinear transformations already provide a rich tool for constructing sub-diagonal (quasi-)copulas, a few
remarks are in order. If the original (quasi-)copula was symmetric with respect to the main diagonal, then some
symmetry is inherited by the (quasi-)copula thus constructed. However, this construction does not necessarily yield
symmetric sub-diagonal (quasi-)copulas. Moreover, although, as we shall see in Section 8, this method allows us to
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determine the best-possible lower bound of (quasi-)copulas with a given sub-diagonal section, the largest possible
sub-diagonal (quasi-)copula cannot be found by means of W-ordinal sums. The reason is that transforming the
boundary conditions of the (quasi-)copula involved implies rather restrictive conditions on the new function, i.e.,
it forces the resulting operation to coincide with the lower Fréchet—Hoeffding bound W on [0, xg] x [0, 1 — xg] and
on [xg, 1] X [1 — xp, 1]. To illustrate this fact, let us apply the previous results to sub-diagonals provided by the largest
and smallest possible (quasi-)copulas and by choosing Q1 and Q», respectively, to be the largest and the smallest
possible quasi-copulas.

Example 1. Given xq € ]0, 1[, consider the smallest sub-diagonal 8% (1) := max{xg + 2t — 1, 0}. Then W is given
by sw (t) = max{2tr — 1, 0}, the diagonal section of the quasi-copula W. Choose Q1 = W and Q; = Bjw given by
(10); this yields
0> (u, v) = min{u, v} — min{r — gW(t) | t € [min{u, v}, max{u, v}]}

= min{u, v} — min{t, 1 — ¢ | t € [min{u, v}, max{u, v}]}

= min{u, v} — min{min{u, v}, 1 — max{u, v}}

= max{0, min{u, v} + max{u, v} — 1}

= max{0,u +v —1} = W(u, v).
Therefore, the corresponding W-ordinal sum Q defined by (13) is the lower Fréchet-Hoeffding bound W and belongs
to Q(;xv(v).

Example 2. Given xg € ]0, 1[, consider the largest sub-diagonal 6% () := t. Then M s given by M (t) = t, the
diagonal section of the quasi-copula M. Choose Q1 = M and Q; = Aju given by (12); this yields
0> (u, v) = min {u, v, max{u, v} — max{t — gM(t) | t € [min{u, v}, max{u, v}]}}
= min{u, v, max{u, v}} = M(u, v).
Therefore, the W-ordinal sum Q defined by (13) is given by

min{u, v+ xo — 1}, if (u, v) € S; (x0),
Q(u, v) = { minfu — xo, v}, if (u, v) € S$2(x0),
W(u,v), otherwise,

which differs from the upper Fréchet—-Hoeffding bound M.
4. From sub-diagonal quasi-copulas to new sub-diagonal quasi-copulas

New quasi-copulas and copulas having a prescribed sub-diagonal section may be obtained by adapting the
construction introduced in [6] and called splice in [20].

Definition 5. Let A and B be quasi-copulas or copulas with the same sub-diagonal section at xg, i.e., 8;2) = 8}%. The
splice A@x, B of A and B at x is defined via

A(u,v), 1if (u,v) € Ty (xo),

B(u,v), if (u,v) € T (xp). (15)

(A@mBﬂmvy:{

Theorem 4. Let A and B be two (quasi-)copulas having the same sub-diagonal section 8y, at xo, i.e. A, B € ano'
Then the splice A @y, B defined by (15) is a quasi-copula belonging to ng(), AQyx, B € ng().

Proof. Assume that A and B are (quasi-)copulas in Q(;XO. Then the boundary conditions for a (quasi-)copula are
automatically satisfied by A @,, B; it is also clear that its sub-diagonal section coincides with §y,. Therefore, one
has to prove that A @,, B is increasing in each place and satisfies the Lipschitz condition; to this end, it is enough to
prove, that, if u1 — xo < v and up — xo > v for v € [0, 1], then

0 < (AQ@x B)(u2,v) — (AQ@xy B)(u1,v) < uz —uj.
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Now

(A @xy B)(u2,v) — (A Q@x, B)(u1,v) = B(uz, v) — A(uy, v)
= B(M27 U) - 8X0(v + Xxo, U) + 5x0(v + X0, U) - A(uls U)
= B(M27 U) - B(U + x0, U) + A(U =+ xo, U) - A(uls U) = 0.

The same argument also yields
(A Qyxy B)(u2,v) = (AQyxy B)(u1,v) <up — (v+x0) + (v+x0) —up = uz —uj

which proves the assertion. [

Theorem S. Let A and B be two copulas having the same sub-diagonal section 8y, at xo, A, B € C(gxo and fulfilling,
forall (u, v) € Tr(xp),

A, v) =AW+ xo,u —x9) and B(u,v) = B + xo, u — X0).
Then the splice A @y, B defined by (15) is a copula belonging to CSXO, AQy, B € ngo.

Proof. Assume that A and B are copulas in ngo. We already know from Theorem 4 that A @,, B is a quasi-copula.
In order to prove that A @,, B is also 2-increasing, it suffices to verify this property for every square whose diagonal
lies on the segment joining the points (u#, u — xg¢) and (v, v — xg), namely for every square [u, v] X [u — xg, v — x0],
u,v € [xg, 1] with u < v. Now, we have

AL (A oy B)
= (A@x, B) (u, u — x0) + (A @x, B) (v, v — x0) — (A @x, B) (u, v — x0) — (A @y, B) (v, u — x0)
= A, u —x9) + AW, v —x9) — A(u, v — xg9) — B(v, u — xg)
= B(u,u — xg9) + B(v,v —x9) — A(u, v — x9) — B(v, u — x0)
> min{ V4 ([u, v] X [u — x0, v — x01), Vp([u, v] X [u — x0, v — x0])} + |B(u, v — x0) — A(u, v — x0)| = 0,

which concludes the proof. [J

Notice that, even when A and B are symmetric (quasi-)copulas, their splice A @, B need not be symmetric. In
fact, if there is a point (u, v) with u € ]xg, 1[ and v € ]0, u — xg[ such that A(u, v) # B(u, v), then

(A @y, B) (u,v) = B(u,v) # A(u, v) = A(v, u) = (A Qx, B) (v, u).
Similarly if (u, v) is such that u €]0, 1 — xg[, v €]u + xo, 1[ and A(u, v) # B(u, v), then
(A@x, B) (u, v) = A(u, v) # B(u, v) = B(v,u) = (AQx, B) (v, u).

In either case, A @y, B is not symmetric.
5. Symmetrization of quasi-copulas

As mentioned above, the (quasi-)copulas constructed by W-ordinal sums or by the splicing method are, in general,
not symmetric. Below we present a method for obtaining a symmetric quasi-copula starting from a non-symmetric
(quasi-)copula. Notice that this method may be applied to arbitrary (quasi-)copulas.

Proposition 6. Let Q be any (quasi-)copula. Then the functions Q* and Q4 from [0, 11% into [0, 1] defined by

0*(u, v) := Q(max{u, v}, min{u, v}), (16)
0. (u, v) = Q(min{u, v}, max{u, v}) (17

are symmetric quasi-copulas.
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Proof. It is obvious that, for any (quasi-)copula Q,

Q(u,v), ifu>v,
O(v,u), otherwise,

Q(uv U), if u <v,
O(v, u), otherwise,

Q" (u, v) = { Q.(u, v) = {

which immediately shows that Q* and Q. fulfill the boundary conditions and are increasing since Q is increasing
in each argument. The Lipschitz property of Q* and Q, follows immediately from the corresponding property of Q
when u, u’, v, v/ determine a rectangle completely contained either below or above the main diagonal of [0, 1]>. When
u = v and u’ = v' we can conclude that

10" (', u') — Q" (u, w)| = [Qx (', u') — Qu(u, )| = |Q, u') — Q(u, u)| < 2|u’ — ul.

In all other cases the rectangle [u u' ] X [v, v’] can be decomposed into smaller rectangles belonging to the previous
types, so that an application of the triangle inequality establishes the Lipschitz property for Q* and Q.. Since max
and min are symmetric, so are Q* and Q,; this concludes the proof. I

The previous operations can also be obtained through a splicing along the main diagonal for xo = 0. Originally the
corresponding approach was introduced in order to obtain non-symmetric operations with given diagonals (see also
[6,20]); however, it can also be applied to obtain symmetric ones. More precisely, since for any (quasi-)copula Q also
Q' defined by Q' (u, v) :== Q(v, u) is a (quasi-)copula, it immediately follows that, for xo = 0,

Q*(u,v) = (Q" @0 Q)(u,v) and Qu(u,v) =(Q @0 Q") (u, v).

When Q is a symmetric (quasi-)copula, then Q = Q' and therefore Q* = Q = Q.. Moreover, the results in [6,20]
allow us to state the following corollaries.

Corollary 7. Let C be a copula. Then C* is a copula if and only if 2 C(u, v) < C(u,u) +C (v, v) forallu, v € [0, 1]
withu < v, and Cy is a copula if and only if 2C(u,v) < C(u,u) + C(v,v) forallu,v € [0, 1] withu > v.

Corollary 8. Let C be a copula with diagonal section §. If, for all u, v € [0, 1],
max(C(u, v), C(v, u)) < Ks(u, v),
where K is given by (11), then C* and C are copulas.

Before turning to examples of symmetric quasi-copulas with a given sub-diagonal section at xo, we introduce some
new notions in complete analogy to Q*. Therefore, for xo € ]0, 1[ and a sub-diagonal 8y, define functions my , MY,
q,» It k%, from [0, 1] into [0, 1 — xo] by

mjo (u, v) == my,(max{u, v}, min{u, v});
M;‘O(u, v) = My, (max{u, v}, minf{u, v});
g% (1, v) = g, (max{u, v}, minfu, v});
hy, (u, v) = hy,(max{u, v}, min{u, v});

ky, (u, v) = kyy(max{u, v}, min{u, v}).

Notice that mjo (u,v) > 0 and M)’C"0 (u,v) <1 — xo, for all (u, v) in [0, 11>\ D(xo).
6. Examples of symmetric sub-diagonal quasi-copulas
Proposition 9. For xo €10, 1[ and for a sub-diagonal 5y, the function Bg‘xo from [0, 112 into [0, 1] defined by

m (u, v) = B (u,v),  if (u,v) € [0, 117\ D(xo),

W(u, v), otherwise, (18)

B;‘xo (u,v) = {

is a symmetric quasi-copula belonging to ngo.
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Proof. We shall show that Bj is the symmetrization of the W-ordinal sum B(gxo given by ({0, xo, W), (xo, 1, Bg))W
- X0
with § defined by (14). Recall that
Bs(u, v) = min{u, v} — min{r — g(t) | t € [min{u, v}, max{u, v}]},
and that the W-ordinal sum Bs,, is given by

(1 —xo) By [ ~—2, " if (u, v) € $2(x0)

—x0) By | ——, , if (u, v x0),

B(SXO(M,U): 0 s I—X() I—XO 20
W(u, v), otherwise.

By simple calculations and by taking into account that, for all («, v) in S2(xg),

My, (u, v) = min{u — xo, v}, My, (u, v) = max{u — xo, v},
(1= x0) 800 = 82 (1 = 20)0), gt v) = min {815 (1) |1 € [y a1, v), Moy a1, )]}

it can be shown that indeed, for all (i, v) € S7(xg),
u— xq v

(1 —xo) By (—

1—x0 1 —xp

) = My, (U, V) — hy,(u, v)
and, therefore,

mxo(us U) - hxo(u’ U), if (I/t, U) € SZ(XO)a

B‘Sm (u, v) = {W(u, v), otherwise. (19)

Moreover, since By and W are copulas, Bs,, also is a copula. Its sub-diagonal section coincides with 8, because of
Proposition 2.
The symmetrization of By is given, for all (u, v) € [0, 112, by

B:{x (u, v) = By, (max{u, v}, min{u, v}).

If (max{u, v}, min{u, v}) belongs to S>(xp), or, equivalently, if (u, v) is in [0, 112 \ D(xp), then B (u, v) =
Bs. (max{u, v}, min{u, v}) = mxo(u, v) — h* (u, v) for all (u, v) in [0, 1]? \ D(xgp).

I%mally, if (u, v) is in D(xg), then W(max{u v}, min{u, v}) = W(u, v). Therefore, Bg‘xo may be rewritten as

m (u,v) — I (u, ), if (u,v) € [0, 11*\ D(xo),
W(u, v), otherwise.

B;"'O (u7 U) = {

It follows from Propositions 2 and 6 that Bj is indeed a quasi-copula whose sub-diagonal section at x coincides
0
with 8y, ie., Bf € Qs . [
0

*0
We show, by means of an example that Bf is, in general, a proper quasi-copula; to this end, we shall show that
X0

one may as well have AZ:Z(B;‘X ) < 0, for some u and v with u < v.
0

Example 3. Let xo < 1/3 and consider the diagonal section § g of the product copula I/; then
STty =t(xo+1 and 8J1) =11 —xp) 1%
For the values of xg considered, choose u and v greater than (1 — xp) /2 so that Sg is a decreasing function; this allows
to calculate explicitly
Avi(By ) =u—v—( —x0)v 4+ v2 — (1 = xo)u 4+ u® +2 (1 — xp)u — 2u”
= u—v—(l—xo)(v—u)—i—vz—u2
=@w—uw)(—1-A—-x)4+u+v)=wW—-—u)(—2+x+u+v) <0,

sinceu < v <1—xg.
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By considerations analogous to those carried out in Proposition 9 it is possible to obtain the following two
symmetric quasi-copulas, which, as shall be shown later, are again, in general, proper quasi-copulas.

Proposition 10. For xo €10, 1[ and a sub-diagonal §y,, the functions K;XO and A:;xo from [0, 112 into [0, 1] defined

by
. _ Jmin{m?® (u,v), k% (u,v)}, if(u, v) € [0, 11*\ D(xo),
K\ (:0) = {W(u v)o ' otherwise, 0
and
" __ Jmin{m3 (u, v), M3 (u,v) — gy, (u,v)}, if(u,v) € [0, 11\ D(x),
AS (u,v) = { W, v)o 0 otherwise. (21

are symmetric quasi-copulas, and they both belong to ano.

Proof. In complete analogy with the proof of Proposition 9, it can be shown that Kg‘xo is the symmetrization of
the W -ordinal sum K5r = ({0, xo, W) {(x0, 1, K~))W and that A* is the symmetrization of the W-ordinal sum

XO = ({0, xg, W), (xo, 1, Az ))W with & given by (14). It therefore follows from Propositions 2 and 6, that both the
operations are indeed quasi- copulas whose sub-diagonal sections at x coincide with ,. [

While the W-ordinal sum K 8, is not only a quasi-copula but also a copula, the quasi-copula K ‘gkxo is, in general, a
proper quasi-copula, as is A}‘xo.

Example 4. Let xg be in O, 1[ and let 8% be the diagonal section at xq of the upper Fréchet—Hoeffding bound M,

. XO M@y =t forallt € [0, 1 — xo]. Given an arbitrary square [u, v]2 C [0, 1]2 with u < v < u + xg, a simple
calculatlon leads to

AV U(K5 ) = Kg‘xo (v, v) + K;‘XO (u, u) — K;;O (u,v) — K;XO (v, u)
1 1
= min {v — X0, E(SXO(U — xp0) + Sxo(v))} + min {u — X0, 5(8)(0(14 — xp) + SXO(u))}

— 2 min {v — X0, %(SXO(U — xp0) + 8x()(u))}

. X0 . X0 .
=mln{v—xo,v—?}—me{u—xo,u—?}—2m1n v — Xxg,

=w—x9)+w—x9) —2(w—x9) =—@Ww—u) <0,

u—+v-—xg
2

since v < u + xo implies v — xg < (u + v — x9)/2.

Example 5. As in Example 4, let xo be in 10, 1[, let §; M be the diagonal section at x( of the upper Fréchet—Hoeffding
bound M, 8M(t) = t, and consider the square [u, v]2 C [0, 1]2 with u < v < u + xg. Since 3%0) = 0 for every

tel0,1— xo] a simple calculation leads to
AVY (A ) = AS (v, v)+A5 (u,u) — 2A§X0(u,v)
= mm{v — Xp, v} + min{u — xg, u} — 2 min{v — xg, u}
=Ww—-—x0)+@—x0)—20wW—x9)=—(w—u) <0.

The previous examples have shown how to construct symmetric sub-diagonal quasi-copulas. However, as shown
above, these quasi-copulas are usually proper. Therefore, it is natural to ask whether there exist symmetric sub-
diagonal copulas. The following section answers this question in the positive, at least when x has a restricted range.
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7. A symmetric sub-diagonal copula

We now turn to the construction of a copula C, rather than a quasi-copula, with a prescribed sub-diagonal section
‘cho at xo with xo € [0, 1/2]. While the copula thus constructed is symmetric, it is not a symmetrization of a W-ordinal
sum; as a consequence, the properties of a copula have to be proved directly.

Theorem 11. For xo € [0, 1/2] and for a sub-diagonal 8y, such that the funtion f:[xg, 1 —xo] — [0, 1 — xo],
fu) = 8x,(u) — 8y, (u — x0) is increasing, the function C&co from [0, 112 into [0, 1] defined by

minfu, v, K} (1, v)}, if (u,v) € [0, 11>\ D(xo),
Csxo (M, U) = min{k;ko (XO» M)v k;cko (x09 'l))}, lf (l/t, U) €S (X()), (22)
min{Ay, (u, v), Ax, (v, )}, if (u,v) € Sy(xo),
where
Axo(u, v) :=u+k;<0(v, 1 —x0) — (1 —xp), (23)

is a symmetric copula whose sub-diagonal section at x( equals &, namely Cs,, € ngo.

Proof. Clearly the segment connecting the points (xg, 0) and (1, 1 — xg) lies entirely in the set [0, 1]2 \ D(xp), so that

Cs,, (xo +t,1) = min{xo +1,1, k;’;o(xo +1,0)

1
min {r, 5 (32 (1) + 85, <r))} = min{t, 8., (1)} = 8y, (1),

because of (DS2). Thus, the last assertion in the statement of the theorem is proved.

Now, we shall prove that C% is actually a copula. While the first of the boundary conditions of Definition 1 is
easily verified, the second one needs some argument. Assume, first, that v < 1 — x¢. The 2-Lipschitz condition (DS3)
yields

1 1
55);0(1 —Xx0) — ESXO(U) <1 —=xp) —v,

or, equivalently, because of (DS1),

1 1
v=y (I —xo0) + 5%(1}) = k, (1, v);
thus, C‘Sm (1, v) = v. Assume, next, that v > 1 — x¢. Notice that, as a consequence of the 2-Lipschitz condition (DS3),
Ayxo(u,v) < Ay, (v, u) if and only if u < v. Therefore,
CBxO(L V) =A,(, 1) =v+ kjo(l, 1 —x9)— (1 —x9) =v.

Since Cs,, satisfies the boundary conditions, it remains to prove that it is 2-increasing, namely that it satisfies condition
(b) of Definition 1. There are several cases to be considered.

Case 1: Consider a rectangle [u1, uz] x [v1, va] that is entirely contained either in the triangle Ty (xg) or in the
trapezoidal area bounded by the straight lines 4 = xg, v = 1 — xg, v = # and v = u — x¢. Then,

A5 (Cs,) = Cs, (ur, v1) — Cs, (u1, v2) + Cs, (u2,v2) — Cs, (2, v1)
= min{vy, k3, (u1, v1)} — min{vy, k3 (u1, v2)}
+ min{vy, ky, (42, v2)} — min{vy, ky (u2, v1)}, (24)

since v; < u; foralli, j € {1,2}.
We shall consider several subcases:
(@) v < kg (u1, v1) < ki (uz, v1):
Aia (Cs, ) = minfvy, kY (u2, v2)} — min{va, k3 (u1, v2)} = 0

since dy, is increasing.
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(b) kj';o (ui,vy) < < k;‘o (u2, v1), then the following possibilities may be distinguished:
(b1) Notice that it is not possible to have k;“o (u1,v1) <vyand vy < k;ko (u1, vp), at the same time, because these
two inequalities together imply

* *k l
vy — 1 < ky (Ui, v2) — kg (up, v1) = 3 (8x,(v2) — 8y, (V1))
which contradicts (DS3). Therefore, the following cases remain:
(b2) If kj;o (Ui, 1) <vy < k;‘o (u3, v2), then, invoking the 2-Lipschitz property (DS3), we have
A (Cs ) = ki (ur, v) — kg (w1, v2) + v2 — vy
1
=wn-uv-3 (8x, (v2) — 8y, (V1)) = 0.
(03) v2 > kY, (u2, v2) = ki (u1, v2):
Aa(Cs, ) = ki (ur, vr) — ki (u1, v2) + kg (w2, v2) — v

uy,uz

1 1
= §5x0(l42 — x0) + §5x0(v1) —v1 = ky (U2, v1) — v > 0.

(©) k;"o(uz, v1) < vp; then, one necessarily has vy, > k;“o (u2, vp), since, otherwise, the inequalities v > k;‘o(uz, V1)

and vy < k;‘o (uz, vp) would imply

(3x0 (v2) - 6)C()(vl)) ’

N =

v — vy < ky, (U2, v2) =k (u2, v1) =
which contradicts (DS3). Then
Aia(Cs, ) = ki (ur, vi) — kg (2, v1) + Ky (ua, v2) — Ky (w1, v2) = 0.
As a consequence, in this case one always has AZIIZZZ (C,gxo) > 0.
Case 2: Consider a square [u1, up] X [u1 — xo, uo — xg], with uy > xo > up — u1. Then
AZ},—M);O,Mz—xO(Caxo) = 8y (U2 — x0) + 8xo (U1 — x0) — min {ul, uy — xo, ky (uy, uz — xo)}

— min {uz, uy — xo, ky, (uz, uy — XO)}

1 1 .
= 53x0(u2 —Xx0) + ESxo(ul — x0) — min {u, — X0, ky, (U2, U1 —x0)} =0,

since k;ko(uz, up — xg) = % Oy (U2 — x0) + % 8xo (U1 — X0).
Case 3: Consider a square [u, v] X [u, v] C [0, 1]2 \ D(xp) suchthatv — u < xg,1.e.,,x0 <u <v <1 — x9. Then

AZ:Z(C(;XO) = min{v, ky (v, v)} + minfu, k} (u, u)} — 2min{u, kg (4, v)}

1 1
=3 (830 (v = x0) 4 8, (v)) + 3 (8x (1 — x0) + 83y () — 8y (v — X0) — 8 (1)

1
= 5 (31 0) = 85y (0 = 30)) = (8 @0) = 8, = x0))) 2 0,

since u > 8y, (u) — 8y, (u — xp) is increasing.
Case 4: Consider a rectangle [u1, uz] X [vy, v2] € Sp(xp) such that u; > vo,i.e.,0 < v < vy < uy; < ur < xp.
Notice that

) 1 . 1
mm{k;“o (x0, 1), k;o (x0, v)} = 3 8x, (minfu, v}) = 3 8xo (V).

Then
AvLv2 (C —18 18 18 18 =0
1417”2( 5)(0) - 5 X()(UZ) + E X()(vl) - 5 X()(UQ) - 5 X()(Ul) — Y.
Case 5: Consider a square [u, v] x [u, v] € S (xp). Then

Apu(Cs, ) = ki (xo, v) + ki (xo, u) — 2 k5 (xo, u)

U

1
= k5 (x0, v) =k (o, ) = 5 (8, (V) — 8xy (W) = 0.
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Case 6: Consider a square [u1, uz] X [v1, va] C Sy(xp) such that u; > vp,ie, 1 —xg < vy < vy <u;p <up < 1.
Then

1 1
A (Cs) = v+ 3 8xo (2 — x0) +v1 + 3 8xo (U1 — x0)

1 1
- (vz + §5x0(u1 —XO)) - <U1 + §5x0(u2 —xo)) =0.

Case 7: Consider a square [u, v] X [u, v] € Sy (xg). Then
A (Cs, ) = Axy (v, v) 4+ Ao (1, u) — 2 Ay (u, v)

,U
=v—u— (K (v, 1 —x0) — &k} (u, 1 — x0))

1
—v—u—3 (8x, (v — x0) — 8x, (u — X)) > 0,

because of (DS3).

Taking into account that Cy, is symmetric, any rectangle in [0, 1]? having vertices in more than one of the regions
considered may be decomposed into the union of a finite number of rectangles considered in the previous cases, one
sees that its C5X0 -volume is non-negative. This concludes the proof. [

Note that the requirement that the function f in the statement of Theorem 11 is increasing is satisfied by the sub-
diagonal sections at xo of many important copulas. We only mention W, II, M, the family of Frank copulas, all the
copulas introduced by Durante in [5], and hence in particular the family of Cuadras—Augé copulas. However, not every
copula has a sub-diagonal section at xo for which the above condition is satisfied. For instance, if C is the following
shuffle of M,

min{u, v}, if min{u, v} <

’

| =

C(u,v) = 1
max {5, u-+v— 1} , otherwise,

and x¢ = le’ then u — (Sf;;(u) — c‘SxCO(u — xp) is decreasing for u € [%, 5].

8. The set Qs and its bounds

Let us now turn to the second problem stated in Section 2. Given a sub-diagonal é,,, we have seen that the sets
ng() and ng() are not empty. Moreover, the following result, whose proof is immediate, can be stated.

Theorem 12. The sets Q(Sxo and ngo are both convex and compact, where compactness is meant in the sense of the
natural topology of these spaces, namely the topology of the L°°-norm, or, equivalently, of uniform convergence on
the unit square [0, 112

We now study the best-possible bounds for Q%.

Theorem 13. For xo €10, 1[ and a sub-diagonal §y,, the copula Bs,, defined by (19) is the smallest (quasi-)copula
whose sub-diagonal section at xo coincides with 8y, viz. B(;XO < Q for every quasi-copula Q in Q‘Sxo'

Proof. In the proof of Proposition 9 it has already been shown that Bs,, is a copula and, consequently, a quasi-copula,
and that the relationship Bs, € Cs, C Qs,, holds.

Let Q be any (quasi-)copula having 8y, as its sub-diagonal section at xo. Obviously, one has ng() (u,v) < Q(u,v)
at every point (u, v) that does not belong to S>(xp). Then, take (u, v) € S2(xo) and assume, first, that v > u — xp;
thus Bs,, (u,v) = (u — xg) — SAxO (t*), where t* is such that

8y () = min 8, (1).
telu—xop,v]
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We recall (see [13, Proposition 3]) that a quasi-copula satisfies inequality (1) whenever at least one of u, u’, v or v’ is
equal to either 0 or 1. This inequality for Q applied to the rectangle [u, * + xo] x [t*, 1] yields
0<t*+xo—u+Qu,t*) — Q™ +x0,t™) =1" — (u — x0) + Qu, 1) — 8, (t"),
so that
Bs, (u,v) = (u — xo) — Bxg (1%) = 83y (1%) = (1* = (u — x0)) < Q(u, 1*) < Q(u, v).

A similar argument holds when v < u — xq. This concludes the proof. [
Theorem 14. For xo €10, 1[ and a sub-diagonal 6y, the function G% from [0, 112 into [0, 1] defined by

min{u, v, My (1, v) = qx, (u, v)}, if (u,v) € Ty(xp),

min{m (u, v), M}, (1, v) — gxy (0, W)}, if (0, v) € Ty (x0), (@)

GSxO (u,v) = {
where m;O (u,v) = min{u — xg, v}, M)/CO (u,v) = max{u — xo, v}, and qy, is defined by (7), is a quasi-copula such
that its sub-diagonal section at xq coincides with 8,. Moreover Q < Gs,,» for every quasi-copula Q in ano'

We shall prove this theorem by recourse to a series of propositions and lemmata. But, before doing this, we note

that the function G5xo may be written in the equivalent manner

min{u, v — gy, (u, v)}, if (u,v) € Ty (xgp),

min{v, u — xo — qx,(u, v)}, if (u,v) € T (x0). (26)

Gaxo (M, U) = {
We first prove that ngo takes values only in the unit interval.

Lemma 15. For xo €10, 1[, for a sub-diagonal é,, and for all (u, v) € [0, 112,
My, (u, v) = gy, (u, v) > 0.

Proof. Choose (u, v) arbitrarily in [0, 1]* and set Gxy(u,v) = Sxo (#*) for some #* in [mxo (u, v), My, (u, v)]. From
(HD3) we get

o (1, V) = by (1) < 1% < My (u,v) < M}, (u, v),

namely the assertion. [J

Lemma 16. For xo € 10, 1[ and for a sub-diagonal é,, the function ngo defined by (25) satisfies, for everyu € [0, 1],
ngo (u,0) = G(;Xo O,u) =0 and ngo (u, 1) = Géxo(l» u) =u.

Proof. If (u, v) is in Ty (xp) and either u = 0 or v = 0, it follows immediately that G(SXO (u,0) = G5x0 O,v) =0
since M )’Co(u, V) — qx,(u, v) > O for arbitrary u and v as shown before. It remains to consider the case (u, v) € Ty (xo)
and v = 0, 1.e., u > xg and v = 0. Then it follows that m;o (u, 0) = 0, so that ngo (u,0) =0.

Next, take eitheru = 1 orv =1.If u = 1 and v > 1 — xg, then, from (26), Gﬁxo(l, V) = v — gy, (1,v) = v, since
qxo(1,v) =0.1f u = 1 and v < 1 — xo, then, from (26), Géxo(l’ v) = min{v, 1 — xo} = v.

Now assume that v < 1 — xg. Because of (HD3), we know that

Sy (1) <minfr, 1 —xg—t} <1 —x9—1

for every t € [v, 1 — xp] and, as a consequence, S xo(t) <1 —x0 — v or, equivalently, v < 1 —xp — S o (¢) for every
t € [v, 1 — xp]. Since the inequality holds for all # € [v, 1 — xp], it can be concluded that

v < 1 —x0—max{Se,(t) | 1 € [v,1 = x0]} = My, (1, v) — gy (1, v),

which also shows that in this case Gaxo (1, v) = min{v, My,(1,v) — gx,(1,v)} = v.
Next assume that v = 1. Then, for every choice of u, (u, 1) belongs to Ty (xp), and My (u,1) = 1 — xo, and
My, (u, 1) = max{0, u — xo} so that

Gaxo (u, 1) = min{u, 1 — max{ng(t) | t € [max{0, u — xo}, 1 — x0]}}.
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Consider first u > xo; then we also have m, (u, 1) = u—x. Because of (HD3), we again know that SXO (1) < 1—xp9—t
for every ¢t € [0, 1 — xo]. We can therefore conclude that, for all ¢ > u — xo,

Sxo(t) <l—xp—t<l—xp—(u—xp)=1—1u
or, equivalently, that u < 1 — Sxo (t) forall t € [u — xp, 1 — x0] and, in particular,
u <1 —max{8y, () | 1 € [u—xo, 1 —x0l},
so that G(;XO (u, 1) = u.
If u < xo, then my,(u, 1) = 0 and
1- max{SxO(t) |t €[0,1 —x0l} > 1—max{r|7e[0,1—xpl} +min{d,(¥) | t € [0, 1 — xo]}
=1—(1—x0)+8x0) =x0 = u;

thus finally also in this case GSXO (u,)=u. 0O

Proposition 17. For xo €10, 1[ and a sub-diagonal é,, the function Gs,, defined by (25) is increasing in each place
and satisfies the Lipschitz property (2).

Proof. In order to show the isotony and the Lipschitz property of Gs,, it suffices to prove that Gs,, is increasing and
Lipschitz separately on Ty (xg) and T7 (x¢). The proof for the other cases can be split into several steps dealing only
with the situations mentioned before and, then, by applying either basic summation or the triangle inequality. We shall
therefore distinguish four different cases and, for each case, prove that Gs,, is increasing and satisfies the Lipschitz

property.
Case 1: Let both (11, v) and (u3, v) be in Ty (xg) with uy < up,i.e., u; — xg < up — xo < v. Then

My, (u1, v) = max{0, u; — xo} < max{0, uz — xo} = my,(u2, v);
My, (1, v) = min{l — xo, v} = My, (u2, v).
Therefore, one has gy, (u1, v) > gy, (u2, v). Also recall that, for every point (u, v) € Ty (xo),
G% (u, v) = min{u, v — gy, (u, v)}.
We show first that, for every v, u G(;XO (u, v) is increasing. If ngo (up, v) = uo, then
Gs,, (U2, v) = Gs, (u1, v) = up —minfuy, v — g, (u1, V)} = uz —ug = 0.
If ngo (U2, v) = v — gy, (u2, v), then
Gs,, (u2,v) — Gg, (u1,v) = v —q(uz,v) —minfui, v — gx, (11, v)}
> U — gy (U2, V) — v + gy (11, v) 2 0.
Now we turn to the Lipschitz property. If Gs,, (U1, v) = uy, then
Gs,, (u2,v) = Gg, (u1,v) = minfuz, v — gy, (U2, V)} —up < uz —uy.
If GSXO (u1,v) =v — qx,(u1, v), then
G,y (u2,v) = G, (11, v) =V — gy (U2, V) = v 4 Gy (U1, V) = Gy (U1, V) — gy (U2, v);

thus it remains to show that g, (u1, v) — qx, (U2, v) < us —uy.
If gy (u1, v) = gy, (u2, v) there is nothing to prove; therefore, assume that gy, (u1, v) > gy, (u2, v), which in turn
means that m (42, v) > my,(u1, v) > 0and my,(u2, v) = us —xo. This also means that there exist 7’ and ¢” fulfilling

mxo(ula U) S t/ < mxo(u2’ U) S t// S Mxo(MZa U)
so that gy, (u1, v) = Sxo (¢") and gy, (u2, v) = Sxo (t""). Moreover Sxo " > SXO (1) forevery t € [my,(ua, v), My, (u2, v)],

in particular for t = my,(u2, v) = uz — xo, since gy, (u2, v) is the maximum of §,, on the same interval. Taking into
account that §, also is Lipschitz (see property (HD2)) one has

q)CO(ul’ U) - qxo(MZv 'U) = 8x0(t/) - 8X0(t//) S 8x0(t/) - 5)6() (u2 - XO)
<uy—x0—1t <up—x0—my(ur,v) <uz—xo— (U —xp) <up—up,
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which proves the assertion in this case.
Case 2: Let (u, v1) and (u, v2) belong to Ty (xg) with v; < va,i.e., u — x9 < v < vp. In this case we have

My, (u, v1) = max{0, u — xo} = my, (u, v2);

My, (u, v1) = min{l — xo, v1} < min{l — xg, v2} = My, (u, v2).

Therefore, one has gy, (1, v1) < gx,(u, v2) and, for all (u, v) in Ty (xo), ngo (u, v) = min{u, v — gy, (u, v)}.
For the isotony of G(sxo, let us first assume that G% (u, v3) = u; then

Gs,, (u,v2) — G, (u,v1) =u—Gs, (u,v)) Z2u—u=0.
If Gs, (1, v2) = V2 — Gy (u, v2), then

Gs,, (u,v2) = G, (U, V1) = V2 = Guo (1, 2) — (V1 = Gy (, V1)) = (V2 — V1) — (G (4, V2) — Gy (1, V1))
Therefore it suffices to prove that vo — vy > gy, (4, v2) — gx,(u, v1). This latter inequality is trivially fulfilled when
Gxo (U, V2) = gy, (u, v1). As in the previous case, if gy, (u, v2) > gy, (u, v1), then My, (u, v1) = v; < 1 — x¢ and there
exist ' and t” with my,(u, v1) <t < vy <t” < My, (u, v2) such that

Qo (1 12) = 83y (1) > (1) = Gy (u, 01).
Then

0 < G (1, V2) — Gy (1, V1) = 8 (1) — 82 (1)) < 81y (") — 8y (V1)
<t —v <My, 1) —v; < vy —v;

because of the Lipschitz property (HD2) of SXO and of the fact that gy, (u, v1) is the maximum of SXO on the interval

[mxo(u, Ul)v MXO(M, vl)]'
As for the Lipschitz property of Gs,,» if Gs,, (u,v1) = u, then clearly,

Gs,, (u,v2) = G, (u,v1) = Gs, (u,v2) —u <u—u=0=<wv—v.
For GSXO (u, v1) = v1 — qx,(u, v1) it follows that
G, (u, v2) — G, (u, v1) < V2 = Gy (1, V2) — (V1 = Gy (1, V1))
= v2 — V1 — (qxo (W, v2) — gxy(u, v1)) < V2 — vy,

since gy, (1, v2) — gy, (1, v1) > 0.
Case 3: Let (u1, v) and (uz, v) belong to Ty (xg), with uy < up,i.e., v <uj; — xo < uz — xo. In this case

My, (U1, v) = v = my,(u2, v);
Myy(u1,v) =up —xo < uz — x0 = My, (uz, v).

Therefore, one has gy, (41, v) < gx,(u2, v) and, for all (u, v) € Ty (xo), G(sxO (u, v) = min{v, u — x9 — gy, (, v)}.
For the isotony, if G‘Sxo (u2,v) = v, then G,gxo (up, v) — G% (ur,v) >v—v=0.1If G(gxo (up,v) = up — x9 —

qx, (U2, v), then

Gs,, (u2,v) — Gy, (U1, v) = uz — ut — (Gxy (U2, V) — gxo (U1, v)).
If gy, (U2, v) = qx,(u1, v), it is immediate that ngo (o, v) — G(;XO (u1,v) > 0. For the case gy, (u2, v) > gy, (u1, v),
there are necessarily ¢’ and #” such that v < t' < u; — x9 < t” < up — x¢ and, moreover, gy, (u2, v) = <§x0 (t") and
Gxo (U1, v) = SXO (t"). By an argument analogous to that of the previous case, we can conclude that

Gy (2, V) = g (U1, v) = 8y (1) = b (1) < 81, (t") — 8y (1 — x0)

<t" — (u1 —x0) < up —x0— (U1 —x0) = uz — uy,

so that indeed G% is increasing in its first argument on 77 (xp).

For the Lipschitz property, if Gs,, (u1,v) = v, then

Gs,,(u2,v) = Gs, (u,v) <v—v=0=<uy —uy.
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If G(;xo (1, v) =uy — x0 — gx, (U1, v), then
Gs,, (u2,v) = Gy, (u1,v) < uz —ut — (Guy (2, V) — gxo (U1, v)) < uz —uj.

Case 4: Finally, let (u, v1) and (u, v2) be in T7 (xg), with v; < vy, i.e., v < vy < u — x¢. In this case
My, (U, 1) =v1 < v2 =my,(u,v2) and My, (u, v1) = u — xg = My (u, v2).

Therefore, one has gy, (u, vi) > gx,(u, v2). Moreover, if gy, (u, vi) > gx,(u, v2), then there exist ¢ and t” with
v <t < vy <t <u— xgsuch that gy, (u, v1) = 8x,(t") and gy, (u, v2) = 8x,(t"). An argument analogous to those
of the previous cases again yields

0 < Gy (1, V1) — g (1, V2) = 8y (1) — 83y (1) < 8y (1) — 83 (v2) <2 —1' < w3 —vy.

Notice that, for all (u, v) € T (xg), Géxo (u, v) = min{v, u — x9 — gy, (u, v)}.
For the isotony, if G‘Sm (u, v3) = vy, then G(;XO (u, vn) — G(gxo (u,v1) = vy — v1 > 0. Otherwise, G(;XO (u, vp) —

Gs, (U, v1) > qxy(u, v1) — gy, (U, v2) > 0.
I&S for the Lipschitz property, if ngo (u,v1) = u — x0 — qx,(u, v1), then

Gs,, (u, v2) = G, (u, V1) < gy (u, V1) = Gxo(, 2) < V2 — V1.
Otherwise, Gﬁxo (u, ) — GsXO (u, v1) < v — v; follows immediately.

In conclusion, in all the cases, we are able to show that Gs,, is increasing and satisfies the Lipschitz property. [
Lemma 18. Let xq be in 10, 1] and let 8y, be a sub-diagonal. Then the sub-diagonal section at xq of the quasi-copula
Gs,, defined by (25) equals éx,, i.e., Gs, € Qs,, -

Proof. Let 7 be in [0, 1 — xg]. Then

My (t + X0, 1) = m)y (t + X0, 1) =t = Myy(t + x0,1) = My (¢ + x0,1).
As a consequence, gy, (f + xp, 1) = Sxo (t) =1 — 8y, (¢) and

Gs,, (1 +x0, 1) = min{r, 1 — (t — 8x,(1))} = minft, 8y, (1)} = 85, (1),

which proves the assertion. [

Proposition 19. For a given xo €10, 1[ and a given sub-diagonal §y,, Gs,, is the largest quasi-copula whose sub-
diagonal section at xo coincides with 8x,, namely, Q < G, for every Q € Qs, .

Proof. Let Q be a quasi-copula in Q%. For (u,v) € [0, 11? consider the following two cases. Assume first that
(u, v) € Ty (xg),i.e., v > u — xg. In this case

Gs,, (u, v) = minfu, v — gy, (u, V)};

qx, (4, v) = max {Sxo(t) |t € [mxo(u, v), My, (u, v)]} ;
My, (u, v) = max{0, u — xo};

My, (u, v) = min{l — xo, v}.

Since Q(u,v) < min{u, v}, it remains to prove that Q(u,v) < v — gy,(u,v). For every t € [max{0,u — xo},
min{1 — xg, v}], the Lipschitz property yields

Ow,v) — Q(u,t) <v—t orequivalently, Q(u,v) <v—1t+ Q(u,t).
Since a quasi-copula is increasing,
Qu.v) Sv—1+Qu.1) Sv—1+ Qo +1,0)=v— 148, (1) = v =5y (1)

forall r € [me (u,v), My, (u, v)], and, hence,

O(u,v) <v—max {Sxo(t) |t € [mxo(u, v), My, (u, v)]} =V — gy, (u, v).

Combining both the inequalities leads to Q(u, v) < ngo (u, v).
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Assume, now, that (4, v) € Tr(xp), and, thus, v < u — x¢. Since Q(u,v) < min{u, v} < v, only Q(u,v) <
U — X0 — qx,(u, v) has to be shown.

As in the previous case, the Lipschitz property and the isotony of Q yield, for every t € [m xo (U, v), My, (u, v)] =
[v, u — xol,

Q(u,v) <u—(t+x0)+ Q(t+x0,v) <u—xo—1t+ Q( +x0,1)
=u—x0— 1+ 8(t) =u—xp— 8y(1).

Therefore, Q(u,v) < u — xog — max{éx()(t) |t €[v,u—x0l} =u— x0— gy (u,v),sothat Q(u,v) < G‘Sxo (u,v),
which concludes the proof. [

The following examples show that, on the one hand, G(gxo is, in general, a proper quasi-copula, and, on the other
hand, that it is the largest possible quasi-copula with a given sub-diagonal section at xg.
8@ =
0.3 -t + 2, whence Sg (1) = 0.7 - t — 1. After an easy calculation, one sees that the ng() -volume of the square
[0.55, 0.65] x [0.25, 0.35] equals

Example 6. Take xo = 0.3 and consider the sub-diagonal section at 0.3 of the independence copula I

0.25,0.35
A0.55,0,65(G510) =-0.1 <0.

Example 7. For xo €]0, 1[, consider the largest sub-diagonal, 6,,(¢) = ¢, which is the sub-diagonal section at xo of
the copula M. Then SXO (t) = 0 and gy, (u, v) = 0. Therefore,

_ Jmin{u, v}, if (u, v) € Ty (xo),
@MW”‘mem—mhiumwenum
however, if (u,v) € Tr(xgp), then min{v,u — x9} = v = min{u, v}. Therefore, ngo (u,v) = M(u,v) for all
u,v e |0,1].

9. Comparison with diagonal copulas

What we have presented in the previous sections ought to be compared with the work of Fredricks and Nelsen [10,
11], who introduced the notion of diagonal copula, namely of a copula with a given diagonal section. Since the sub-
diagonal section at x( coincides with the diagonal section when xo = 0, namely o = §, one can prove the following
result.

Theorem 20. (a) If Bg‘XO is the quasi-copula given in Proposition 9, then, for all (u, v) in [0, 112,

lim B (u,v) = min{u, v} — min{t — 8(¢) | t € [min{u, v}, max{u, v}1}, 27
x0—>0 *0

namely the Bertino copula.

(b) If CSXO is the copula given by (22), then, for all (u, v) in [0, 1]?,

lim Cs,_ (4, v) = min {u, v, l 6(u) + 8(1}))} . (28)
x0—0 0 2

Proof. Since every (quasi-)copula satisfies the same boundary conditions, in either case, one may consider only
points (u, v) of the open unit square |0, 1[2. But then, every such point (u, v) belongs to the set ]0, 1[2 \ D(xp),
when xp is small enough, precisely, when x9p < minf{u, v}; thus, since every (quasi-)copula is continuous, one
has

lim B; (u,v) = lim (g, v) = min {8,0) | £ € [ (u, v), My, 0)]})

XQ—)O 0 x0—>0

= min{u, v} — min{t — §(¢) | t € [min{u, v}, max{u, v}]},
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and

x0—0 x0—0

1
lim ngo (u,v) = lim min {u, v, Ay, (u, v)} = min {u, v, 3 6(u) + 8(1)))} ,

which proves the assertion. [

The limits as xg tends to O of the quasi-copula Bg;o and of the copula Cs,, are respectively equal to the smallest
and the largest copula having § as their diagonal section.

For the quasi-copulas of Section 6, one has respectively

x0—0

1 1
lim K:{XO (u, v) = min {u, v, 5 S(min{u, v}) + > §(max{u, v})} = Ks(u, v),

and
lim0 A§X0 (u, v) = min {u, v, min{u, v} — max{r — §(¢) | t € [min{u, v}, max{u, v}]}}
xXo—>

= As(u, v).
Finally, for the largest quasi-copula in Qy,, one has

lim Gs,, (. v) = As(u,v).

X0—>

Notice that the limit as xg tends to O of the quasi-copula K;‘xo is again the diagonal copula C of Fredricks and
Nelsen. On the other hand A§XO defines a proper quasi-copula that also has d,, as its diagonal section.
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1. Introduction

Aggregation is an important tool in any discipline where the fusion of different pieces of information is of interest. Aggre-
gation functions take arbitrarily but finitely many inputs from the unit interval and map them to a representative value in
the unit interval [1,3,4,23]. As such they are successfully applied in, e.g., multicriteria decision making where each alterna-
tive is evaluated with respect to a fixed set of criteria, each of the single scores expressed by a number from the unit interval,
and finally being aggregated to a global score of the alternative [13]. Similar approaches can be found in the fields of pref-
erence modelling [10] or utility theory [6]. Further applications comprise, but are clearly not limited to, computer-assisted
assessment [18] and flexible database queries [2]. Particular classes of binary aggregation functions have been investigated
in the framework of many-valued logics [11,12] or probability distribution functions, in particular copulas [16].

In this contribution we focus on the class of 2-increasing binary aggregation functions and their representations [7]. The
most prominent and most studied examples thereof are copulas [16], whose importance in statistics and probability theory
is well-known, but which also attracted attention from the fields of aggregation [8]. Further synonyms for the 2-increasing
property are the property of supermodularity [17], quasi-monotonicity or lattice superadditivity [14] indicating that 2-
increasing functions are of interest also in other fields related to pure and applied mathematics, like the theory of majoriza-
tion [14], especially stochastic orders [15,20], capacities [5], and several other problems arising in economics [17,22].

The idea of our investigation originated from the celebrated Sklar’s theorem [21], which allows to represent every bivariate
probability distribution function F : R* — [0,1] in the form F(x,y) = C(F;(x), F2(y)), where

e F; and F; are the upper margins of F, obtained as limits of F(x;,x,) when x; tends to +oo fori=1,2,
e Cisacopula, i.e., a bivariate distribution function on [0,1]* whose univariate marginal distribution functions are uniformly
distributed on [0,1].

* Corresponding author. Tel.: +43 70/2468 9195; fax: +43 70/2468 1351.
E-mail addresses: fabrizio.durante@jku.at (F. Durante), susanne.saminger-platz@jku.at (S. Saminger-Platz), peter.sarkoci@jku.at, peter.sarkoci@gmail.-
com (P. Sarkoci).

0020-0255/$ - see front matter © 2008 Elsevier Inc. All rights reserved.
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Along the same lines of thoughts we investigate whether it is possible to use copulas also for the representation of arbi-
trary, not necessarily (right- or left-) continuous 2-increasing aggregation functions in terms of all their margins, i.e., by
allowing also their lower margins to be taken into account.

Basic preliminaries and facts about 2-increasing aggregation functions are summarized in Section 2. Section 3 is devoted
to the representation of 2-increasing aggregation functions with given upper margins. Section 4 provides another represen-
tation result when both lower as well as upper margins are given.

2. Preliminaries

Let us recall some basic notions that we will use in the sequel.
Definition 1. A (binary) aggregation function is a function A : [0, 1]2 — [0, 1] satisfying the following properties:

(i) A(0,0) =0 and A(1,1) =1,
(ii) A(X1,y;) < A(X2,Y,) for all x1,x, € [0,1] and for all y,,y, € [0, 1] with x; < x, and y; < y,.

The class of all aggregation functions will be denoted by .«7.
Definition 2. An aggregation function A is 2-increasing if, for every rectangle R C[0,1]%, R = [x;,x] x [y;,¥,] with
X1,X2,¥Y1,Y2 € [0, 1], X1 <X, and y; <5,
Va(R) := A(X1,31) + A(X2,¥,) — A(X1,¥,) — AlX2,1) = 0. (1)
The class of all 2-increasing aggregation functions will be abbreviated by .«7;.
Note that the value V4(R) is often referred to as the A-volume of R.

Definition 3. A 2-increasing aggregation function C: [0,1]2 — [0,1] is called a copula if it has neutral element 1, i.e.,
C(x,1) = C(1,x) = x for all x € [0, 1]. We will denote the set of all copulas by %.

Note that every copula C also has annihilator 0, i.e., C(x,0) = C(0,x) = O for every x € [0, 1]. Moreover, for every copula C
and for every (x,y) € [0,1]%, we have

Ti(x,y) = max(x +y - 1,0) < C(x,y) < min(x,y) = Tm(x,y). (2)
Both, Ty and Ty, are copulas, also referred to as the Fréchet—Hoeffding bounds.

Definition 4. Given some A € /5, the margins of A are the functions hg, h?, vA, and v} from [0,1] to [0,1] defined
by

hy(x) == A(x,0), hj(x) :=Ax,1),
vo(y) =A0.y), vi(y):=A(1y).
We shall refer to h? and v4 as upper margins, and h) and v4 as lower margins.

Vice versa, we introduce a set of margins as a set of four increasing functions that are admissible for serving as a set of
margins of some aggregation function A € .o7;.

Definition 5. A set M = {hg, hy,vo,v1} where h; : [0,1] — [0,1] and v; : [0,1] — [0, 1], i = 1,2, is called a set of margins if the
following conditions are fulfilled:
(M1) ho(0) = vo(0), ho(1) = v1(0), h1(0) = vo(1), h1 (1) = v4(1),
(M2) for all ¥ > x with X', x € [0,1] and for all y’ > y with y’,y € [0,1],
hi (%) + ho(x) > hi(x) + ho(X'),
vi(y)) +vo(y) = vi(y) + vo(¥).
A few properties of a set of margins can be immediately derived: because of (M2) it holds that
hi(x') = ho(X') = hi(x) —ho(x), vi(y') —=vo(¥') = v1(y) — Vo(¥)

forall ¥ > xand y’ > y, expressing the fact that the functions (h; — hy) and (v; — Vo) are increasing. Therefore, it also holds
that, for all x € [0,1], and for all y € [0, 1]

hi(1) = ho(1) = hi(x) — ho(x) = h1(0) — ho(0) = vo(1) — vo(0)
vi(1) =vo(1) = vi(y) = vo(y) = v1(0) — vo(0) = ho(1) — ho(0) >

A\
WV

)

0
0.
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As a consequence we can conclude that for all x and y in [0,1]

h] (X)
v1(y)

\YAR\

ho(x) 4 h1(0) — ho(0) = ho(x) + vo(1) — vo(0) = ho(x),
Vo(¥) +v1(0) = vo(0) = vo(y) + ho(1) — ho(0) = vo(y).

Clearly, the margins of any A € .«/, form a set of margins. The set of all 2-increasing aggregation functions coinciding on a
given set of margins M = {hg, h1,vo,v1} will be denoted by /¥, i.e.,

J?IZM = {A S szz‘hg = ho,h? = h]ﬂ/é IV(],V';\ :V1}.
Further, note that % = .«*'*%% ¢ oz, with 0:[0,1] — [0,1], 0(x) = 0 and id : [0,1] — [0, 1], id(x) = x.

Definition 6. A function A : [0,1]> — [0, 1] is modular if the A-volume of each sub-rectangle of the unit square vanishes, i.e.,
Va(R) = 0 for all rectangles R C [0,1]%.

Clearly, modular aggregation functions form a proper subclass of .«#,. These functions are known to have a simple repre-
sentation [7, Proposition 3.6] as the following proposition shows.

Proposition 7. Let A € .«75. Then A is modular if and only if A(x,y) = hf)‘(x) +VAWY) = h’?(x) +vA(y) — 1 holds for all x,y in [0,1].

In view of the last result, every modular aggregation function can be represented by means of its upper as well as lower
margins. Therefore, the case of modular aggregation functions will not be treated in the sequel.

3. 2-Increasing aggregation functions with given upper margins
First, let us note that, by means of some copula C and some functions f : [0,1] — [0,1] and g : [0,1] — [0, 1], we can con-
struct 2-increasing aggregation functions such that their upper margins coincide with f and g.

Proposition 8. Consider a copula C and two increasing functions f,g:[0,1] — [0,1] such that f(1)=g(1)=1 and
C(f(0),g(0)) = 0. Then the function Ac s : [0, 1)? — [0, 1] defined by

Acg(%,y) = C(f(x),8())
is a 2-increasing aggregation function. Moreover, f and g are the upper margins of Ac s g), h?c'“'g'“ =f and v?c’“'gl =g

Proof. Since C as well as f and g are increasing, Ac ) is increasing. Moreover, since C is 2-increasing, it is easy to prove that
Ac sg) is 2-increasing. Further, Ac 54 (0,0) = C(f(0),g(0)) = 0 and Ac ¢ (1,1) = C(f(1),g(1)) = 1. Finally, it follows that

9 (X) = Acrg (% 1) = C(F(x),8(1)) = C(F(x).1) = f(x),
v?c.(fg) V) =Acsg(1.y) = C(f(1),2(y) = C(1.2(y)) = &),
forallx,y € [0,1]. O

Proposition 8 illustrates that, for given functions f and g, the choice of the copula C involved is not arbitrary, but restricted
by the values of fand g at 0. However, when either f(0) = 0 or g(0) = 0, every copula C will lead to a 2-increasing aggregation
function, because C(f(0),g(0)) = 0 is obviously fulfilled.

Corollary 9. Consider two increasing functions f,g : [0,1] — [0, 1] such that f(1) = g(1) = 1 and f(0) = 0 or g(0) = 0. Then for
every copula C,

Acirg(x,y) = C(f(x),8())
is a 2-increasing aggregation function such that h?f o —f, v?“‘fg) =g

More interestingly, every 2-increasing aggregation function, can be represented by means of a suitable copula and its
upper margins only.

Theorem 10. Let A be a 2-increasing aggregation function, then there exists a copula C such that A(x,y) = C (h’;‘ (x),vi(y)) for all
x,y €[0,1].

Before proving this theorem, we need some preliminary results. First, we notice that, for any aggregation function A, it
follows immediately that all its margins hj, h?, v4, v are increasing. Hence, for every s € Ran(h}) and every t € Ran(v%),
the (non-empty) sets

(h) "' ({s}) == {x € [0, 1] | H{(x) = s},
V) = {y € [0,1] | Vi(y) = 1},

form intervals. Since they neither need to be open nor closed, their suprema, denoted by s*, t*, and their infima, denoted by
s.,t,, need not be contained in the corresponding sets, however, surely does their arithmetic mean, i.e,



F. Durante et al./Information Sciences 178 (2008) 4534-4541 4537
1. +s)e ) '({s)) and 1(t.+t)e () '({t}). Therefore, we can define two functions (h})":Ran(h}) — [0,1],
(v{)" : Ran(v}) — [0,1] by

(5. +57),  (VD(t) :== = (t. + 7).

N —
N[ —

(h})'(s) =

Lemma 11. Let A be a 2-increasing aggregation function. For arbitrary s € Ran(h’;‘) and t € Ran(v4), denote by s’ = (h/f)*(s) and
t' = (v{)*(t). Then, it holds that

Ax.y) =A(s,t)
for all (x.y) € (h)™" ({s}) x (v}) " ({t})-

Proof. We know that s',t’' € [0, 1] and, moreover, that they fulfill h’? (sy =sand v{(t') = t. If s’ and t’ are unique, then there is
nothing further to prove. Therefore, without loss of generality, we first assume that y = t’ and that there exist x;,x; € [0, 1]
with x; < x, and h’: (1) = h’l‘ (x2) = s. Since A is 2-increasing we know that

Va([x,%2) % [0, 1)) = A(x2, 1) — Ax1, 1) + A(x1, t') — A(xz, ) = hj(x2) — B} (x1) + A(x1, 1) — A%z, 1)
— AL E) — A, t) > 0.

Because A is increasing, A(x;,t') = A(x', t). Similar arguments can be applied when x = s’ and y, < y, with v{(y,) = v}(,). As
a consequence, for all (x,y) e (h})"'({s}) x (v"})"'({t}) we obtain that A(x,y) = A(x,t') = A(s,t'), which concludes the
proof. OJ

Proof (Proof of Theorem 10). Let A be a 2-increasing aggregation function with upper margins h; := h’f and vy := v4. Then h;
and v; are both increasing and fulfill h;(1) =v4(1) = 1.

Define the sets S:=Ran(h;) U {0} and T := Ran(v;) U{0}; both are subsets of [0,1] and contain 0 as well as 1. We
introduce a function C' : S; x S, — [0,1] by

Cls.t) = {A(h’{ (s),vi(t)) if (s,t) € Ran(hy) x Ran(vy),

0 otherwise.
Because of Lemma 11, C’ is well-defined.
Let us now look at the properties of C'. It can be easily seen that DomC’ =S x T. Further, if 0 ¢ ¢¢ ¢ Ran(h;) (resp.
0 ¢ ¢Ran(vy)), then C'(0,t) = 0 (resp. C'(s,0) = 0). If 0 € Ran(h;) (resp. 0 € Ran(vy)), then h;(0) = 0 (resp. v;(0) = 0) and
A(0,y) = 0 (resp. A(x,0) = 0) for all y (resp. x) in [0, 1]. Therefore, C'(0,t) = A(0, vi(t)) = 0 (resp. C'(s,0) = A(hj(s),0) = 0). As a
consequence, forallseSand all t €T,

C'(s,0) = C'(0,t) = 0.

(3)

Moreover, for all s € S and for all t € T,
C'(s,1) = A(hi(s),1) = hy o hi(s) =S5,
C'(1,t) = A(1,vi(t)) = v o Vi(t) = L.

Since A is 2-increasing, it follows that Vi ([s1,s2] x [t1,t2]) = 0 for all 51,5, € S, 51 <5, and for all t1,t, €T, t; < .

In case 0 ¢ Ran(h;) NRan(vy), forall sy,s; € Sand t1,t; € T, V- ([0, 2] x [t1,t2]) = 0and V([s1,52] x [0,t3]) = Obecause hy
and v; are increasing. The function C' is a subcopula [19, Definition 6.2.2]. Moreover, it holds that for all
(s,t) € Ran(hy) x Ran(vy), C'(s,t) = A(hj(s),v;(t)) or equivalently, for all (x,y) € [0, 1%, A(x,y) = C'(hy (x),v1(¥)).

It is known that, for every subcopula C’ there exists a copula C coinciding with C' on DomC’ [19, Theorem 6.2.6]. Thus
there exists a copula C fulfilling

Ax,y) = C(hi(x),v1(¥))
forall x,y in [0,1]. O

Note that the proof of Theorem 10 adopts in essence the same ideas as that of Sklar’s theorem. However, while Sklar’s
theorem was formulated for distribution functions which are left-continuous (or right-continuous), we have proven the
analogous result for 2-increasing aggregation functions which need neither be left- nor right-continuous, and, hence, we
have been forced to do several modifications in our proof, especially related to the definition of the functions (h})* and (v4)".

Since every copula is continuous, we can state the following corollary.

Corollary 12. Let A be a 2-increasing aggregation function. Then A is jointly continuous on [0, 1% if and only if its margins h’? and
v4 are continuous.

Note that, given A € .«Z,, the copula C from Theorem 10 is uniquely determined just on Ran(h}) x Ran(v*), and, hence, dif-
ferent copulas may represent the same aggregation function A, even if A is continuous, as the following example illustrates.



4538 F. Durante et al./Information Sciences 178 (2008) 4534-4541

Example 13. Consider the 2-increasing aggregation function

Ax,y) = 411 max(3x + 3y — 2,0).

Its upper margins hﬁ‘, v} can be easily computed as h’f(x) = v4(x) = 1(1 + 3x). For the sake of simplicity we will denote
h := h} = v4. Then
A(x,y) = T(h(x), h(y)) = max(h(x) + h(y) - 1,0),
but also A(x,y) = C*(h(x), h(y)) with C* being the copula given by
min (s,t —3), if (s,t) € [0,4] x [3,1],
C'(s,t) =< min(s—3,t), if (s,t) e [3,1] x [0,1],
Ti(s,t), otherwise.

In particular, C” is the largest and T is the smallest possible copula such that A(x,y) = C(h(x), h(y)) for some copula C. Note
that for all (s,t) € [},1] x [§,1] it holds that C"(s,t) = Ty (s, ).

The uniqueness of the copula prescribed by Theorem 10 can be obtained for continuous aggregation functions with anni-
hilator 0.

Corollary 14. Let A be a continuous 2-increasing aggregation function with annihilator 0, then there exists a unique copula C such
that

Ax.y) = C(Hi(x).vi(y)
forallx,y €[0,1].
Proof. We know already that there exists a copula C. Since A has annihilator 0 it follows that h’(0) = v4(0) = 0 and since A is

continuous also hf and v4 are continuous, therefore Ran(h}) = Ran(v4) = [0,1]. As a consequence C’ defined by Eq. (3) is
uniquely defined on Ran(h}) x Ran(v4) = [0,1]>. O

The representation given by Theorem 10 allows us to provide in an easy way pointwise upper and lower bounds of the set
of all 2-increasing aggregation functions with the same upper margins.

Proposition 15. For every A € .o/, with upper margins hﬁ‘ and v{, we have

Ar, o (%.Y) = max(h(x) + vi(y) — 1,0) SA(x,y) < min(H}(0), Vi) = A, .

Proof. The result follows immediately from Theorem 10 by considering the inequalities (2) for copulas. O
Notice that, Ar, vy € T2, whereas Aty i) 4 15 MOT necessarily an aggregation function since Ary.i)(0,0) might be dif-
ferent from O.

4. Aggregation functions with given lower and upper margins

Next we consider the set of aggregation functions having prescribed upper and lower margins and we represent every 2-
increasing aggregation function by means of a suitable copula and all its margins.
Lemma 16. Consider an aggregation function A such that /. := V4([0, 1]2) > 0. Then the function A" : [0, 1]2 — R defined by

SAXY) — ¢ (1) + ) @)

is a 2-increasing aggregation function with annihilator 0 if and only if A is 2-increasing.

A () = S Va(0.6] x 0.y) =

2

Proof. By definition, the function (x, y)»—»%(hg(x) +VA(y)) is modular. Therefore, for any rectangle R C [0,1]* we have
Vv (R) =1VA(R). As a consequence, A" is 2-increasing if and only if A is so.

Further, note that A”(x,y) has annihilator 0 and AY(1,1) = 1, regardless of further properties of A; this follows directly
from (4).

Finally, assuming that A is 2-increasing, we have to prove that A" is an aggregation function. First note that A" is 2-
increasing as well. Moreover, 2-increasing binary operations on [0, 1] with annihilator O are also increasing in each variable

[16, Lemma 2.1.4], and so A" is. O

Theorem 17. Let A be a 2-increasing aggregation function with margins My = {hﬁhﬁvﬁ,v’f} such that
2a = Va([0,1] x [0,1]) > 0. Then there exists a copula C such that

A%.Y) = 2aC(91(X), 9, ()) + g (X) + V5 (1) ()
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with

012 10.11= 0.1, ¢y(x):= (%) ~ H(x) — K (0)),
0221011~ 011, ¢,(9) = - () ~ Vi) — Vi)

A
Proof. Let A be a 2-increasing aggregation function with a set of margins MA:{hg,h?,vé,vq‘} such that

m, = 4a = Va([0,1] x [0,1]) > 0. Then, because of Lemma 16, A defined by (4) is a 2-increasing aggregation function with
annihilator 0. Because of Theorem 10 there exists a copula C such that

A (x,y) = C(HY (%), (),

where
00 = - (040 — B0 — 1(0)) = - Va([0. x 0.1)
v ) = - 04) ~ va) = Vi) = V(10,11 x 0.3
Therefore,

Va([0,x] x [0,1]) Va([0,1] x [0,¥])

AX,Y) = A" (x,y) + hy (%) + VA(x) = AAC( - 7
A A

)+ o -+ v,

which concludes the proof. O

Given a 2-increasing aggregation function A, we can associate two copulas C; and C, to A which are determined respec-
tively by Theorems 10 and 17. When A has annihilator 0, C; = C;; otherwise, these two copulas can be different.

Example 18. Let A be the 2-increasing aggregation function given by

2
A(x7y) — M

having margins hj(x) = vA(x) = Xand i (x) = vi(x) = @, with 2, = 1. Then A can be represented in the form
Ax.y) = Ci(hy(x), ¥} (v),
where C; is the copula defined by C; (x,y) = (max(v/x + /y — 1,0))*. On the other hand, A can be also represented in the form
AX,Y) = 7aCa (@1 (X), 2(v)) + Hg(x) + V),
where C,(x,y) = xy and
1(x) = 2(H(x) = g (x) — h7(0)) = VA&,
P2() = 2(M{(y) = vo(y) = v4(0)) = V.
Observe that Theorem 17 also suggests a way how to construct 2-increasing aggregation functions starting from a suit-
able set of margins.
Proposition 19. Let M = {hy, hy,vo,Vv1} be a set of margins such that hy(0) = vo(0) =0, h;(1) =v¢(1) =1, and
Iy i=h1(1) = ho(1) = h1(0) = v1(1) — vo(1) — v1(0) > 0.
Then, for every copula C, the function A : [0,1)*> — [0, 1] defined by
A (%) = i C(@1 (%), @2(v)) + ho(x) + Vo(y) (6)
with
1
®1:00,1] = [0,1],  @y(x):= m(hl(X) = ho(x) — h1(0)),
1
P21 0] = [0.1], @, () =7 (V1(y) = Voy) =1 (0)),

is a 2-increasing aggregation function. Moreover, A € o).

Proof. Let M = {ho, hy,vo, v1} be a set of margins such that hy(0) = vo(0) =0, h1(1) =v4(1) = 1, and 4y > 0. Because of prop-
erty (M2) it follows that for all X = x and all y’ > y,
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hi(x') — ho(X) = hi(x) — ho(x) > hi(0),
vi(y) —vo(y) = vi(y) — vo(¥) = v1(0),

and hence ¢, and @, are increasing functions. Moreover, they fulfill ¢,(1) = ¢,(1) = 1 and ¢,(0) = ¢,(0) = 0. Therefore, the
function A : [0,1]*> — [0, 1] given by (6) is increasing in each place, since 4y > 0 and C as well as all margins are increasing.
Moreover, A fulfills A(0,0) = ho(0) + vo(0) = 0 and A°(1,1) = iy + ho(1) +vo(1) = 1, i.e,, A is an aggregation function.
Since C is 2-increasing, it follows that A is also 2-increasing. Finally,

A(x,0) = ho(X) + vo(0) = ho(x),
AS(x, 1) = A, (X) + ho(x) + vo(1)
= hy(x) — ho(x) — h1(0) + ho(x) + h1(0) = hy(x),
AS(0,y) = vo(y),
AS(1,y) = I, (y) + ho(1) + Vo(y) = V1 (y),
ie,ASe. Y. O

= =
= =

The upper and the lower bounds of a class of 2-increasing aggregation functions with given margins were obtained by
Durante et al. [7]. Thanks to Theorem 17 this result can be proven in an easier way.

Proposition 20. Let A be a 2-increasing aggregation function with margins M = {hg, h'?, v, v{} such that 24 := Va([0, 1) > 0.
Then the functions A., A* from [0, 1}2 to [0,1], defined by

A.(x,y) = max(hy(x) + va(y), b} (x) + vVi(y) - 1),
A’ (x,y) := min(h] (x) + Vi(y) — h}(0), hg(x) + v} (y) — hg(1)),

for all x,y € [0,1], are 2-increasing aggregation functions in .</¥. Further, for every Ac Y it holds that, for all x,y € [0,1],

A (x.y) <AXY) <A(XY). (7)

Proof. The operations A., A" are 2-increasing aggregation functions in =/} because they can be represented by (5) for C = Ty
and C = Ty, respectively. The bounds (7) are a consequence of Theorem 17 and the inequalities (2). O

5. Concluding remarks

We have discussed the representation of a 2-increasing binary aggregation function in terms of its upper margins as well
as its upper and lower margins. These representations are essentially based on copulas, which have also been used for pro-
viding upper and lower bounds for classes of aggregation functions with common upper (and lower) margins.

In the forthcoming manuscript [9], the authors have used the presented results for obtaining new constructions of bivar-
iate copulas by means of the so-called rectangular patchwork. These methods have been in particular applied for building
statistical models with different dependencies in the tails of the distributions.

The extension of the presented results to the case of n-dimensional aggregation functions, n > 2, with additional prop-
erties like supermodularity or n-increasingness (which are equivalent properties just for n = 2) are clearly of interest. In this
context, the most challenging problem might be the representation of an n-ary aggregation function by means of its (n — 1)-
dimensional margins, similar to the compatibility problem posed for copulas [19].
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Abstract

We present a method for constructing bivariate copulas by changing the val-
ues that a given copula assumes on some subrectangles of the unit square.
Some applications of this method are discussed, especially in relation to the
construction of copulas with different tail dependencies.
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1 Introduction

Copulas are functions that join bivariate distribution functions (=d.f.’s) with their univari-
ate marginal d.f’s (see (Joe, 1997) and (Nelsen, 2006) for a thorough exposition). In
fact, according to Sklar’s theorem (Sklar, 1959), for each random vector (X, Y") there is
a copula Cx y (uniquely defined whenever X and Y are continuous) such that the joint
distribution function F'x y of (X,Y") may be represented, for all z,y € R, in the form

Fxy(z,y) = Cxy(Fx (), Fy (y)),

where F'y and Fy are the d.f.’s of X and Y, respectively. Relevant applications of this fact
are provided, for instance, in finance (see (Cherubini et al., 2004), (McNeil et al., 2005)
and (Malevergne and Sornette, 2006)) and in hydrology (see (Salvadori et al., 2007)).

Specifically, a (bivariate) copula is a function C': [0,1]2 — [0,1] that satisfies the
following properties:

(C1) C(x,0) =C(0,2) =0 forall z € [0,1];

(C2) C(x,1)=C(1,x) =z forallz € [0,1];



(C3) forallz, 2/, y,y in [0,1] withz < 2/ and y < ¥/,
Vo(lz, 2] x [y,y]) = C(@',y) — C(2,y) - C(a',y) + Clz,y) = 0.

Conditions (C1) and (C2) express the boundary properties of a copula C, (C3) is the 2-
increasing property of C, and Vo ([z, 2] X [y, y']) is called the C-volume of the rectangle
[z,2'] x [y,y']. Classical examples of copulas are M (x,y) = min(z,y), W(z,y) =
max(z + y — 1,0) and II(x,y) = zy, expressing, respectively, comonotone, counter-
monotone and independence among two random variables.

In the recent literature, several researchers have focused their attention on new meth-
ods for constructing families of bivariate copulas with desirable properties and a stochas-
tic interpretation. Some of these constructions are obtained by determining the value of a
copula on some subsets of the unit square, like diagonals (see the book by Nelsen (2006)
and recent papers by Durante et al. (2006, 2007a, 2008b), Durante and Jaworski (2008),
Erdely and Gonzéles-Barrios (2006), Klement and Kolesarova (2007), Nelsen et al. (2008),
Quesada-Molina et al. (2008)), horizontal and vertical sections (Klement et al. (2007),
Durante et al. (2007b)), rectangles (see the ordinal sum construction of copulas (Nelsen,
2006), De Baets and De Meyer (2007), Siburg and Stoimenov (2007)). Along these lines
of investigations, we aim at presenting the so-called “rectangular patchwork™ construc-
tion, which provides a general frame for all the constructions based on the redefinition of
a known copula on some rectangles in the unit square.

The presented method will be, in particular, applied to the construction of copulas
with a variety of tail dependencies (see (Joe, 1997) and (Zhang, 2008)). Specifically,
we propose a method for constructing copulas with different tail dependencies on the four
corners of the unit square. As stressed by Embrechts et al. (2008), this kind of information
may be used to determine the sub- or super-additivity of quantile-based risk measures like
value-at-risk (see also (McNeil et al., 2005)).

Other two possible applications of the rectangular patchwork include the construction
of copulas with given horizontal section (Klement et al., 2007), and the construction of
copulas with given diagonal section, especially when they are non-symmetric (Erdely and
Gonzaéles-Barrios, 2006).

2 Rectangular patchwork for copulas

Let C be a copula. Consider a family {S;};c7 of closed and connected subsets of [0, 1]?
with boundaries 95; such that S; N.S; C 05; N JS; whenever ¢ # j, i.e., S; and S; have
common points just on their boundaries. Moreover, for every ¢ € Z, let us consider a
continuous mapping F;: S; — [0, 1], which is increasing in each place, such that C' = F;
on 9.;. We call the function F': [0,1]> — [0, 1] defined by

Fla,g) = {E-(x,y), (z,9) € S,

) 2.1)
C(x,y), otherwise,

the patchwork of { F; };c7 into the copula C.

2
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Figure 1: An illustration of a rectangular patchwork of {F;},—1 2 3 into C.

Essentially, the patchwork construction allows to define a new function F' by rear-
ranging the probability mass distribution of C' on the sets .S; while keeping the mass
distribution untouched elsewhere.

One of the oldest patchwork construction for copulas is the ordinal sum (see Schweizer
and Sklar (1983) and (Nelsen, 2006)), obtained by considering C' equal to the copula M
and every S; being a square of the type [a;, ai+1]2, where 0 < a; < a;4+1 < 1. Note that
the idea of this method has its roots in the general theory of semigroups (compare also
with the books by Schweizer and Sklar (1983), Klement et al. (2000) and the references
therein).

Another related construction has been considered by Durante et al. (2007a), under the
name diagonal patchwork, and by Nelsen et al. (2008), under the name diagonal splice.
Here, one considers two subsets Sy, S2, where S1 = {(z,y) € [0,1]?> | = > y} and
Sy = {(x,y) €[0,1]? | # < y}, and associates to these subsets two functions Fj and F}
that are just restrictions of two copulas to S and S, respectively.

In this paper, we consider the subsets S; = R; to be arbitrary rectangles contained
in [0, 1]2. Such construction will be denoted as rectangular patchwork of {F;};cz into
C. Note that a rectangular patchwork F’ satisfies trivially the boundary conditions of a
copula. Moreover, due to the fact that, for all rectangles Ry, Ro C [0, 1]2 having one
edge in common, Vp(Ry U Ry) = Vp(R1) + Vr(Rs2), we can formulate the following
proposition (see also Proposition 7 in (De Baets and De Meyer, 2007)).

Proposition 2.1. Let F' be the rectangular patchwork of { F; }ic1 into the copula C. Then
F'is a copula if, and only if, F; is 2-increasing on R; for every i € 1.

Therefore, an important task in applying the rectangular patchwork is the determina-
tion of suitable 2-increasing functions F;: R; — [0, 1] that satisfy F; = C on OR;. In the
sequel, we will show that any such function F; can be conveniently represented by means
of some transformations of a suitable copula.

First, fix some notation. Let a1, az, b1, b2, c1,c2 be in [0, 1] with a; < ag, by < b
and ¢; < ¢o. Given a function F': [a1, as] X [b1, ba] — [c1, c2], the margins of F are the



functions hf , hF F and vl , defined by

al’

hb1 [a1,a2) — [c1,ca], h,i (z) := F(x,b),
th [a1,a2) — [c1,ca], hli (z) := F(x,be),
vyt [b1b2] = [er 2], vy, (y) = Flan,y),
Uﬁ; [b1,b2] — [c1, 2], Ug; (y) == Fl(a2,y).

We shall refer to hﬁ; and v}g as upper margins, and hfl and Ufl as lower margins. We
suppose that such an F" has full range, i.e. F'(a1,b1) = ¢; and F'(ag, by) = ca.

Theorem 2.1. Let F': [ay, as] X [b1,ba] — [c1, c2] be a 2-increasing function, continuous

and increasing in each place, with margins hF , hf; , 51 and 1252. Let \p = Vr(la1, az] X

[bl, bg]) If)\F =0, then

F(z,y) = hy, () + vg, (y) = hy, (a1).

If \p > 0, then there exists a unique copula C such that

F(z,y) =\ C’( A1(:5)’ 905;?) + ki (z) + 0k (y) — i (a1), (2.2)
with
o1 (@) = Vi(lar, 2] x [br,b2]) = hiy(z) = hij(a1) — i, () + b, (a1),

05 (y) = Vi(la1, ag] x [b1,y]) = v, (y) — vl (b1) — vl () + v, (ba).

The proof of the above Theorem is based on the following result, which has been
shown by Durante et al. (2008c¢).

Lemma 2.1. Let A: [0,1]> — [0,1] be a 2-increasing function which is continuous,
increasing in each place, satisfying A(0,0) = 0 and A(1,1) = 1. Let h{}, hi', v§, and
vl be the margins of A. If \o = V4([0,1] x [0, 1]) > 0, then there exists a unique copula
C such that

A T A
A(z,y) = AaC (*Ogi) ‘ﬁ?) + hi (x) + v (y) 2.3)

with
1 (x) = Va([0,2] x [0,1]) = hi'(z) — hg () — hi*(0),
03 (y) = Va([0,1] x [0, y]) = v{'(y) — vg'(y) — v1"(0).

Proof of Theorem 2.1. Let F': [a1,az] X [b1,b2] — [c1,c2] be a continuous 2-increasing
function such that F' is increasing in each place and has full range. Let hF1 , hli , vfi and
vk’ be the margins of F. Let A\p = Vr([a1, az] x [b1, ba]).

4



If \p = 0, then Vr(R) = 0 for every rectangle R C [a1, az] X [b1, be]. In particular, for
every (z,y) € [a1,az] X [b1,b2], Vr([a1,x] x [b1,y]) = 0. As a consequence,

F(z,y) = hy, (2) + g, (y) = hy, (a1).

When Ar > 0, we define three linear transformations:

f:10,1] — [a1,a2], f(z) = a1 + (a2 — a1)x;
g: [0, 1] — [bl, bg] y g(;r) = b1 + (bg — b1>l‘,
k: [e1,¢2] — [0,1], k(z) = =2

Let A: [0,1]? — [0, 1] be the function defined by

F(a1 + (a2 —a1)z, by + (ba — b1)y) — 1
Cy — C1 ’

Az, y) =k (F(f(2),9(y))) =

It is easy to show that A is continuous and increasing in each place with A(0,0) = 0 and
A(1,1) = 1, and it satisfies the 2-increasing property, which is in fact preserved by linear
transformations. In view of Lemma 2.1, there exists a unique copula C' such that A can
be represented in the form

A T A
A(z,y) = AaC (QP;E‘ )f%\iy)) + ho () + 03 (1),

AR
cp—cy’

with A4 =

oi(x) = F(f(x),b2) — F(f(x),b1) — F(ay,bg) + c1,
05 (y) = Flas, g(y)) — F(a1,9(y)) — Flaz, b1) + c1,
ho () + v5'(y) = 72 (F(f(2),b1) + F(ax,9(y)) — 2¢1).

Now, we have that

F(p)—hE (2)—hE (a1)4c1 oF (y)—oF (y)—vF c
AU @)™ ) = e (MR R A ke )
+ ﬁ (hli (.’L‘) + 'Ug; (.’L‘) — 2C1)

Since F(z,y) = kY A(f~!(z), g7 '(y)), easy calculations show that F can be explicitly
written as in (2.2). ]

Thanks to Theorem 2.1, we can speak more specifically of the rectangular patchwork
of the pairs ((R;, C;));c7 into the copula C, where, for every i € Z, C; is the copula
associated to the 2-increasing function F;: R; — [0, 1]. This fact is underlined in the
following result that just follows from above considerations.



Theorem 2.2. Let {C;}icz be a family of copulas and let {R; = [a}, ab] x [b%,b] }iex
be a family of rectangles in [0,1]? such that R; N R; C OR; N OR;, for every i # j.
Let C be a copula and put \; :== Vo (R;). Let C: [0,1]2 — [0,1] be defined, for every
x,y € 10,1], by

A <vc<[a§,x]x[bi,b;]> vc<[ai,a;]x[bi7y]>>

)\1‘ ’ )\i
C(z,y) = th (@) +05 () = B (a1), (2,y) € Ry with s # 0,
C(x,y), otherwise.

Then C'is a copula.

We use the notation C' = ((R;, C;))$. for indicating the rectangular patchwork of
((R;, C;))iez into the copula C'.

As a first and easy consequence, note that, by the construction, C is absolutely con-
tinuous (i.e., admits a density), when C' and every C; are absolutely continuous for every
t € Z with A\; > 0.

Now, note that every copula C' can always be represented by means of a rectangu-
lar patchwork, for instance by (([0, 1]2,C))%; but, in general, this representation is not
unique. In fact, the copula M can also be represented as the rectangular patchwork of the
type ({[0,a] x [1 —a,1],C1))M for every a €]0, 1| and for every copula C. This is due
to the fact that V,([0, a] x [1 — a, 1]) = 0.

Copulas M, II and W have the curious property that they coincide with their own
patchworks into themselves, i.e., ((R;,C)); = C holds for any system of rectangles
{R;}iez provided C € {M,II,W}. However, this property does not hold in general.
Consider, for example, the copula C' given by the convex combination of the product
copula I and M. Then C' is a copula with a singular component just along the main
diagonal of the unit square. Let us consider the rectangular patchwork C = ([l —a,1] x
[0, a] ,C)Y, with a € 10, %[ Then, contrary to C, C has also a probability mass concen-
trated on the diagonal section of the square [1 — a, 1] x [0, a], so C # C.

Note that, thanks to the uniqueness of the representation given by Theorem 2.1, any
possible copula obtained by rectangular patchwork techniques of some 2-increasing func-
tions can be represented in the form given by Theorem 2.2. Therefore, this method can be
considered as a general frame that contains the constructions of copulas based on plug-in
techniques on rectangles. For instance, an ordinal sum of copulas is simply a rectangu-
lar patchwork of the type ({[a}, a}]?, C;))M ;. In the same way, a W -ordinal sum can be
represented as a rectangular patchwork of the type ({[a},a%] x [1 —a}, 1 —at],Ci))¥Y,
(see also (De Baets and De Meyer, 2004) and Mesiar and Szolgay, 2004)). Other examples
are the orthogonal grid construction by De Baets and De Meyer (2007) and the (bivariate
version of the) gluing method by Siburg and Stoimenov (2007).

For a given copula C, it is of interest to have a general algorithm for generating
random variates with distribution function C' (Nelsen, 2006). Now, just for simplicity,
let consider the rectangular patchwork C' = ({[a1, as] x [b1,bs], C1))C. Provided that



Figure 2: Sampling 1000 points from a rectangular patchwork of type C =
({[0,0.5]x[0,0.5], C1), {[0.5, 1] x[0.5, 1], C2))™ where: (left) C; and C, are Gaus-
sian copulas with parameters —0.3 and 0.3, respectively; (right) C; is a Clayton
copula with parameter 3.0 and C' is a Gumbel copula with parameter 3.0.

there are efficient algorithms for generating a random sample from the copulas C' and

C1, a simple procedure can also be implemented for sampling from C'. To this end,

set ¢1(x) = % and po(y) = % and suppose that these

functions admit inverses.

e ALGORITHM.

1. Generate (uj,u2) from the copula C.
2. Generate (vy,v3) from the copula Cf.
3. Set wi; =7 (v1) and wy = 5 (va).

4., If (ul,ug)e[al,ag] X [bl,bg], then return (wl,wg).
Otherwise, return (ui,u2).

Obviously, the above procedure can also be extended to a rectangular patchwork of
any finite number of copulas.

3 Applications

3.1 Copulas with different tail dependencies
Let C be a copula. For every a; € [0,3] (i € {1,2,3,4}), consider the rectangles

Ry, Ro, R3, R4, given by

R1 = [0,@1] X [0,@1], R2 = [1—&2,1] X [O,CLQ],
Rgz[l—ag,l] X [1—&3,1], R4:[0,a4} X [1—@4,1].



Ry R3

Ry Ry

0

0 a 1-a 1

Figure 3: Rectangular patchwork of Example 3.1

For some copulas C;, i € {1,2,3,4}, let us consider the rectangular patchwork C =
((Ry, C’,->)?:172737 4. Different choices of C; produce, in general, different behaviours of
the copula C on the four corners of the unit square. This geometric fact may be used in

order to construct copulas with different tail dependencies. These coefficients are defined,
for any copula C, in the following way (see, e.g., (Zhang, 2008)):

. 1=2u+C(u,u) . Clu,u)
-+ _ 9 + _ 9
Ao(C) = uligl— 1—u » AlC) = ulgél+ u
_ B . C(1—=wu,u) _ B . C(1—=wu,u)
Ap(@) = 1= Tim === AL(0)=1— lim ————.

Thus, the tail dependence coefficients of C depend, in general, on the copulas C;, i =
1,2,3,4.

Example 3.1. Let us consider the product copula II(u,v) = uv and let the rectangular
patchwork C' = ((R;, Cy))iL, 5 3 4 be given by:

a201 (%7 %) ’ (xay) € R17
GQCZ (x;av %) + ay, (J"’y) € R27

Cla,y) = 4 a2Cy (255,157 ) 4@ +ay — @, (v,y) € Ry,

%7 yff) + az, ($,y) € R47

Yy, otherwise,

where @ = 1 — a. By considering, the lower positive tail dependence coefficient of C, we
obtain that o
(G = o tim D10

u—0+ U

= a’\} (Cy).
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Figure 4: Sampling 1000 points from a rectangular patchwork of type described by
Example 3.1 where: (left) a = %, (s and Cy are Gaussian copulas with parameter
—0.8, ) = C3 = 1II; (right) a = %, (' is a Clayton copula with parameter 4.0
and C}3 is a Gumbel copula with parameter 3.0, Cy = Cy = II.

Thus, although II has lower positive tail dependence coefficient 0, the lower tail depen-
dence coefficient of C' takes values from the interval [0, a3], depending on the lower pos-
itive tail dependence coefficient of C;. Roughly speaking, the rectangular patchwork
“adds” some tail dependencies to the copula II. Analogous considerations hold for the
other coefficients of tail dependence.

Intuitively, for a sufficiently small @ > 0, the example shows that it is possible to find
a copula C arbitrarily close to II (with respect to some LP-norm) which admits different
behaviour on the tails.

3.2 Copulas with a given horizontal section

Let b €]0, 1] be a fixed number. The horizontal b-section of a copula C' is the function
hcp: [0,1] — [0,1] given by hcp(z) = C(z,b). Recently, Klement et al. (2007) stud-
ied the class of all possible copulas C' having the same horizontal section at the level b.
Specifically, given an increasing and 1-Lipschitz function h: [0,1] — [0, b] such that, for
every t € [0, 1],

max(t +b—1,0) < h(t) < min(¢,b),

they investigated the class Cj, of all copulas C' such that hcj, = h. Actually, a full descrip-
tion of all elements of this class can be obtained by rectangular patchwork techniques.
Let us take a copula C' with given horizontal diagonal A at the point b €]0, 1[. For
example, following Klement et al. (2007), let us consider
%(“), y < b,

= 1
O = amihortmbe i G

Then, any copula C in Cp can be obtained as a rectangular patchwork of the type
((Ri, Ci)), 5, where Ry = [0,1] x [0,b] and Ry = [0,1] x [b, 1], namely there ex-
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Figure 5: Sampling 1000 points from a copula of type (3.2) with horizontal section
hys3(t) = t/3, where: (left) C'; and C; are Gaussian copulas with parameter 0.8
and —0.8, respectively; (right) C; = IT and (' is a Gumbel copula with parameter
3.0

ist two copulas C'; and Cs such that

bCy (h(;)j %) , (x,y) € Ry,

C(z,y) = (3.2)
(1-0)Cy (xzf(bx) , 3{—:2) + h(z), otherwise.

For C; = Cy =11, C coincides with C given by (3.1). Moreover, the pointwise lower
bound in C;, can be obtained by taking C; = Cy = W and the pointwise upper bound in
Cp, can be obtained by choosing C; = Cy = M.

Example 3.2. Let us consider the product copula IT and let Ry = [0, 1] x [0,0], Ry =
[0, 1] x [#, 1] for some fixed § € 0, 1[. Now let Cp = ((R1, M), (R, W))!L. This copula
is given by the expression

oM (z,4), if(x,y) € Ry,

Colw,y) =
o(7,y) {(1 —OW (w, fo_g) + 0z, otherwise.

Notice that this family of copulas was treated by Nelsen (2006, Example 3.3) as an ex-
ample of a family of copulas with given prescribed support. In fact, all copulas from this
family distribute the mass along the segments connecting the point (0, 0) with (1,6) and
(1,0) with (0,1). Observe further that Cy € Cp,, with hy(z) = 6.

Note that the same procedure can be applied in order to describe the class of all copu-
las with a given horizontal and vertical section (Durante et al., 2007b) as well as to extend
a given sub-copula to a copula in all possible ways (see (Carley, 2002) and (Genest and
Neslehovd, 2007)).

3.3 Copulas with given diagonal section

As already mentioned in the introduction, several methods have been introduced for con-
structing copulas with a given value on the diagonal section. Particular attention has been

10
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Figure 6: Example of a rectangular patchwork described in Corollary 3.1

laid on constructions that preserve the absolute continuity and/or allow to obtain copulas
which are not necessarily symmetric (see (Erdely and Gonzales-Barrios, 2006), (Durante
et al., 2007a), and (Durante and Jaworski, 2008)).

Note that, by using the rectangular patchwork, it is not difficult to obtain a large class
of absolutely continuous copulas with the same diagonal section, as the following easy
consequence of Theorem 2.2 shows (compare with Theorem 2.1 by Erdely and Gonzales-
Barrios (2006)).

Corollary 3.1. Let C be an absolutely continuous copula with diagonal section d¢(t) =
C(t,t). Let C be a rectangular patchwork C = ((Ri, Ci))$.7, where every C; is a
copula and every R; is contained completely either in {(z,y) € [0,1]* | x > y} orin
{(z,y) € [0,1)2 | & < y}. Then the diagonal section of C equals to 5c. Moreover, C is
absolutely continuous if, and only if, C; is absolutely continuous for every i € T such that
Ac(R;) > 0.

__ The copula C just obtained are, in general, non-symmetric in the sense that C (x,y) #
C(y, z) for some (z,y) € [0,1]%. Constructions of non-symmetric copulas are of partic-
ular relevance in view of possible application for building non-exchangeable models (see
(Klement and Mesiar, 2006), (Nelsen, 2007), (Durante et al., 2008a)). In this context the
mapping p from the set C of all copulas to [0, 1] has been considered as a measure of the
non-symmetry of a copula C,

w(C)=3- C(x,y) — Cly,z)|.
f400(C) (35,5135(,1]2' (z,y) = Cly,z)|

Example 3.3. Let us consider the product copula C' = IT and let a € [0, %] Consider the
rectangular patchwork C' = ({[0,a] x [1 —a,1],C1), ([1 — a,1] x [0,a], Co)), where

IT ¢ {Cy,Ca}. For Cy # Cy, C is not symmetric and its expression is given by:
9 _
a Cl (%7

a

Ql

)+aa:, (z,y) €[0,a] x [1 —a,1],

C([an> = a202 (@a %) +ay, ($ay) € [1 - a, 1] x [07(1]7

a

Yy, otherwise,

11



where @ = 1 — a. The measure of non-symmetry for C is, hence, given by

(o) e ()
a a a a

= 3 2 C 7 B C | .
T i 11 0) ~ Gl )l

o C) = 3a? max
Hroo(C) (@)€0,a]x[1—-a,1]

Maximum asymmetry for such a C is, hence, obtained when C; and Cy are, respectively,
) — 3a?

equal to W and M. For such a case, p14o(C) = °3

Concluding remarks

We have characterized all copulas that can be constructed by means of a rectangular patch-
work, i.e., by redefining the values that a copula assumes on some subrectangles of the
unit square which are disjoint up to their boundaries. We have illustrated how other con-
structions of copulas, like e.g., ordinal sums or bivariate gluing, are particular cases of
rectangular patchwork copulas. The presented results are formulated for the class of bi-
variate copulas only. Extensions to n-dimensional copulas (n > 3) need further inves-
tigations. Note that for the particular case of ordinal sums some multivariate extension
have been provided recently by Mesiar and Sempi (2008).
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This contribution deals with the dominance relation on the class of conjunctors, con-
taining as particular cases the subclasses of quasi-copulas, copulas and t-norms. The main
results pertain to the summand-wise nature of the dominance relation, when applied to
ordinal sum conjunctors, and to the relationship between the idempotent elements of two
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1. INTRODUCTION

The dominance relation was introduced in the framework of probabilistic metric
spaces as a binary relation on the class of all triangle functions [25], and was soon
generalized to operations on a partially ordered set [24]. It plays an important role
in the construction of Cartesian products of probabilistic metric spaces (see, e.g.
[24, 25]), but also in the preservation of several properties, most of them expressed by
some inequality, during (dis-)aggregation processes [3, 4, 7, 9, 22, 23]. Therefore, the
dominance property was also introduced in the framework of aggregation operators
where it enjoyed further development [19, 22, 23].

In this paper, we restrict ourselves to a broad class of aggregation operators,
namely those with neutral element 1. They are known as conjunctors and encompass
all quasi-copulas, copulas and t-norms. Our emphasis lies on the dominance relation
between ordinal sums of conjunctors.

In Section 2, we review the various classes of conjunctors considered in this work
and extend the ordinal sum construction and the dominance relation to conjunctors.
In the following section, we briefly discuss the dominance relation between ordinally
irreducible conjunctors. In Section 4, we lay bare the summand-wise nature of
the dominance relation. Finally, we identify interesting properties of the sets of
idempotent elements of two conjunctors connected through the dominance relation
and illustrate the results on some parametric families of t-norms/copulas.
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2. THE DOMINANCE RELATION ON THE CLASS OF CONJUNCTORS

2.1. Conjunctors

In recent years, various classes of binary operators on the unit interval have gained
interest in fuzzy set theory and probability theory. Triangular norms, originally in-
troduced in the field of probabilistic metric spaces, now live a second life as models
for the pointwise intersection of fuzzy sets or as models for the many-valued conjunc-
tion in fuzzy logic. Copulas, and in particular 2-copulas as considered here, connect
the marginal distributions of a random vector into the joint distribution. Weaker
operators, such a quasi-copulas, are appearing frequently in probability theory, as
well as in fuzzy set theory. All of the operators mentioned have two properties in
common: neutral element 1 and monotonicity. We now state the formal definitions.

Definition 1. ([6, 13]) A binary operation C : [0,1]? — [0, 1] is called a conjunctor
if it satisfies:

(i) Neutral element 1: for any x € [0, 1] it holds that C(z,1) = C(1,2) = .

(ii) Monotonicity: C is increasing in each variable.

Note that any conjunctor C' coincides on {0,1}? with the Boolean conjunction
and satisfies:

(i’) Absorbing element 0: for any x € [0, 1] it holds that C(z,0) = C(0,z) = 0.
The comparison of two conjunctors C; and Cs is done pointwisely, i.e. if for all
x,y € [0,1] it holds that Cy(z,y) < Cs(x,y), then we say that Cy is weaker than
Cs, or that Cy is stronger than C7, and denote it by C7; < Cs. For any conjunctor
C it holds that Tp < C < T, with

0, if (z,y) € [0,1[%,

min(z,y), otherwise,

TD(xvy) = {

known as the drastic product, and Tng(z,y) = min(z, y).

For a conjunctor C' and an order isomorphism ¢: [0,1] — [0, 1], i. e. an increasing
bijection, its isomorphic transform is the conjunctor Cy,: [0,1]? — [0, 1] defined by
Cyu(z,y) = o 1H(C(o(x),0(y))). The conjunctors C and C, are then referred to as
isomorphic operations, or also as being isomorphic to each other.

In this paper, we are mainly interested in three particular classes of conjunctors:
the class of triangular norms (t-norms), the class of copulas and the class of quasi-
copulas. Where t-norms have the additional properties of associativity and commu-
tativity, copulas have the property of moderate growth, while quasi-copulas have the
1-Lipschitz property. Note that conjunctors are also known as semi-copulas [11].

Definition 2. ([12]) A conjunctor C : [0,1]2 — [0, 1] is called a quasi-copula if it
satisfies:

(iii) 1-Lipschitz property: for any x1,x2,y1,y2 € [0,1] it holds that:

|IC(z1,y1) — C(x2,y2)| < |21 — 22| + Y1 — W2] -
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Definition 3. ([20]) A conjunctor C : [0,1]%> — [0,1] is called a 2-copula (copula
for short) if it satisfies:
(iv) Moderate growth: for any x1,x2,y1,y2 € [0,1] such that 1 < 23 and y1 < yo
it holds that:

C(z1,y2) + Clx2,y1) < Clz1,y1) + C(22, y2) -

As implied by the terminology used, any copula is a quasi-copula, and therefore
has the 1-Lipschitz property; the opposite is, of course, not true.

Definition 4. ([15, 24]) A conjunctor C : [0,1]*> — [0,1] is called a t-norm if it
satisfies:

(v) Commutativity: for any x,y € [0,1] it holds that:
Clx,y) = Cly,x).

(vi) Associativity: for any x,y,z € [0,1] it holds that:
C(x,C(y, 2)) = C(C(z,y), 2) -

It is well known that a copula is a t-norm if and only if it is associative; conversely,
a t-norm is a copula if and only if it is 1-Lipschitz (see, e.g. [15, 20]). The three
main continuous t-norms are the minimum operator Ty, the algebraic product Tp
and the Lukasiewicz t-norm T, (defined by Ti,(z,y) = max(x +y — 1,0)); they are
at the same time associative and commutative copulas. For any quasi-copula C' it
holds that 71, < C < T (see, e.g. [12]).

2.2. The ordinal sum construction

The ordinal sum construction appears quite frequently, e.g. in the framework of
partially ordered sets [2] and in the context of algebraic operations and structures
(ordinal sums of semigroups [5], in particular t-norms [14, 16, 21], as well as cop-
ulas [20], and aggregation operators [8]). The aim is always the same, namely the
preservation of properties of the summand operations into the resulting ordinal sum.
Here, we follow a particular approach known as the id-lower ordinal sum [8].

Definition 5. Let (Ja;, b;i[)icr be a family of non-empty, pairwise disjoint open
subintervals of [0,1] and let (C;);er be a family of conjunctors. Then the ordinal
sum C = ((a;, b;,Ci)), -7 ¢ [0,1] — [0, 1] is the conjunctor defined by

i€l *
T—a,; —a; : 2
Cloy) =% + (bi — ai) Ci(5=4-, =25, if (z,y) € [a;, bi]",
’ min(z,y), otherwise.

Note that each conjunctor C; is squeezed into the corresponding square [a;, bi]2
by a linear transformation. The triplets (a;,b;, C;) are called the summands of the
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ordinal sum. The intervals [a;, b;] are called the summand carriers, the conjunctors
C; the summand operations. A conjunctor C' that has no ordinal sum representation
different from ({0, 1, C)) is called ordinally irreducible. Obviously, T is not ordinally
irreducible.

The ordinal sum construction is powerful as it preserves a lot of properties, such
as commutativity, (1-Lipschitz) continuity, etc. For instance, an ordinal sum is con-
tinuous if and only if all its summand operations are continuous. Combining various
properties, it holds that the classes of quasi-copulas, copulas and triangular norms
are all closed under the ordinal sum construction. The ordinal sum construction
even allows for the full characterization of continuous t-norms [17].

Proposition 1. A binary operation T: [0,1]> — [0,1] is a continuous t-norm if
and only if it is uniquely representable as an ordinal sum of t-norms that are either
isomorphic to the Lukasiewicz t-norm Ty, or to the product Tp.

2.3. The dominance relation

The dominance relation was introduced in the framework of probabilistic metric
spaces as a relation between triangle functions which ensures that the Cartesian
product of two probabilistic metric spaces is again a probabilistic metric space of
the same type ([24, 25]). It was generalized to operations on a partially ordered
set [24] and introduced into the framework of t-norms (see also [15]). The dominance
relation is indispensable when refining fuzzy partitions and when building Cartesian
products of fuzzy equivalence and fuzzy order relations [3, 7]. Moreover, it plays
an important role in the preservation of T-transitivity of fuzzy relations involved in
a (dis-)aggregation process [9, 23], giving way to its generalization to aggregation
operators [23].

Definition 6. Consider two conjunctors C; and Cy. We say that C7 dominates
C5, denoted by Cy > Cy, if for all @, y,u,v € [0, 1] it holds that

C1(Ca (2, y), C2(u,v)) = C2(Ci(z,u), Ci(y,v)) - (1)

For any two conjunctors C; and Cy and any order isomorphism ¢: [0,1] — [0, 1],
it holds that C; > Cs if and only if (C1), > (C2), (see also [22, 23]). We will refer
to this relationship as the isomorphism property of dominance.

Due to the fact that 1 is the common neutral element of all conjunctors, domi-
nance of one conjunctor by another conjunctor implies their comparability: C7 > Co
implies C7 > C5 (see also [22]). Obviously, the converse does not hold. Consequently,
the dominance relation is antisymmetric on the class of all conjunctors. A conjunc-
tor C' for which C > C is said to be self-dominant. Self-dominance is evidently
equivalent with the bisymmetry property [1]

0(0(1‘7 y)’ C(U, U)) = C(C(Jﬁ, u)7 C(y7 U)) :
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Commutativity and associativity clearly imply bisymmetry. Moreover, bisymmetry
together with 1 being the neutral element imply commutativity and associativity.
Hence any t-norm is self-dominant and on the class of all t-norms the dominance
relation is not only antisymmetric, but also reflexive. This is, however, not the case
for the class of copulas.

Example 1. Consider the family of copulas (Cp)gejo,1) defined by

min(xvy - 9)7 if (xvy) € [071 - 0] x [07 1] )
Co(z,y) = { min(z + 0 — 1,y), if (x,y) € [1-0,1] x [0,6],
Tu(x,y), otherwise.

The copula Cp 5 is the only commutative member of this family (see also [20]). As it
is not associative, it is also not bisymmetric, and does therefore not dominate itself
(choose, e.g. ©=0.5,y=1, u=v=0.75).

Before turning to ordinal sums of conjunctors let us recall some basic results about
dominance between (ordinally irreducible) conjunctors, in particular involving the
extreme elements of various subclasses of conjunctors.

3. DOMINANCE BETWEEN (ORDINALLY IRREDUCIBLE) CONJUNCTORS

3.1. Conjunctors

Due to their monotonicity, it is immediately clear that any conjunctor C' is domi-
nated by Th. Conversely, since dominance implies comparability, Ty is the only
conjunctor dominating 7. On the other hand, it is easily verified that any con-
junctor C' dominates the weakest conjunctor Tp.

In [23], several methods for constructing dominating aggregation operators from
given ones have been proposed. As a consequence, we can immediately pose the
following lemma.

Lemma 1. Consider conjunctors C7, Co, C3 and C. If C; > C, for any i €
{1,2,3}, then also the binary operation C*: [0, 1] — [0, 1] defined by

C’*(x,y) = 03(Cl(x’y)7 CQ(x’y))

dominates C. Moreover, C* is a conjunctor if and only if C5 = T\.

3.2. Quasi-copulas and copulas

The strongest (quasi-)copula Ty dominates all other conjunctors, in particular all
(quasi-)copulas. However, not all (quasi-)copulas dominate the weakest (quasi-)
copula 71, as the following example demonstrates.
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Example 2. Consider the copula C': [0,1]? — [0, 1] defined by

. 2
C(x7y) — {%TL(2$7 22»/)7 if (J:,y) € I:Oa %jl )
Tm(z,y), otherwise.

Puttingx =y=u=v= % yields
0=C(7.7)=C(TL (3:3) . Tu (3.8)) <TL (C (3,8) . C(§.8))=TL (§.§) =1
and therefore C' does not dominate T1,. Note that C is an ordinal sum copula and

a member of the Mayor—Torrens family as discussed also later in Section 5.2.2.

However, the 1-Lipschitz property is a necessary condition for a conjunctor to
dominate 71, (see also [9, 19]).

Proposition 2. If a conjunctor C' dominates Ty, then it is a quasi-copula.

Proof. Suppose that a conjunctor C dominates 71, i.e. for all x,y,u,v € [0,1]
it holds that
C(TL(JZ,y),TL(U,U)) > TL(C(I,U),C(Z/,U)) . (2)
In order to show that C' fulfills the 1-Lipschitz property, it suffices, due to its in-
creasingness, to prove that

C(a,b) —Cla—¢e,b—0)<e+4
whenever 0 < ¢ < a, 0 < § < b for arbitrary a,b € [0,1]. We first choose z = a,
y=1,u=0>v=1-4 for some 0 < § < b with arbitrary but fixed a,b € [0, 1].

Then Ti,(u, v) = max(u+v—1,0) = max(b—0,0) = b— 0 and hence it follows using
Eq. (2) that

C(a,b—4) = C(Tu(a,1),TL(b,1—14))
> TL(C(a,b),C(1,1—4))
= Ti(C(a,b),1 —0) = max(C(a,b) — 4,0)
> C(a,b)—46

Analogously, by putting t =a, y =1—¢, u = b, v =1 with 0 < ¢ < a, we can
conclude that C(a —€,b) > C(a,b) — . As a consequence

Cla—e,b—96)>C(a—e,b)—0>C(a,b) —e—9.

Therefore, C' is 1-Lipschitz, and thus a quasi-copula. O

3.3. Triangular norms

The class of ordinally irreducible continuous t-norms consists of all continuous Archi-
medean t-norms, i.e. those t-norms that are either isomorphic to the product Tp
(called strict t-norms) or to the Lukasiewicz t-norm 77, (called nilpotent t-norms).
The following observations are important, as they imply that it suffices to consider
the t-norms Tp and Ty, in order to understand dominance of a continuous Archime-
dean t-norm T by a conjunctor C:
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(i) If T is strict, there exists an order isomorphism ¢: [0,1] — [0,1] such that
T = (Tp),, leading to the equivalence C > T & C,-1 > Tp.

(ii) If T is nilpotent, there exists an order isomorphism ¢: [0,1] — [0, 1] such that
T = (1L),, leading to the equivalence C > T < C,-1 > TL,.
We have already seen in Proposition 2 that being a quasi-copula is a necessary

condition for a conjunctor to dominate 71,. It is remarkable that the same condition
applies for a conjunctor to dominate Tp.

Proposition 3. If a conjunctor C' dominates Tp, then it is a quasi-copula.

Proof. Suppose that a conjunctor C dominates Tp, i.e. for all z,y,u,v € [0, 1]
it holds that Clay, uv) > Cla, w)C(y, v) (3)
Again it suffices, due to the increasingness of C, to show that
C(a,b) —Cla—e,b—0) <e+4

whenever 0 < e < a, 0 < § < b for arbitrary a,b € [0,1]. In case that a = 0 (resp.
b = 0), it holds that € = 0 (resp. 6 = 0), and the inequality is trivially fulfilled.
Therefore, it remains to prove that it holds for arbitrary a,b € ]0,1]. We first choose
x=a,y=1—=%u=>b,v=1with 0 <e <a. Then it follows from Eq. (3) that

Cw—sﬁ)20@&%X1—2J)=C@JX1—2}

Since C' < Ty it then holds for all 0 < a < 1,0< b <1 and 0 < ¢ < a that
C(a,b) — Cla—e,b) < C(a,b)(1 — (1 — 2)) = ZC(a,b) <e.

Similarly, we can conclude from Eq. (3), by choosing x = a, y = 1, u = b, v =
1—2 with0 <6 <b that forall 0 <a<1,0<b<1with0 <6 <balso
C(a,b) — C(a,b— ) < 6. Hence,

C(a,b) —C(a —e,b—0) = C(a,b) — C(a,b—98)+C(a,b—96) — C(a—e,b—0)
<e+d

whenever 0 < e < a, 0 <4 < b for arbitrary a,b € ]0,1]. Therefore, C is 1-Lipschitz,
and thus a quasi-copula. O

4. DOMINANCE BETWEEN ORDINAL SUM CONJUNCTORS

4.1. Summand-wise dominance

As the ordinal sum construction is generally applicable, it is important to inves-
tigate dominance between two ordinal sum conjunctors in order to gain a deeper
understanding of the dominance relation. In a first proposition we show that if
both ordinal sum conjunctors are based on the same summand carriers, dominance
between these conjunctors is based on the dominance between the corresponding
summand operations.
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Proposition 4. Consider two ordinal sum conjunctors C1 = ({a;, b;, C1;))icr and
02 = ((ai, bi, 0271;>)1;€[. Then Cl dominates CQ if and OIﬂy if Clﬂ' dominates 0271' for
all 1 € 1.

Proof. Suppose that Cy > Cy, i.e. for all z,y,u,v € [0,1] it holds that
Cl (02 (Z, y)v 02 (U, U)) > 02(01 (.13, u)7 Cl (y7 U)) . (4)

We want to show that for all 7 € I it holds that C;; > C5;. Choose arbitrary
x,y,u,v € [0,1] and some ¢ € I. Since ¢; : [a;,b)] — [0,1], z — Ii:(; is an
increasing bijection, there exist unique 2,3/, v/, v" € [a;, b;] such that goi(ac’) =z,
0i(y') =y, pi(t') =uand p;(v') = v. Since Eq. (4) is fulfilled for all z, y, u,v € [0,1]
and in particular for 2/, y’, v, v € [a;, b;], it can be equivalently expressed as

0; 10 Cri(Coi(pi(z!), 0i(y)), Cailei(u), 0i(v)))
> ;o Coi(Crilpi(@), i), Cri(ei(y), i(v")))

taking into account the ordinal sum structure of C; and Cs. The previous inequality
is in turn equivalent to

@7 "0 Cri(Cai(x,y), Cai(u,v) > @i "o Coi(Cri(w,u), Cri(y,v)) .

Applying ¢; to both sides of the above inequality yields Cy; > Co ;.

Conversely, suppose that for all ¢ € I it holds that Cy; > Cs, then Eq. (4) is
fulfilled for all z, y, u, v € [a;, b;] due to the isomorphism property. Next, we will make
use of the following observation: for any p, ¢ € [0, 1] such that min(p, q) € [a;, b;] for
some ¢ € I, it holds that

Cl (pa Q) = Cl (mln(p7 bl)) min(Q) bl)) .

Now counsider arbitrary x,y, u,v € [0, 1] and suppose w.l.o.g. that z = min(z, y, u, v),
then we can distinguish the following cases.

Case 1. Suppose = € [a;,b;] for some i € I. Let y* = min(y, b;), u* = min(u,b;)
and v* = min(v, b;). Note that C;(z,u) = C1(z,u*). Moreover, if min(y, v) €
[ai, bi], then also Ci(y,v) = Ci(y*,v*). As x,y*,u*,v* all belong to [a;, b;],
the assumption C;; > Cs; and the increasingness of C; and Cy imply that

02(01(.13,u), Cl(y7v))

Co(Cr(z,u™), Ci(y*,v"))
CYl (C2(xv y*)v CQ (U*v ’U*))

<
< Ci(Ca(2,y), Co(u,0)) -

On the other hand, if min(y,v) ¢ [ai, b;], we know that C;(y,v) > b;. Since
Cy (z,u*) < b; it follows that

CQ(Cl(xvu)’Cl(y7/U)) = 02(01($,u*),01(y,11))
min(Cq(z,u"), Ci(y,v)) = Cy(z,u").
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Due to the increasingness of C; it holds that
Cl(x7U*) = min(cl(x7u*)7Cl(x7v)7Cl(y7U*)7CI(y7v))
= Ci(min(z,y), min(u*,v))
Cl(CQ(JZ,y), ’U,*,U))
< Ci(Caz,y), Co(u,v)) .

Co(
Co(

Case 2. If © ¢ [a;,b;] for all i € I, then Ci(x,-) = Ca(z,-) = Tnm(x,-). One easily
verifies that Cy(y,v) > = and Cs(u,v) > x. This leads to

CQ(Cl(xvu)7cl(y7v)) - CQ(J?,Cl(y,U))
= min(z, C1(y,v)) = v = min(z, Ca(u, v))
= Ci(z,Ca(u,v)) = C1(Co(x,y), Ca(u,v)) .

This completes the proof that C; dominates Cs. (]

4.2. Ordinal sums with different summand carriers

In case the structure of both ordinal sum conjunctors is not the same, we are able
to provide some necessary conditions which lead to a characterization of dominance
between ordinal sum conjunctors in general. Assume that the ordinal sum con-
junctors under consideration are based on two at least partially different families
of summand carriers, i.e. C1 = ((@1,4,b1,i, C1,i))ier and Co = ({az,j,b2.,C2.))jer-
W.l.o.g. we can assume that these representations are the finest possible, i.e. that
each summand operation is ordinally irreducible.

Since any conjunctor is bounded from above by T\ and dominance implies com-
parability, the following proposition follows immediately.

Proposition 5. If a conjunctor C; dominates a conjunctor Co, then Ci(z,y) =
Twm(z,y) whenever Co(z,y) = Tz, y).

Geometrically speaking, if an ordinal sum conjunctor C; dominates an ordinal
sum conjunctor Co, then it must necessarily consist of more regions where it acts as
Twm than does Cy. Two such cases are displayed in Figure 1 (a) and (c). Note that
no dominance relationship between C7 and C5 is possible in a case like illustrated
in Figure 1 (b). Therefore, we can immediately state the following corollary.

Corollary 1. Consider two ordinal sum conjunctors C1 = ({(a1,4, b1, C1,:))ier and
Cy = ({as,j,b2,5,C2 ;))jes with ordinally irreducible summand operations only. If
C; dominates Cy then

(Vi€ I)(3j € J)([a1,i,b1,i] C [az,j,b2,5]) - (5)

Note that each [az ;, b2 ;] can contain several or even none of the summand carriers
[a1,i,01,i] (see also Figure 1 (a) and (c)). Hence, for each j € J we can consider the
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l l l l
¢, o—o o—o0 o—o C o— o—o C o—o
a1 byy 012 by o013 by aa| by a1,2by 9 a1 by
Cy o0—o0 o—— 0o Cy o—o o— o Cy o—o o— o

a1 byy  G22 ba o az1  byy 22 bao az1  byy 22 bao

(a) (b) (c)
Fig. 1. Examples of two ordinal sum conjunctors C; and C5 differing in their summand
carriers.

following subset of I:

Ij ={i€I|[ayibii] C lag;,basl}- (6)

Based on these notions and due to Proposition 4, dominance between two ordinal
sum conjunctors can be reformulated in the following way.

Proposition 6. Consider two ordinal sum conjunctors C1 = ({(a1,4, b1, C1,i))ier

and Cy = ({a2,j,b2,;, C2,j))jes with ordinally irreducible summand operations only.
Then C7 dominates Cs if and only if

() Ujesl; =1,
(ii) ¢ > Cyj for all j € J with

Cf = ((p5(an), 3 (bri), Cridies, @)
and ¢;: [az,j,b2,5] — [0,1], p;(z) = %

Proof. Under condition (i) it is easily verified that C; can be equivalently ex-
pressed as an ordinal sum based on the summand carriers of C3 in the following
way ,

C1 = ({az,4,b2,5, C1))jes

with C{ defined by Eq. (7). With Corollary 1 and Proposition 4, the proposition
now follows immediately. O

Note that due to Proposition 6, the study of dominance between ordinal sum
conjunctors can be reduced to the study of the dominance of a single ordinally
irreducible conjunctor by some ordinal sum conjunctor.
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5. THE ROLE OF IDEMPOTENT ELEMENTS

5.1. A basic result

Before turning to particular families of ordinal sum conjunctors, we will next discuss
the influence of idempotent elements to the property of dominance. We will denote
the set of idempotent elements of some conjunctor C by Z(C), i.e.

I(C) ={z €0,1] | C(x,x) = x}.

Due to the construction of an ordinal sum conjunctor C, the endpoints of its sum-
mand carriers belong to its set of idempotent elements.

Proposition 7. If a conjunctor C; dominates a conjunctor Cy, then the following
hold:

(i) Z(C2) € Z(Ch),
(ii) Z(C1) is closed under Cs.

Proof. The inclusion follows immediately from Proposition 5. Next, suppose
that dy,ds € I(Cl), then

Cs(dy,d2) C2(Ci(dr,dr), Ci(da, d2))

C1(Cs(dy, d2), Co(dy, d2))

<
< Tm(Ca(dr,da), Ca(dr, da)) = Ca(di, d2),

showing that Cl(Cg(dl,dg),Cz(dl,dg)) = Cg(dl,dg) and therefore Cg(dl,dz) €
I(Cy). O

This proposition has some interesting consequences for the boundary elements
of the summand carriers. Firstly, all idempotent elements of Cy are idempotent
elements of C1, i.e. either boundary elements themselves, elements of some domain
where Cy acts as T\, or isomorphic transformations of idempotent elements of some
summand operation. Secondly, for any two idempotent elements d; and ds of C
also Cs(d1, ds) is an idempotent element of Cy. Consequently, if C; is some ordinal
sum that dominates Cy = Tp, resp. Cy = T, and d € Z(C}) then also d" € Z(Cy),
resp. max(nd —n+1,0) € Z(C1), for all n € N.

Example 3. Consider a conjunctor C' with trivial idempotent elements only, i. e.
Z(C) = {0,1}. We are now interested in constructing ordinal sums C; with sum-
mands based on C' which fulfill the necessary conditions for dominating Cy = C' as
expressed by Proposition 7. Clearly, C; = ((d,1,C)) is a first possibility (see Fig-
ure 2 (a)). Adding one further summand to C1, i. e. building Cf = ({(a,d, C), (d,1,C)),
demands that a > Ca(d, d), since otherwise Ca(d, d) ¢ Z(C1) (see also Figure 2 (b)).
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Fig. 2. Illustrations to Example 3.

5.2. Applications to some parametric families

To conclude, we consider two families consisting of conjunctors with only one sum-
mand but varying boundary elements. All members of these families are t-norms as
well as copulas. We have opted for these families as they involve Tp, resp. T, only
as summand operation.

5.2.1. A family involving Tp

The members of the family of Dubois-Prade t-norms [10] are given by TPF =
({(0,\, Tp)) for A € [0,1]. Obviously, they are ordinal sums with the product as
single summand operation. The case A\ = 0 corresponds to Tn, the case A = 1 to
Tp. If \; < A9, then TPIP > T)]gp. Therefore, if T)]\DIP > T)BP then \; < Ao

If Ay = 0 or Ay = Ag, then the dominance property is trivially fulfilled. Therefore,
suppose that 0 < A\; < Ag. For better readability we denote TPva resp. TgP, by 17,
resp. Th. Suppose that 71 dominates T5. For each T}, i € {1, 2}, its set of idempotent

elements is given by I(T) = {0} U A, 1] -
Due to Proposition 7, it holds that T5(A1, A1) € Z(T1). However,

0 7& Tg()\l,)\l) = )\2 'Tp(i—;, i—;) = i—; . )\1 < )\1

due to the strict monotonicity of Tp. This leads to a contradiction.

Consequently, the only dominance relationships in the family of Dubois—Prade t-
norms are Tpg dominating all other members and self-dominance. Hence, there exists
no triplet of pairwisely different t-norms TPIP, TgP and T)]\zP fulfilling T)]\DIP > Tgp
and TgP > TgP, implying that the dominance relation is (trivially) transitive, and
therefore a partial order, on this family.

5.2.2. A family involving 71,

Similarly, the members of the family of Mayor—Torrens t-norms [18] are given by
TPP = ((0,\, 1)) for A € [0,1]. Obviously, they are ordinal sums with T3, as single
summand operation. The case A = 0 corresponds to Tpg, the case A = 1 to Tt.
Again, T}XIT > T}\\QIT implies A\; < Ao
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If A1 = 0 or A\; = \g, then the dominance property is trivially fulfilled. Therefore,
suppose that 0 < A; < A2. We denote T3'T, resp. Ty *, by T1, resp. Ty. The sets
of idempotent elements are of the following form

Z(T) = {0} U [N, 1] .

Due to Proposition 7, it holds that To(A1, A1) € Z(T1). Since Ta(A, A1) < Aq,
either T5(A1, A1) = 0 or To(A1, A1) = A1. The latter implies that A\ € Z(T3), a
contradiction. Hence, T5(A1, A1) = 0 or equivalently A; < % Now choose x such
that 2op<izyd
and put u = v =y = z, then T (T (x,y), Ta(u,v)) = 0 and To(Ti(x,u), T1(y,v)) =
2z — A2 > 0, a final contradiction.

Therefore, also in the Mayor—Torrens family, there exist no other dominance
relationships than Ty dominating all other members and self-dominance.
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Abstract. This paper addresses the relation of dominance on the class
of continuous t-norms with a particular focus on continuous ordinal sum
t-norms. Exactly, in this framework counter-examples to the conjecture
that dominance is not only a reflexive and antisymmetric, but also a
transitive relation could be found. We elaborate the details which have
led to these results and illustrate them by several examples. In addition,
to this original and comprehensive overview, we provide geometrical in-
sight into dominance relationships involving prototypical Archimedean
t-norms, the Lukasiewicz t-norm and the product t-norm.

1 Introduction

The dominance property was originally introduced within the framework of prob-
abilistic metric spaces [42] and was soon abstracted to operations on an arbitrary
partially ordered set [38]. A probabilistic metric space allows for imprecise dis-
tances: the distance between two objects p and ¢ is characterized by a cumulative
distribution function Fp,: R — [0, 1]. The metric in such spaces is defined in anal-
ogy to the axioms of (pseudo-)metric spaces, the most disputable axiom being
the probabilistic analogue of the triangle inequality. For an important subclass
of probabilistic metric spaces known as Menger spaces the triangle inequality
reads as follows: for any three objects p, q,r and for any =,y > 0 it holds that

Fpr(x+y) Z T(qu(l'),qu(y)), (1)

H. de Swart et al. (Eds.): TARSKI II, LNAI 4342, pp. 334-354, 2006.
(© Springer-Verlag Berlin Heidelberg 2006
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where T': [0,1]?> — [0,1] is a t-norm, i.e. a binary operation on the unit interval
which is commutative, associative, increasing in both arguments and which has
neutral element 1.

The dominance property plays an important role in the construction of Carte-
sian products of probabilistic metric spaces, as it ensures that the triangle in-
equality holds for the resulting product space provided it holds for all factor
spaces involved [38,42]. Similarly, it is responsible for the preservation of the
T-transitivity property when building fuzzy equivalence or fuzzy order relations
on a product space, i.e. R: X? — [0,1], defined by R(x,y) = A(R1(x1,41),-- -,
Ry (Tn,yn)) with X = H:'L:1 Xi, Ri: X? — [0,1] fuzzy relations on X; being all
T-transitive, 1.e.

T(Ri(xhy)? Rl(ya Z)) < Ri(x’ Z)

and A some aggregation operator, or when intersecting such fuzzy relations on a
single space, i.e. R(z,y) =T(R1(z,y),..., Rn(z,y)) [2,3,8,32]. The dominance
property was therefore introduced in the framework of aggregation operators
where it enjoyed further development, again due its role in the preservation
of a variety of properties, most of them expressed by some inequality, during
(dis-)aggregation processes (see also [9,29]).

Besides these application points of view, the dominance property turned out
to be an interesting mathematical notion per se. Due to the common neutral
element of t-norms and their commutativity and associativity, the dominance
property constitutes a reflexive and antisymmetric relation on the class of all
t-norms. Whether it is also transitive has been posed as an open question already
in 1983 in [38] and remained unanswered for quite some time. Several particular
families of t-norms have been investigated (see, e.g., [17,34,40]) and supported
the conjecture that the dominance relation would indeed be transitive, either
due to its rare occurrence within the family considered or due to its abundant
occurrence, in accordance with the parameter of the family. Several research
teams participating in the EU COST action TARSKI have been studying various
aspects of the dominance relation over the past few years. Finally, the conjecture
was recently rejected [35]: the dominance relation is not transitive on the class
of continuous t-norms and therefore also not on the class of t-norms in general.
The counterexample was found among continuous ordinal sum t-norms.

In this contribution we discuss the dominance relation on the class of contin-
uous t-norms and elaborate the details which have led to the counterexamples
demonstrating the non-transitivity of the dominance relation in the class of
t-norms. First, we provide a thorough introduction of all the necessary proper-
ties and details about t-norms. We then continue with a brief discussion of the
dominance relation on the class of continuous Archimedean t-norms and provide
geometrical insight in two prototypical cases. Subsequently, we turn to continu-
ous ordinal sum t-norms and particular families of such ordinal sum t-norms. The
present contribution provides a comprehensive and original overview of the state-
of-the-art knowledge of the dominance relation on the class of continuous ordinal
sum t-norms and as such depends on results also published in [17,30,31,35].
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2 Triangular Norms

For the reader’s convenience we briefly summarize basic properties of t-norms
which will be necessary for a thorough understanding of the following parts.
Many of the herein included results (including proofs, further details and refer-
ences) can be found in [18,19,20] or in the monographs [1,17].

2.1 Basic Properties

Triangular norms (briefly t-norms) were first introduced in the context of prob-
abilistic metric spaces [36,38,39], based on some ideas already presented in [24].
They are an indispensable tool for the interpretation of the conjunction in fuzzy
logics [14] and, as a consequence, for the intersection of fuzzy sets [46]. Further,
they play an important role in various further fields like decision making [11,13],
statistics [26], as well as the theories of non-additive measures [21,27,41,45] and
cooperative games [4].

Definition 1. A triangular norm (briefly t-norm) is a binary operation T on
the unit interval [0, 1] which is commutative, associative, increasing and has 1 as

neutral element, i.e. it is a function T: [0,1]?> — [0, 1] such that for all x,y,z €
[0,1]:

It is an immediate consequence that due to the boundary and monotonicity
conditions as well as commutativity it follows that, for all x € [0, 1], any t-norm
T satisfies

T0,z) =T(x,0) =0, (2)
T(1,z) = x. (3)
Therefore, all t-norms coincide on the boundary of the unit square [0, 1]2.

Ezample 1. The most prominent examples of t-norms are the minimum Twp, the
product Tp, the Lukasiewicz t-norm Ty, and the drastic product Tp (see Figure 1
for 3D and contour plots). They are given by:

Ty (z, y) = min(z, y), (4)
Tp(z,y) =z -y, (5)
Ti(z,y) = max(x +y — 1,0), (6)

0 if (,y) € 0, 1[%,

min(x,y) otherwise.

TD(xvy) = {

Since t-norms are just functions from the unit square into the unit interval, the
comparison of t-norms is done in the usual way, 7.e. pointwisely.
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Fig. 1. 3D plots (top) and contour plots (bottom) of the four basic t-norms Tm, Tp,
Ti, and Tp (observe that there are no contour lines for Tp)

Definition 2. Let Ty and Ty be two t-norms. If T1(x,y) < Ta(x,y) for all z,y €
[0, 1], then we say that Ty is weaker than Ty or, equivalently, that Ty is stronger
than T, and we write T < T5.

Further, t-norms can be transformed by means of an order isomorphism, .e.
an increasing [0,1] — [0, 1] bijection, preserving several properties (like, e.g.,
continuity) of the t-norm involved.

Definition 3. Let T be a t-norm and ¢ an order isomorphism. Then the iso-
morphic transform of T under ¢ is the t-norm T, defined by

To(z,y) = 0~ (T(p(2), (1)) (8)

Note that the drastic product Tp and the minimum 7y are the smallest and
the largest t-norm, respectively. Moreover, they are the only t-norms that are
invariant under arbitrary order isomorphisms.

Let us now focus on the continuity of t-norms.

Definition 4. A t-norm T is continuous if for all convergent sequences (y)nen,
(Yn)nen € [0, 11N we have

T( lim z,, lim yn) = lim T(zn,yn) -
n—oo n—oo n—oo

Obviously, the basic t-norms T, Tp and Ty, are continuous, whereas the dras-
tic product Tp is not. Note that for a t-norm T its continuity is equivalent
to the continuity in each component (see also [17,18]), i.e. for any zg,yo €
[0, 1] both the vertical section T'(z¢,-): [0,1] — [0, 1] and the horizontal section
T(-,y0): [0,1] — [0, 1] are continuous functions in one variable.
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The following classes of continuous t-norms are of particular importance.

Definition 5. (i) A t-norm T is called strict if it is continuous and strictly
monotone, i.e. it fulfills for all z,y,z € [0,1]

T(x,y) < T(x,z) whenever x>0 andy< z.

(i) A t-norm T is called nilpotent if it is continuous and if each x €10, 1] is
a nilpotent element of T, i.e. there exists some n € N such that
T(z,...,z)=0.
- ~~ -
n times
The product Tp is a strict t-norm whereas the Lukasiewicz t-norm 7%, is a

nilpotent t-norm. Both of them are Archimedean t-norms, i.e. they fulfill for
all (z,y) €]0,1[* that there exists an n € N such that

T(z,...,x)<y.

- ~~ -

n times
It is remarkable that continuous Archimedean t-norms can be divided into just
two subclasses — the nilpotent and the strict t-norms [17,18]. Moreover, since
two continuous Archimedean t-norms are isomorphic if and only if they are
either both strict or both nilpotent, we can immediately formulate the following
proposition (see also [17,18]).

Proposition 1. Let T be a t-norm.

— T is a strict t-norm if and only if it is isomorphic to the product Tp.
— T is a nilpotent t-norm if and only if it is isomorphic to the Lukasiewicz
t-norm Tx,.

Besides the above introduced properties, idempotent elements play an important
role in the characterization of t-norms.

Definition 6. Let T be a t-norm. An element x € [0,1] is called an idempotent
element of T if T(x,x) = x. We will further denote by Z(T) the set of all
idempotent elements of T'. The numbers 0 and 1 (which are idempotent elements
for each t-norm T') are called trivial idempotent elements of T, each idempotent
element in |0, 1] will be called a non-trivial idempotent element of T

The set of idempotent elements of the minimum Ty equals [0, 1] (actually, T is
the only t-norm with this property) whereas Tp, 11, and Tp possess only trivial
idempotent elements.

2.2 Ordinal Sum T-Norms

Ordinal sum t-norms are based on a construction principle for semigroups which
goes back to A.H. Clifford [5] (see also [6,15,28]) based on ideas presented
in [7,16]. It has been successfully applied to t-norms in [12,22,37].
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Definition 7. Let (Ja;, bi[)icr be a family of non-empty, pairwise disjoint open
subintervals of [0,1] and let (T};)icr be a family of t-norms. The ordinal sum
T = ({a;, bi, T3))icr is the t-norm defined by

T(a.y) = {+ (b= a) (75 30 i (@0y) € fa bl
min(z,y), otherwise.
We will refer to (a;, b;, T;) as its summands, to [a;, b;] as its summand carriers,
and to T; as its summand operations or summand t-norms. The index set I is
necessarily finite or countably infinite. It may also be empty in which case the
ordinal sum is nothing else but Thj.

Note that by construction, the set of idempotent elements Z(T") of some ordi-
nal sum T = ({as, bs, T3) )ic1 contains the set M = [0, 1]\ |, |as, b;[. Moreover,
Z(T) = M if and only if each T; has only trivial idempotent elements. It is
clear that an ordinal sum t-norm is continuous if and only if all of its summand
t-norms are continuous.

In general, the representation of a t-norm as an ordinal sum of t-norms is not
unique. For instance, for each subinterval [a, b] of [0, 1] we have

T = () = ({0,1,Tn)) = (@, b, Tia)) -
This gives rise to the following definition.

Definition 8. A t-norm T that has no ordinal sum representation different from
((0,1,T)) is called ordinally irreducible.

Note that each continuous Archimedean t-norm, in particular also Tp and T,
has only trivial idempotent elements and is therefore ordinally irreducible. More-
over, there are no other ordinally irreducible continuous t-norms.

Based on the above information, we can now turn to the representation of
continuous t-norms (see also [17,22,25,38])

Theorem 1. A binary operation on the unit interval is a continuous t-norm if
and only if it is an ordinal sum of continuous Archimedean t-norms.

Therefore, continuous t-norms are either:

— strict, 7.e. isomorphic to the product t-norm 7Tp,
— nilpotent, 7.e. isomorphic to the Lukasiewicz t-norm 711,
— the minimum Ty itself, i.e. I =0, or

— non-trivial ordinal sums with strict or nilpotent summand operations, i.e.
I # 0 and no Jay, b;[ equals |0, 1].
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2.3 The Dominance Property for T-Norms

Let us now focus on the dominance relation on the class of t-norms [38,42,44].

Definition 9. We say that a t-norm Ty dominates a t-norm Ts, or equivalently,
that Ty is dominated by T7, and write Ty > Ty, if for all x,y,u,v € [0,1]

T (Ta(x, y), Ta(u, v) = To(Ta (2, u), Tr(y, v)) - (9)

Due to the fact that 1 is the common neutral element of all t-norms, dominance
of one t-norm by another t-norm implies their comparability (see also [29]), i.e.
Ty > T5 implies T7 > T5,. Similarly to the ordering of t-norms, any t-norm 7T’
is dominated by itself and by Ty, and dominates Tp, i.e. for any t-norm 7' it
holds that

T > T, T7>T, T'>1Tp.

As a consequence we can immediately state that dominance is a reflexive and
antisymmetric relation on the class of all t-norms. We will show later that it is
not transitive, not even on the class of continuous t-norms. Hence, the dominance
relation is not a partial order on the set of all t-norms.

Finally, we mention that a dominance relationship between two t-norms is
preserved under isomorphic transformations [32].

Proposition 2. A t-norm T dominates a t-norm T if and only if (T1), dom-
inates (1z), for any order isomorphism .

3 Continuous Archimedean T-Norms

3.1 Isomorphic Transformations

The problem we study here is to determine whether a first continuous Archime-
dean t-norm 77 dominates a second such t-norm 75. Since dominance is preserved
under isomorphic transformations, this problem can be transformed into one of
the following prototypical problems. Suppose that T7 > Tb:

— If T} is nilpotent, then T5 has to be nilpotent as well. In that case, there exist
some order isomorphisms ¢ and ¢ such that (11), = Ty, and (12)y = TL

leading to
Ty > T < (Th)y > Tu e Ty > (1h), .

— If Ty is strict, then T5 can be either strict or nilpotent. In both cases, there
exist order isomorphisms ¢ and v such that
T >The (Th)y > T e Te > (Th),

in case T5 is nilpotent, and
Ty >Th < (Th)y >Tp < Tp > (1),

in case 15 is strict.

Summarizing, it suffices to investigate the classes of t-norms dominating or being
dominated either by Tp or by 7t,. In the next section, we will provide a geo-
metrical interpretation for these particular cases. Necessary as well as sufficient
conditions for aggregation operators (and therefore also t-norms) dominating
one of these t-norms can be found, e.g., in [29,30,32,43].
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3.2 Geometrical Interpretation

The inequality expressing dominance is difficult to grasp since it concerns four
variables involved in various compositions of mappings. Providing an insightful
geometrical interpretation would be more than welcome. We will present such
an interpretation for the two cases discussed above: t-norms dominating or being
dominated either by 71, or by Tp.

Note that the inequality expressing dominance trivially holds if at least one
of the arguments equals 0. Hence, we can restrict our attention to arguments
x,y,u,v €)0,1] only.

Dominance Relationships Involving Ti,. Let us consider some t-norm 7
which dominates Ty, i.e. for all x,y,u,v € [0, 1] we have

T(Tu(x, u), Tu(y,v)) = Tu(T (2, y), T(u, v)) . (10)

For any fixed u,v € ]0,1], we introduce new variables a = Tr(x,u) and b =
T1(y, v) ranging over [0, u] and [0, v], respectively. If a = 0 then x +u — 1 < 0;
similarly, if b = 0 then y + v — 1 < 0. In any case, it follows that T'(x,y) +
T(u,v) —1 < 0 and (10) is satisfied trivially as both sides evaluate to 0. On
the other hand, if a,b > 0 then x and y can be recovered from the expressions
r=1—u+aand y =1— v+ b. Using these new variables, the dominance
inequality is transformed into

T(a,b) >T,(T(1—u+a,1—v+b),T(u,v)) (11)

for all u,v € ]0,1] and all a € [0,u], b € [0,v]. The right-hand side can be
interpreted geometrically in the following way:

— First, the graph of T(1 —u+a,1 — v+ b) as a function of a and b is nothing
else but a translation of the original graph such that the point (1,1,1) is
moved to the point (u,v,1).

— Using 71, to combine this function with the value T'(u,v) means that this
translated graph is subsequently translated along the direction of the z-axis
such that the original reference point (1,1,1) is now located in the point
(u, v, T(u,v)).

— As a consequence, parts of the resulting surface are now located outside the
unit cube. Due to the definition of T7,, these parts are simply truncated by
0, i.e. they are substituted by the corresponding parts of the zy-plane.

The fact that 17" dominates 71, means that this translated surface lies below the
original one, and this for any choice of u,v. The situation in which a t-norm T
is dominated by 71, has a similar interpretation, the only difference being that
the translated surface should now be above the original one.

In Fig. 2, this geometrical interpretation is illustrated for the case Ty > Tt..
For any choice of u,v (see Fig. 2 (a)) the box [0,u] x [0,v] x [0, Tnm(u,v)] is
constructed (see Fig. 2 (b)) and the original graph of Ty is translated moving



342 S. Saminger, P. Sarkoci, and B. De Baets

08 o8 : {08 |08

06 os % (e T0)  os (.0, T0,0)

A

04 1) 04
2
V0
A
021 A7 02
0
G004
¢

7
4
%,

02 0.2
0 0

(a) (b) (c)

Fig. 2. Geometrical interpretation of Ty dominating 7T,

the point (1,1,1) to the point (u,v, Tnm(u,v)) (see Fig. 2 (¢)). Then the trans-
lated surface is compared with the original one (see Fig. 2 (d)). One can see

immediately that the new surface lies below the original one for any choice of
U, .

Dominance Relationships Involving Tp. The case of a t-norm 7' dominating

Tp has an even simpler geometrical interpretation. First of all, T" > Tp means
that for all x,y,u,v € [0,1] it holds

T (zu,yv) > T(z,y)T (u,v).

For any fixed u,v € ]0, 1], we introduce new variables a = zu and b = yv rang-

ing over [0, u] and [0, v], respectively. Using these new variables, the dominance
inequality is transformed into

T(a,b) = T(5, ;)T (u,v) (12)

for all u,v € ]0,1] and all @ € [0,u], b € [0,v]. The right-hand side can be
interpreted geometrically in the following way.

The graph of T'( 2, S)T(u, v) as a function of a and b is exactly the graph of
T linearly rescaled in order to fit into the box [0, u] x [0,v] x [0, T (u,v)]. This
rescaling is obviously different for any u, v. The fact that T' dominates Tp means
that this rescaled graph lies below the original graph. The situation in which

08 {08 g ‘ os

06 P06 (u.‘le(qur)) 06 (u, v, T(u,v))

0.4 //
Yy
Y 0,
L
i
s
0 s

(a) (b)

Fig. 3. Geometrical interpretation of T dominating Tp
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a t-norm 7' is dominated by Tp has again a similar interpretation, the only
difference being again that the rescaled graph should now be above the original
one.

In Fig. 3, this geometrical interpretation is illustrated for the case Ty > Tp.
For any choice of u,v (see Fig. 3 (a)) the box [0,u] x [0,v] x [0, Tnm(u,v)] is
constructed (see Fig. 3 (b)) and the original graph of T is rescaled in order to
fit into this box (see Fig. 3 (c¢)). Then the rescaled surface is compared with the
original one (see Fig. 3 (d)). One can see immediately that the new surface lies
below the original one for any choice of u, v.

4 Continuous Non-Archimedean T-Norms

Let us now focus on dominance involving continuous non-Archimedean t-norms,
i.e. involving non-trivial ordinal sums of continuous Archimedean t-norms.

4.1 Summand-wise Dominance

When studying the dominance relationship between two ordinal sum t-norms,
we have to take into account the underlying structure of the ordinal sums.
In case both ordinal sum t-norms are determined by the same family of non-
empty, pairwise disjoint open subintervals, dominance between the ordinal sum
t-norms is determined by the dominance between all corresponding summand
t-norms [30].

Proposition 3. Consider the two ordinal sum t-norms Ty = ({ai, bi,T1;))icr
and Ty = ((ai, bi, T23))icr- Then T1 dominates T if and only if Th,; dominates
Ts, forallic 1.

4.2 Ordinal Sum T-Norms with Different Summand Carriers

In case the structure of both ordinal sum t-norms is not the same, we are able to
provide some necessary conditions which lead to a characterization of dominance
between ordinal sum t-norms in general. Assume that the ordinal sum t-norms T}
and T, under consideration are based on two at least partially different families of
summand carriers, i.e. 71 = ((a1,4, 01,4, 11.i))ier and T = ({az,j,b2.5,T5 ;))jes-
W.l.o.g. we can assume that these representations are the finest possible, i.e.
that each summand t-norm is ordinally irreducible.

Since for a continuous t-norm 7' the existence of a non-trivial idempotent
element d is even equivalent to being representable as an ordinal sum 7T =
((0,d,T"),(d,1,T")) for some summand t-norms 77 and 7" (see also [17]), it is
indeed reasonable to assume that the representations of two continuous t-norms
Ty = ({a1,i,01,4,T1.3))ier and Ty = ((a2,;,b2,5,T2,;))jes are such that there exists
no 71y ;, resp. 15 ;, with a non-trivial idempotent element d € ]ai i, b1 [, resp.
d e ]azyj,bg,j[.
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Necessary Conditions Due to the Induced Order. Since any t-norm is
bounded from above by Th; and dominance implies their comparability we im-
mediately can state the following lemma [30].

Lemma 1. If a t-norm Ty dominates a t-norm T, then Ti(z,y) = Tm(z,y)
whenever Ts(z,y) = Tam(x,y).

Geometrically speaking, if an ordinal sum t-norm 7} dominates an ordinal sum
t-norm 75, then it must necessarily consist of more regions where it acts as
T than 7. Two such cases are displayed in Fig. 4 (a) and (c). Note that no
dominance relationship between 7} and 75 is possible in a case like illustrated
in Fig. 4 (b).

75 o——o o—~O0 0—>0 T o—+—0 o—o0 T o—o0
air by 41,2 b12@1,3 by ara by | @12big a1,1b1 1
Ty o© o o o T, o o o o Ty o© o o o)
a1 bzﬁ] a2 2 bgyz a2 1 bzﬁ] az2 b212 a2 1 bzﬁ] az 2 b212
(a) (b) (c)

Fig. 4. Examples of two ordinal sum t-norms 77 and T» differing in their summand
carriers

Therefore, we can immediately state the following corollary [30].

Corollary 1. Consider the two ordinal sum t-norms Th = ({(@1,i, 01,5, 11,4))ier
and To = ({az,j,b2,5, 15 j))jes with ordinally irreducible summand t-norms only.
If Ty dominates Ts then

Viel: El] e J: [al,i,bu] - [ag,j,sz] . (13)

Note that each [ag j, b2 ;] can contain several or even none of the summand
carriers [a1,;,b1,4] (see also Fig. 4 (a) and (c)). Hence, for each j € J we can
consider the following subset of I:

I ={iel|[ay:bii] Clagj, bayl}. (14)

Based on these notions and due to Proposition 3, dominance between two
ordinal sum t-norms can be reformulated in the following way [30].
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Proposition 4. Consider two ordinal sum t-norms Ty = ({(a1,i,b1,i,11,i))icr
and Ty = ((az,;,b2,5,T>,;))jcs with ordinally irreducible summand operations
only. Then T7 dominates Ts if and only if

(Z) Uj'eL]IJ‘ =1,
(ii) T{ > Ty ; for all j € J with

T! = ({pj(ari), 5 (b1.), Toi))ic1, (15)

and @j: laz,;j,b25] — [0,1], @j(x) = 707

Note that due to Proposition 4, the study of dominance between ordinal sum t-
norms can be reduced to the study of dominance of a single ordinally irreducible
t-norm by some ordinal sum t-norm. In particular, if all ordinal sum t-norms
involved are just based on a single t-norm 7" as summand operation, it suffices

to investigate the dominance of T by ordinal sum t-norms 7" = ({a;, b;, T™))ic1.

Ezample 2. Let us now briefly elaborate the three different cases of ordinal sum
t-norms displayed in Fig. 4 in more detail :

— Consider the ordinal sum t-norms 77 and T3 as displayed in Fig. 4 (a). Due
to Proposition 3, T > 15 is equivalent to showing that T7 ;1 > T5; and
T? > Ty 5, where T? is the ordinal sum t-norm defined by

T? = ({p2(a1,2), p2(b1,2), T2), (@2(a1,3), w2 (b1,3), Ti3))

with @2 [az2,b22] — [0,1], p2(x) =

T bao—azp2’

— Having a look at the ordinal sum t-norms 77 and 75 as displayed in Fig. 4 (b),
we immediately see that [a1,1,b1,1] € [a2,1,b2,1] and vice versa, so that

r—az 2

Tl(xay) = TM(mvy) 7£ T2(a:7y) for some T,y € [a2,17a1,1] )
To(z,y) = Tm(x,y) # Ti(x,y) for some x,y € [b21,b11] -

Hence, due to Lemma 1, in this case a dominance relationship is impossible.

— On the other hand, for the ordinal sum t-norms 77 and 75 as displayed
in Fig. 4 (c), the dominance of To by 77 is still possible. Again, due to
Proposition 3, T1 > T is equivalent to T2 > T5 2, where TZ is the ordinal
sum t-norm defined by

T? = ({p2(a11), p2(b11), T11)) .

T—asz2

with 0 [ag,2,b2,0] — [0,1], p2(x) = "0~ .
Necessary Conditions Due to Idempotent Elements. The idempotent
elements play an important role in dominance relationships, as is expressed by
the following proposition [30].

Proposition 5. If a t-norm T; dominates a t-norm Ty, then the following
observations hold:

(1) Z(Ty) is closed under Ts;
(ii) Z(T) C Z(Ty).
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(a) (b)

Fig. 5. Illustrations to Example 3

Note that for the representation of a continuous ordinal sum t-norm 7" = ({a;, b;,
T;))ier in terms of ordinally irreducible summand t-norms T}, the set of idempo-
tent elements is given by Z(T') = [0,1] \ U, ]ai, bs[. Therefore, this proposition
has some interesting consequences for the boundary elements of the summand
carriers. Firstly, all idempotent elements of T5 are idempotent elements of 71, i.e.
either endpoints of summand carriers of T} or elements of some domain where T}
acts as Tng. Secondly, for any idempotent elements dq, ds of T7 we know that also
T5(dy,ds), is an idempotent element of T7. Consequently, if T3 is some ordinal
sum t-norm that dominates Ty = Tp, resp. To = T1,, and d € Z(T1) then also
d" € I(1y), resp. max(nd —n + 1,0) € Z(11), for all n € N.

Ezxzample 3. Consider a t-norm T* with trivial idempotent elements only, i.e.
Z(T*) = {0,1}. We are now interested in constructing ordinal sum t-norms 77
with summand operations T which fulfill the necessary conditions for dom-
inating 7o = T* as expressed by Proposition 5. Clearly, T3 = ((d,1,7%)) is
a first possibility (see Fig. 5 (a)). Adding one further summand to 73, i.e.
building T} = ({(a,d,T*), (d,1,T*)), demands that a > T5(d, d), since otherwise
T5(d,d) ¢ Z(T7) (see also Fig. 5 (b)).

5 Particular Continuous Ordinal Sum T-Norms

We will now focus on particular ordinal sum t-norms with either the Lukasie-
wicz t-norm or the product t-norm as only summand operation and study the
dominance relationship between such t-norms.

5.1 Ordinal Sum T-Norms Based on Ti,

According to Proposition 5, the set of idempotent elements of a t-norm 77 domi-
nating a t-norm 75 should be closed under 75 and should contain the idempotent
elements of T5. If we restrict our attention to ordinal sum t-norms with 71, as
only summand operation, this proposition can be turned into a characteriza-
tion [33].



The Dominance Relation on the Class of Continuous T-Norms 347

Proposition 6. Consider two ordinal sum t-norms T, and Ty based on Tt,, i.e.
Ty = ({as,bi,T1))icr and To = ({a;,b;,T1))jes. Then Ty dominates T5 if and
only if the following two conditions hold:

(1) Z(Ty) is closed under Ts;
(i) Z(Tp) € Z(Tv).

Now consider the particular case Ty = T7,. Clearly, the second condition is triv-
ially fulfilled and can be omitted. In order to be able to apply the above propo-
sition to this case, we need to understand what it means for a set to be closed
under 71, [33].

Lemma 2. A subset S C [0,1] is closed under Ty, if and only if the set
1-S={1—-z|zeS}

is closed under truncated addition, i.e. whenever a,b € 1 —.S also min(a+b,1) €

1-S.

Consequently, an ordinal sum t-norm 7" based on 71, dominates 77, if and only
if the set of its complemented idempotent elements is closed under truncated
addition. Let us apply this insight to some particular families of ordinal sum
t-norms based on T17,.

The Mayor-Torrens Family. The Mayor-Torrens t-norms form a family pa-
rameterized by a single real parameter A € [0, 1] [23]:

T = ((0,\, T1))

These t-norms are ordinal sums based on 71, with a single summand located in
the lower left corner of the unit square (see also Fig. 6 (a)). In particular, it
holds that T&VIT = Ty and TlMT = Ti1,. Note that Ti\fT > T/{\fT if and only if
A1 < Xa. Hence, T}XIT > T}\\fT implies A1 < Ao.

If A1 =0 or A\;y = Ao, then the dominance relationship trivially holds. Suppose
that 0 < A; < Az, then TX'T dominates T3 T if and only if TH™ = ((0, \*, TL))
dominates T, with \* = i‘; (see also Proposition 4). The set of idempotent

elements of T' /{\fT is
T(TMT) = {0} U [\, 1]

and therefore
1 —Z(TMT) =[0,1 - A Ju{1}.

For a = 1 — A* and b = min(a, ;%) it holds that a,b € 1 — Z(T4T), a + b < 1
but a +b ¢ 1 —Z(TM7T). According to Lemma 2 and Proposition 6, there exist
no dominance relationships within the Mayor-Torrens family other than Ty
dominating all other members and self-dominance. Hence, there exists no triplet
of pairwisely different t-norms T}XIT, T}\\fT and T }\\fT fulfilling T}XIT > T}\\fT and
T/{\fT >T }\\fT, implying that the dominance relation is (trivially) transitive, and
therefore a partial order, on this family. The Hasse-diagram of ((TIT) aef0,1]y K)
is displayed in Fig. 6 (b).
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T = TMT

Ty

(a) (b)

Fig. 6. Examples of Mayor-Torrens t-norms, Hasse-diagram of ((T21T) refo,1]; <)

The Modified Mayor-Torrens Family. In this paragraph, we consider the
family of t-norms parameterized by a single real parameter p € [0, 1]:

Ty = ({p,1,T)) -

Contrary to the Mayor-Torrens family, the summands are located in the upper
right corner of the unit square. Hence, Ty = T1, and 11 = T (see also Fig. 7 (a)).
Note that T),, > T),, if and only if u1 > ps. Hence, T},, > T}, implies p1 > po.

If u1 = 1 or pg = o, then the dominance relationship trivially holds. Assume
that ps < p1 < 1, then T, dominates T},, if and only if 7}, dominates T, with
pt = HF2 The set of idempotent elements of T),« is

I(T,) = [0, "] U {1}

and therefore
1= Z(Tp) = {0} U1 — " 1]

One easily verifies that the latter set is closed under truncated addition. Hence,
within the modified family, it holds that T, > T),, whenever j1; > po. In other
words, this family is totally ordered by the dominance relation. The Hasse-
diagram of ((7),),c(0,1], <) is displayed in Fig. 7 (b).

Violation of Transitivity. We can now provide counterexamples to the con-
jecture that the dominance relation is transitive on the class of t-norms by con-
sidering ordinal sum t-norms based on 71, with two summands. More specifically,
we consider the t-norm T\ = ((0, A\, Tr.), (A, 1,71,)) with parameter A € [0, 1]. We
will show that for any A\ € }O, %} it holds that

T)]-\VIT > T)\? T)\ > TL) T)I\VIT ?é TL (16)

violating the transitivity of the dominance relation.

First, both TiVIT and T\ can be understood as ordinal sum t-norms with
the same structure: TMT can be written as ({0, A\, TL), (A, 1,Tm)), hence the
common summand carriers are [0, \] and [A, 1] (see Fig. 8).
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. Tm=T

0 H2 < H1 1

(a) (b)

Fig. 7. Examples modified Mayor-Torrens t-norms, Hasse-diagram of ((7,.),c[0,1], <)

Since Ty, > Ty, and Ty > T, Proposition 3 implies that T }\vIT > T for any
A € [0,1]. Second, the set of idempotent elements of T is given by Z(Th) =
{0, A, 1} and thus

1—Z(Ty) = {0,1— A, 1}.

This set is closed under truncated addition if and only if 1 — A > ; Therefore,
according to Lemma 2 and Proposition 6, it holds that T\ dominates 77, if and
only if A € [0, ;] Finally, in the Mayor-Torrens family it does not hold that
T™T > T1, = TMT for any A € ]0,1[. Combining all of the above shows that
(16) holds if and only if A € }O, ﬂ

‘, .............................. T

i Ty

0 < A< i 10 < A< i 1 1

Fig. 8. Three ordinal sum t-norms based on 71, violating the transitivity of the domi-
nance relation. From left to right: T, T and 7. Violation of transitivity occurs if
and only if \ € }0, é}

5.2 Ordinal Sum T-Norms Based on Tp

We now turn to ordinal sum t-norms with 7p as only summand operation and
start again with a family of t-norms with a single summand in the lower left
corner of the unit square.
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The Dubois-Prade Family. The Dubois-Prade t-norms form a family para-
meterized by a single real parameter A € [0, 1] [10]:

PP = ((0,\, Tp)).

The case A = 0 corresponds to T, the case A = 1 to Tp. Note that T/PlP > T/]\gp
if and only if Ay < A2. Hence, TPIP > T/PQP implies A1 < Ao.

If A1 =0 or A\ = A3, then the dominance relationship trivially holds. There-
fore, suppose that 0 < A\; < As. The set of idempotent elements of T/]\DlP is given
by

Z(TYF) = {0} U A, 1]

It then holds that

0# TR (AL A1) =X -Tp(3, ) = 3L - < A
due to the strict monotonicity of Tp. Hence, TF (A1, A1) ¢ Z(T.¥). According
to Proposition 5, T/{DIP does not dominate T’ /\[;P.

Consequently, the only dominance relationships in the Dubois-Prade family
are Ty dominating all other members and self-dominance. The dominance rela-
tion is again (trivially) transitive, and therefore a partial order, on this family
(see Fig. 9).

T = TPP

Tp

0 A1 < A2 1

(a) (b)

Fig. 9. Examples of Dubois-Prade t-norms, Hasse-diagram of ((T°F) xefo,1], <)

In contrast to dominance between ordinal sum t-norms based on 77,, dominance
between ordinal sum t-norms based on 7Tp is not fully understood. The following
lemma provides one way of constructing an ordinal sum t-norm based on Tp
dominating Tp. It follows immediately from Proposition 5.

Lemma 3. Let A € ]0,1] and m € N. Then the ordinal sum t-norm T ,, defined
as

T)\,m - (<)\n, )\n—l, TP>)n:1,2,...,m

dominates Tp.

This simple lemma allows to construct interesting examples.
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The Modified Dubois-Prade Family. Similarly as for the Mayor-Torrens
family, we propose a modification of the Dubois-Prade family, by locating the
single summand in the upper right corner of the unit square. Explicitly, we
consider the family of t-norms parameterized by a single real parameter A € [0, 1]:

Ty = ((\1,Tp)).

Note that these t-norms are special cases of Lemma 3 as T\ = T) ;. In particular,
Ty = Tp and 17 = Twm. Note that T, > T, if and only if A\; > Ay. Hence,
Ty, > T), implies A1 > Aa.

If Ay =1 or Ay = Ao, then the dominance relationship again trivially holds.
Moreover, due to Lemma 3, the dominance relationship also holds if Ay = 0, i.e.
Ty, > Ty. Consider the case 0 < Ay < A} < 1, then T, dominates T}, if and
only if ((’\11__/\22 ,1,Tp)) dominates Tp. Thanks to Lemma 3, it then follows that
the modified Dubois-Prade family is totally ordered by the dominance relation

(see Fig. 10 (b)).
. Tv=T

0 Ao < A1 1
(a) (b)
Fig. 10. Examples modified Dubois-Prade t-norms, Hasse-diagram of ((T)xeo,1], <)

Violation of Transitivity. Also ordinal sum t-norms based on Tp allow us to
construct a counterexample demonstrating the non-transitivity of the dominance
relation. Consider the ordinal sum t-norms T4 = ((}, 5, Tp), (3,1,7p)) and T> =
T1 5 (see Lemma 3). It then holds that

Ty > Ty, Ty > Tp, T, » Tp

violating the transitivity of the dominance relation (see Fig. 11).

Note that the t-norm T can also be written as Ty = ({3, 5,7p), (5,1,77))
with 7™ the member of the modified Dubois-Prade family with parameter A =
%. Using Proposition 3 and the dominance relationships within the modified
Dubois-Prade family, it follows immediately that T7 > T5. The dominance rela-
tionship 75 > Tp is an immediate consequence of Lemma 3. Finally, we consider

the set of idempotent elements of 7T7:

I(Th) = [0, ;] U |5, 3] -
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Tp

Te

L TP
Te Te

0 i i 3 1 0 1 2 1 0 1

Fig. 11. Three ordinal sum t-norms based on Tp violating the transitivity of the dom-
inance relation

It holds that 3 € Z(T1), while
Te(y, ) = a3 €Z(Th).

Proposition 5 then implies that T; does not dominate Tp.

6 Final Remarks

The dominance relation is a reflexive and antisymmetric relation on the class of
t-norms. That it is not transitive and therefore not a partial order was illustrated
by several examples whereas the particular role of ordinal sums dominating either
the Lukasiewicz t-norm or the product t-norm is remarkable. Note that by the
isomorphism property of dominance these examples can be transformed into
counterexamples involving arbitrary nilpotent resp. strict t-norms. Properties
related to idempotent elements and to the induced order heavily determine the
occurrence of dominance within particular families of t-norms as shown by the
parameterized families in the last section.
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1. Introduction

In 1950, Mulholland presented a generalization of the Minkowski inequality, which later on became known as the Mulhol-
land inequality [13]. In the same contribution, he provided a sufficient condition for its fulfillment by a continuous function
that is strictly increasing on its domain. In 1984, Tardiff demonstrated that this inequality plays an essential role in the
investigation of dominance between strict triangular norms (t-norms for short) and provided a different sufficient condi-
tion [24]. In 2002, Jarczyk and Matkowski clarified the relationship between the two sufficient conditions, showing that
Tardiff's condition implies that of Mulholland [5].

On the other hand, the dominance relation was originally introduced in the framework of probabilistic metric spaces [22]
and was soon abstracted to operations on a partially ordered set (see, e.g. [20]). The dominance relation, in particular
between t-norms, plays a profound role in various topics, such as the construction of Cartesian products of probabilistic
metric and normed spaces [11,20,22], the construction of many-valued equivalence relations [2,3,25] and many-valued order
relations [1], as well as in the preservation of various properties during (dis-)aggregation processes in flexible querying,
preference modelling and computer-assisted assessment [2,4,14,16]. These applications instigated the study of the dominance
relation in the broader context of aggregation operators [12,14,16].

The dominance relation is an interesting mathematical notion per se. As it constitutes a reflexive and antisymmetric
relation on the class of t-norms, and counterexamples for its transitivity were not readily found, it remained an intriguing
open problem [7,18,20,21,24] for more than 20 years whether or not it was an order relation. Only recently the question was
answered to the negative [17,19]. However, due to its relevance in applications, it is still of interest to determine whether
or not the dominance relation establishes an order relation on some subclasses of t-norms. Of particular importance are the
continuous Archimedean t-norms, as they are the basic elements of which all continuous t-norms are composed. Therefore,
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establishing sufficient conditions for dominance between continuous Archimedean t-norms is of interest and constitutes the
main goal of our contribution.

After some brief preliminaries on t-norms, we demonstrate the close relationship between dominance between contin-
uous Archimedean t-norms and a generalization of the Mulholland inequality. A short survey on sufficient conditions for
continuous functions which are strictly increasing on the whole domain is followed by appropriate sufficient and neces-
sary conditions in the more general case. This provides the basis for the investigation of dominance between continuous
Archimedean t-norms in the last section.

2. Continuous Archimedean t-norms

We briefly summarize some basic properties of t-norms for a thorough understanding of this paper (see, e.g. [6-10]).

Definition 1. A t-norm T : [0, 1] — [0, 1] is a binary operation on the unit interval that is commutative, associative, increas-
ing and has 1 as neutral element.

Well-known examples of t-norms are the minimum Ty, the product Tp and the fukasiewicz t-norm Ty defined by
Tm(u, v) = min(u, v), Tp(u,v) =u-v and Tr(u, v) =max(u + v — 1, 0).

Since t-norms are just functions from the unit square to the unit interval, their comparison is done pointwisely: T1 < T,
if Ty (u, v) <Ta(u,v) for all u, v € [0, 1], expressed as “Tq is weaker than T»” or “T; is stronger than T1.” The minimum Ty
is the strongest of all t-norms. Furthermore, it holds that Tp > Ty.

A continuous t-norm T is Archimedean if and only if for all u €10, 1[ it holds that T (u,u) < u. The class of continuous
Archimedean t-norms can be partitioned into two subclasses: the class of strict t-norms, which are continuous and strictly
increasing, and the class of nilpotent t-norms, which are continuous and fulfill that for each u € ]0, 1[ there exists some n € N
such that

T(u,...,u)=0.
— —
n times

The product Tp is strict, whereas the Lukasiewicz t-norm Ty is nilpotent.

Note that for a strict t-norm T it holds that T (u, v) > 0 for all u, v € ]0, 1], while for a nilpotent t-norm T it holds that
for any u € ]0, 1[ there exists some v € ]0, 1[ such that T(u,v) =0 (each u €]0, 1[ is a so-called zero divisor). Therefore, for
a nilpotent t-norm T; and a strict t-norm T it can never hold that T; > T».

Of particular interest in the discussion of continuous Archimedean t-norms is the notion of an additive generator.

Definition 2. An additive generator of a continuous Archimedean t-norm T is a continuous, strictly decreasing function
t:[0,1] — [0, o] which satisfies t(1) =0 such that for all u, v € [0, 1] it holds that

T(u,v) =tV (tW) +t(v)) (1
with

tV @) =t (min(t(0), u)) (2)
the pseudo-inverse of the decreasing function t.

An additive generator is uniquely determined up to a positive multiplicative constant. Any additive generator of a strict

t-norm satisfies t(0) = oo, while that of a nilpotent t-norm satisfies t(0) < co. In the case of strict t-norms, the pseudo-

inverse t=1 of an additive generator t coincides with its standard inverse t~!. In any case, the following relationships
between an additive generator t and its pseudo-inverse =1 hold

to idran(ry and tCVot= ido, 13- (3)

=1 —
t |Ran(t) -
3. Dominance and related inequalities

Just as triangular norms, the dominance relation finds its origin in the field of probabilistic metric spaces [20,22]. It was
originally introduced for associative operations (with common neutral element) on a partially ordered set [20], and has been
further investigated for t-norms [15,17-19,21,24] and aggregation operators [12,14,16]. We state the definition for t-norms
only.

Definition 3. Consider two t-norms T; and T,. We say that T{ dominates T, (or T, is dominated by T;), denoted by
T1 > T, if for all x, y,u, v €[0, 1] it holds that

T1(T2(x, ¥), To(u, v)) = To(T1(x, u), T1(y, v)). (4)
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Note that any t-norm is dominated by itself and by Ty. Since all t-norms have neutral element 1, dominance between
two t-norms implies their comparability: T; > T, implies T; > T,. The converse does not hold, not even for strict t-
norms [24]. Since for a nilpotent t-norm T; and a strict t-norm T, it cannot hold that T1 > T, it also cannot hold that
T1 > T,. Therefore, for a continuous Archimedean t-norm T; and a strict t-norm T, T > T, implies that also T is strict.

The dominance relation between two continuous Archimedean t-norms can be expressed in terms of their generators.
This was shown for strict t-norms in [24] and is generalized below.

Theorem 1. Consider two continuous Archimedean t-norms T and T, with additive generators t1 and t;. Then T1 dominates T, if
and only if the functionh =t o té_l) : [0, o] — [0, o] fulfills for all a, b, c,d € [0, t5(0)]

hD (h(@) +h(©) +h"P (h(b) + h(d)) > h'"V (h(a+ b) + h(c +d)) (5)
with =1 : [0, co] — [0, oo] the pseudo-inverse of the increasing function h, given by h=V =t; o tg_]).
Proof. The case of two strict t-norms T; and T, was treated by Tardiff [24]. Therefore, we suppose that at least one of the
t-norms involved is nilpotent.
Note also that (4) is trivially fulfilled when 0 € {x, y, u, v}. Hence, the verification of (5) can be restricted to a, b, c,d €
[0, £2(0)[ only.

(i) Suppose first that T > T,. Expressing (4) in terms of generators and applying the decreasing function t; to both
sides leads to

KV [h(600 + ) +h(t2) + W) ] < ot [RD (1510 + 61) +h TV () +6W)],
for all x, y,u, v € [0, 1]. Consider a, b, ¢, d € [0, t2(0)], then the continuity of t; implies the existence of x = tz_l (a) = tg_l)(a),
y=t1b)=t5 V), u=t") =t V(0), v=t51(d) =t{ " (d). It then follows that
WY (h@+b) +h(c+d)) <tz oty "[hV (h(@) +h(©)) + " (h(b) + h(d))].
Denote K =h=V (h(a) + h(c)) + =V (h(b) + h(d)). If K > t5(0), then
hCD (h@+b) +hic+d)) <tz otS V(K) =t 0t5 " 0t2(0) = £2(0) < K.
Otherwise, it holds that
hCD (h@+b) +hic+d)) <tz ots V(K) =ty ot;1(K) =K.

This shows that (5) is fulfilled for all a, b, c,d € [0, t3(0)].
(ii) Conversely, suppose that h fulfills (5) for all a, b, c,d € [0, t2(0)], then

otV (t1 ot V@ + 10tV (@) + 20tV (10 tSV(b) +t1 0tV (d))
>toti (G ots @+ b) + 1oty V(e +d)).
Consider x, y,u, v €[0, 1] and let a =ty (x), b=1t2(y), c =t2(u) and d =ty (v). It then follows that

Loty V(L +tW) +hot () +0 W) 2hoti oty V(L2() + (1) + oty (W) + 6(v))).
Applying the decreasing function tg_l) to both sides leads to

T2 (T1(x, u), T1(y, v)) < T1(T2(x, ), T2 (u, v)).

Hence, T1 dominates T,. O

4. The Mulholland inequality

Using the notations of Theorem 1, if T; and T, are strict, then t(0) = oo, h is strictly increasing and thus h=D =h~1.
Inequality (5) then simplifies to

h='(h@) +h(c)) +h~ " (h(b) + h(d)) >h~" (h@+b) + h(c +d)), (6)

for all a, b, c,d € [0, oo[ (the inequality is trivially fulfilled when oo € {a, b, c, d}). This inequality is known as the Mulholland
inequality and is a generalization of the Minkowski inequality [13].

It is remarkable that functions h fulfilling (6) have been investigated independently from the context of dominance
[5,13,23,24]. A brief overview of the most important findings is given next.

Proposition 2. (See [13].) Consider a continuous, strictly increasing function h: [0, co[ — [0, oo[ such that h(0) = 0. If h fulfills the
Mulholland inequality (6), then it is convex on ]0, ool.
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Proposition 3. (See [13].) Consider a continuous, strictly increasing function h : [0, co[ — [0, oo[ such that h(0) = 0. If h is convex on
10, oo[ and log o h o exp is convex on ]—oo, oo[, then h fulfills the Mulholland inequality (6).

Proposition 4. (See [24].) Consider a differentiable, strictly increasing function h : [0, oo[ — [0, oo[ such that h(0) = 0. If h is convex
on 10, oo[ and log o h’ o exp is convex on |—oo, oo, then h fulfills the Mulholland inequality (6).

It can be shown that for a continuous function f : [0, co[ — [0, oo[ such that f(]0, oo[) € ]0, ool it holds that logo f oexp
is convex on ]—oo, log(t)[, with t € 10, oc[, if and only if f fulfills

FWRY) <V & FWY) (7)

for all x, y €10, t[. The latter condition is referred to as the geometric convexity of f on ]0,t[ (geo-convexity for short); if
f(0) =0, then the geo-convexity holds on [0, t[. Moreover, if f is increasing, then the convexity of logof on ]0,t[, called
log-convexity of f, implies its geo-convexity. Jarczyk and Matkowski [5] have investigated the relationship between the
geo-convexity of a function and that of its derivative.

Proposition 5. (See [5].) Consider a differentiable function f:1]0, co[ — 10, oo[ such that limy_.q f(x) = 0 and f’(x) > 0 for all
x €10, oo[. If f' is geo-convex, thenso is f.

Combining the above results leads to the following relationships between the sufficient conditions on h for the fulfillment
of the Mulholland inequality:

h is convex, fulfills h(0) =0, and ...
h' is geo-convex <« I’ is log-convex
U

h is geo-convex <«  h is log-convex

(i
h fulfills (6)

5. A generalization of the Mulholland inequality

In this section, we aim at a generalization of the results of Mulholland and Tardiff in order to guarantee their applicability
to the investigation of dominance between two continuous Archimedean t-norms.

5.1. A first sufficient condition
Theorem 6. Consider a function h : [0, co] — [0, co] and some fixed value t € 10, oo[ such that
(h1) h is continuous on [0, t];
(h2) h is strictly increasing on [0, t] and h(x) > h(t) whenever x > t;
(h3) h(0) =0;
(h4) his convex on 10, t[;
)

(h5) h is geo-convex on 10, t[.

Define the functions g : [0, co] — [0, oo] and H : [0, 00]% — [0, oo] by

e ®

H(x, y) :=g(h®) +h(y)). (9)
Then the following inequality holds for all a, b, c,d € [0, o0]

H(@+b,c+d)<H(a,c)+ H(,d). (10)

Remark 1. Clearly, g is continuous and increasing. Also H is continuous in each argument and increasing. Obviously, it holds
that

H(t,x)=H(x,t)=t, forall xe€[0,o0], (11)
H(0,x) =H(x,0)=x, for all x e [O0,t]. (12)
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Further, the convexity of h on ]0, t[ is equivalent to the concavity of g on ]0, h(t)[. Since h is increasing and continuous on
[0, t], its convexity on ]0, t[ implies its convexity on [0, t]. As argued before, the geo-convexity of h on ]0, t[ is equivalent to
the convexity of logoh oexp on ]—oo, log(t)[, which in its turn is equivalent to the concavity of the function logo g o exp on
]—o0, log(h(t))[. It is easy to show that in these cases, it also holds that g is concave on ]0, oo[ and logo g o exp is concave
on |—o0, ool.

Inspired by Mulholland [13], we introduce another function that will be essential in our proof.

Lemma 7. Under the assumptions of Theorem 6, define the function  : [0, t] — [0, co] by
h(x) .
—= ifx>0,
Yy =1 " ) (13)
limy_, o+ @ ifx=0.
Then v is increasing on [0, t].

Proof. Note that the function v is strictly positive on ]0, t] and continuous on [0, t]. Consider 0 < x < x + € < t, then we

need to show that ¥ (x) < ¥ (x+¢€). Let o = HLE and 8 =1 — «, then the convexity of h on [0, x + €] implies that

h(B(x+€)) < ah(0) + Bh(x + €) = Bh(x + €),
which can be rewritten as h(x) < H%h(x + €), and hence v (x) < ¥ (x + €). The continuity of i then implies that it is
increasing on [0,t]. O

We now turn to the proof of Theorem 6.

Proof of Theorem 6. The proof consists of several cases.
(1) At least one of a, b, c, d belongs to [t, oo].

Since H is increasing, it follows from (11) that H(x, y) =t whenever x >t or y > t. This implies that (10) trivially holds
when one of the arguments is greater than or equal to t.

(2) Allofa,b,c,d belongto[0,t[anda+b <tandc+d < t.
Ifa=b=0or c=d=0, then (10) holds due to (12). We therefore assume that 0 <a+ b as well as 0 < ¢ + d. The proof of
this case is based on the observation that (10) is a consequence of a more general inequality, namely

h b h d
X (@+b) + yv(c+d) < Hx y) (‘I:;lzc(i; ) (14)

for all x, y such that 0 <x <a+b and 0 < y < c+d. Indeed, assume that (14) holds, then expressing it for both (x, y) = (a, ¢)
and (x, y) = (b, d) and adding side by side leads to

h(a+b)+h(c+d)
H(@a+b,c+d)

which implies (10), since h(a 4+ b) + h(c +d) > 0 and H(a + b, c + d) > 0. We therefore attempt to show (14).
(a) In case x=y =0, it is trivially fulfilled.
(b) In case x=0 and y > 0, we need to show that
h(a+b)+h(c+d)
H@+b,c+d)

In case h(a + b) + h(c +d) < h(¢), it holds that

h(@+b)+h(c+d) h(gha+b)+h(c+d))
H@+b,c+d H@a+b,c+d =y (H@+b,c+d).

h(a+b) +h(c+d)=ay(a+b)+cy(c+d)+by@+b)+dy(c+d) < (H(c)+ H(b,d))

Yc+d) <

Since ¥ (c +d) = ¥ (H(O, c + d)), the increasingness of H and i (see Remark 1 and Lemma 7) imply that ¥ (c + d) <
Yw(H(a+b,c+d)) and hence

h(a+b)+h(c+d)

vet+d< H@+b,c+d)
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In case h(a + b) + h(c +d) > h(t), it holds that H(a + b,c +d) =t = H(t,c +d) and the increasingness of H and i imply
again that
h(H(t,c+d)) h(t) - h(a+b) +h(c+d)
H(t,c+d) ~— H(@+b,c+d = H@+b.c+d
(c) The case x > 0 and y =0 is similar to the previous one.

(d) If x>0, y >0, and both are such that h(x) + h(y) > h(t), then (14) also trivially holds, since H(x,y) =
H@+b,c+dy=t,x<a+b, y<c+d and v is positive. If h(x) + h(y) < h(t), then we can transform (14) into

xy(a+b)+ yy(c+d) o h(a+b)+h(c+d) (a+b)y(a+b)+ (c+d)y(c+d)

Y(c+d) =y (HO,c+d) <y (HEt c+d)=

H(x, y) =~ H@+b,c+d H@+b,c+d)
It is therefore sufficient to show that the function G:]0,a + b] x ]0, c + d] — ]0, oo] defined by
xy(a+b)+ yy(c+d)
Cixy) =Y Al (15)
Hx,y)

attains its maximum at (a + b, c + d). Since h(x) + h(y) < h(t), it holds that H(x, y) = h—1(h(x) + h(y)). This question is
identical to the one positively answered by Mulholland on a subdomain ]0,a + b] x 10, ¢ +d] of [0, oo[% [13]. Note that his
way of proving this result initially relies on the existence of the derivative of h, a condition that is later on removed thanks
to the other conditions on h, so that we can conclude that (5) holds whenever all a, b, c,d belong to [0,t[ and a+b < t,
c+d<t.

(3) Allofa,b,c,d belong to [0,t[anda+b >torc+d >t.

We first assume that a + b =t and consider the sequence (bp)nen With by :=t —a — % It then holds that a + b, < t, yet
lim,_ o0 a+ b, =a+ b=t. However, for any n € N, the previous case implies that

H(a+bp,c+d) < H(a,c)+ H(by,d).
Since H is continuous in each argument, we can further conclude that
H(@a+b,c+d) =nli)ngoH(a+bn,c+d) < H(,o0) +nliH§OH(b"’d) =H(a,c)+ H(b,d).
Next we assume that a + b > t. As a consequence, it holds that
H@+b,c+d)=H(t,c+d)=H(a+ (t—a),c+d) =t
and the increasingness of H implies that
H@+b,c+d)=H(a+ (t —a),c+d) <H(,c)+H(t—a,d) <H(a,c)+ Hb,d).

The case c+d >t is completely analogous. 0O

5.2. A second sufficient condition

A careful inspection of the proof of Proposition 5 as provided in [5] shows that it can be generalized as follows.

Lemma 8. Consider a function f :]0, oo[ — ]0, co[ with limy_,¢ f (x) = 0 and such that f is differentiable on [0, t[ with t € ]0, co[
and f’(x) > 0 for all x € [0, t]. If f’ is geo-convex on 10, t[, then so is f.

Based on this result we can immediately generalize the result of Tardiff [23,24].

Proposition 9. Consider a function h : [0, co] — [0, co] and some fixed value t € 10, oo[ such that

(h1) h is continuous on [0, t];
(h2) h is strictly increasing on [0, t] and h(x) > h(t) whenever x > t;
(h3) h(0) =0;
(h4) his convex on 10, t[;
)

(h6) h is differentiable on 10, t[ and h’ is geo-convex on 10, t[.

Define the function g : [0, oo] — [0, co] by (8) and the function H : [0, co]?> — [0, oo] by (9). Then the following inequality holds for
alla,b,c,d € [0, oo],

H@+b,c+d)<H(a,c)+ H(b,d).
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5.3. A necessary condition
The convexity of h on ]0, oo[ is a necessary condition for the classical Mulholland inequality to hold, and as such it is

part of each of the known sets of sufficient conditions. A similar observation holds for the generalized Mulholland inequality,
but now the convexity of h on ]0, t[ is a necessary condition.

Proposition 10. Consider a function h : [0, co] — [0, co] and some fixed value t € 10, oo[ such that
(h1) his continuous on [0, t];

(h2) his strictly increasing on [0, t] and h(x) > h(t) whenever x > t;

(h3) h(0) =0.

Define the function g : [0, co] — [0, oo] by (8) and the function H : [0, co]?> — [0, oo] by (9). If H fulfills (10) for alla, b, ¢, d € [0, co],
then h is convex on ]0, t[.

Proof. As the convexity of h on ]0, t[ is equivalent to the concavity of g on ]0, h(t)[, and g is continuous, it suffices to show

that
X+y 1 1
> = = ,
g( 7 ) 2£(X)+2g(y)

for all x, y €10, h(t)[. Choose arbitrary x, y € 10, h(t)[ such that x < y and put a = g(x), b = g("JrTy) —gx), c= g(yT_") and

d = 0. Note that in each of these cases g coincides with h~! and that a, b, c,d € 10, t[. We can therefore compute

h(@) +h(c) = ”Ty

h(b) + h(d) =h<g(”7y) —g(x)),

ha+by =52
2
y—x
he+d =2 =%
(c+d) 5

Since H fulfills (10) it holds that H(a + b, c +d) < H(a,c) + H(b, d), or explicitly

_(x+Yy  y—X X+y AN _ X+yy
g(y)—g<—2 + 5 )ég( > )+g(—2 > g(X)—Zg(—2 ) gx). O

6. Dominance between continuous Archimedean t-norms

Consider two continuous Archimedean t-norms T; and T, with additive generators t; and t; and the corresponding
function h =t; o t;l) :[0, 00] — [0, oo]. As mentioned in Section 4, if T and T, are strict, then t,(0) = oo, h is strictly
increasing, ™V = h~! and dominance between T; and T, is equivalent to the Mulholland inequality for h. Recall that if
T, is strict, then T > T, implies that Tq is strict as well. In case T, is a nilpotent t-norm, T1 might be a strict or nilpotent

t-norm and the parameters of Theorem 6 and Proposition 9 are given by:

(1) If Ty is strict, then h=t; otS ", g=t0t7' =hD, t =£,(0), and h(t) = o0.
(2) If Ty is nilpotent, then h=t; oty ", g=tr0t\ V' =h(D, ¢t =1,(0), and h(t) = t1(0).

Note that in any case, h is continuous, strictly increasing on [0, t;(0)] and fulfills h(0) =0 as well as h(x) = h(t2(0)) =t1(0)
for all x > t;(0). Moreover, it holds that H(x, y) = h*~V (h(x) +h(y)), in accordance with Theorem 1. As such we can rephrase
Theorem 6 and Proposition 9 as well as Proposition 10 for the dominance between continuous Archimedean t-norms.

Proposition 11. Consider two continuous Archimedean t-norms T1 and T, with additive generators t1 and t,. If the function h =
(=1

tiot, 7 :[0,00] — [0, co] is convex and geo-convex on ]0, t[, then T1 dominates T».
Proposition 12. Consider two continuous Archimedean t-norms T1 and T, with additive generators t1 and ty. If the function h =
t1 o tg_l) :[0, oo] — [0, oo] is differentiable and convex on 10, t5(0)[, and h’ is geo-convex on 10, t3(0)[, then T1 dominates T-.

Proposition 13. Consider two continuous Archimedean t-norms T, and T, with additive generators t1 and t;. If T; dominates T,

then the functionh =t o t;]) 1[0, 00] — [0, o] is convex on 10, t2 (0)][.
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Abstract. Dominance between triangular norms (t-norms) is a versatile relationship. For con-
tinuous Archimedean t-norms, dominance can be verified by checking one of many sufficient
conditions derived from a generalization of the Mulholland inequality. These conditions pertain
to various convexity properties of compositions of additive generators and their inverses. In this
paper, assuming differentiability of these additive generators, we propose equivalent sufficient
conditions that can be expressed as inequalities involving derivatives of the additive generators,
avoiding the need of composing them. We demonstrate the powerfulness of the results by the
straightforward rediscovery of dominance relationships in the Schweizer-Sklar t-norm family,
as well as by unveiling some formerly unknown dominance relationships in the Sugeno-Weber
t-norm family. Finally, we illustrate that the results can also be applied to members of different
parametric t-norm families.

1. Introduction

The dominance relation was originally introduced in the framework of probabilis-
tic metric spaces [23] and was soon abstracted to operations on a partially ordered
set [21]. The dominance relation, in particular between t-norms, plays a profound
role in various topics, such as the construction of Cartesian products of probabilistic
metric and normed spaces [5, 21, 23], the construction of many-valued equivalence
relations [2, 3, 26] and many-valued order relations [1], and in the preservation of
various properties during (dis-)aggregation processes in flexible querying, preference
modelling and computer-assisted assessment [2, 4, 14, 17]. These applications insti-
gated the study of the dominance relation in the broader context of aggregation opera-
tors [12, 14, 17].

Additional to these application aspects, the dominance relation is an interesting
mathematical notion per se. Because of the common neutral element, dominance con-
stitutes a reflexive and antisymmetric relation on the class of t-norms. Since coun-
terexamples for its transitivity were not readily found, it remained an intriguing open
problem [8, 19, 21, 22, 25] for more than 20 years whether or not it was an order rela-
tion. Only recently the question was answered to the negative [18, 20]. However, due
to its relevance in applications, it is still of interest to determine subclasses of t-norms

Mathematics subject classification (2000): Please, write.
Keywords and phrases: additive generator, convexity, dominance relation, geo-convexity, log-
convexity, triangular norm (t-norm).
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on which the dominance relation establishes an order relation. Of particular impor-
tance are continuous Archimedean t-norms, as they are the basic elements of which
all continuous t-norms are composed. Moreover, they can be represented by means of
continuous additive generators.

It was shown in [16], see also [13, 24, 25] for earlier results dealing with strict
t-norms only, that dominance between continuous Archimedean t-norms can be equiv-
alently expressed as a functional inequality involving compositions of the additive gen-
erators (and their inverses) of the corresponding t-norms. This inequality, being a gen-
eralization of the Minkowski inequality, is often referred to as the Mulholland inequal-
ity. Although sufficient and necessary conditions for its fulfilment are already known,
see [13, 16, 24, 25], and can be visualized easily for two t-norms, they have hardly ever
been used for proving resp. disproving dominance between two arbitrary members of a
family or families of t-norms. The aim of the present contribution is to establish easy-
to-check conditions that involve directly the additive generators and their derivatives
(provided they exist).

After a short introduction on t-norms, we summarize the known sufficient and
necessary conditions for dominance. Subsequently, we derive new differential condi-
tions for dominance between continuous Archimedean t-norms and demonstrate their
strength by applying them to some parametric families of triangular norms leading to
new results on dominance between two continuous Archimedean t-norms.

2. Triangular norms and the dominance relation

We briefly summarize some basic properties of t-norms for a thorough understand-
ing of this paper (for further details see, e.g., [7, 8, 9, 10, 11, 15, 17, 18]).

DEFINITION 1. A t-norm 7T : [0,1]? — [0,1] is a binary operation on the unit in-
terval that is commutative, associative, increasing and has 1 as neutral element.

Well-known examples of t-norms are the minimum Ty, the product Tp, the Luka-
siewicz t-norm Ty, and the drastic product Tp, defined by Ty (u,v) = min(u,v), Tp(u,v) =
u-v, Ty, (u,v) = max(u+v—1,0), and

T (1, ) min(u,v), if max(u,v) =1;
u,v) = )
P 0, otherwise.

Since t-norms are just functions from the unit square to the unit interval, their com-
parison is done pointwisely: 7y < T if T} (u,v) < Tr(u,v) for all u,v € [0, 1], expressed
as “Ty is weaker than T,” or “T; is stronger than T;”. The minimum Ty is the strongest
of all t-norms, the drastic product Tp is the weakest of all t-norms. Furthermore, it holds
that Tp > Ty..

Just as triangular norms, the dominance relation finds its origin in the field of prob-
abilistic metric spaces [21, 23]. It was originally introduced for associative operations
(with common neutral element) on a partially ordered set [21], and has been further
investigated for t-norms [15, 19, 20, 25] and aggregation operators [14, 17]. We state
the definition for t-norms only.
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DEFINITION 2. Consider two t-norms 77 and 7>. We say that 7| dominates T, (or
T, is dominated by T}), denoted by 7} > T, if for all x,y,u,v € [0, 1] it holds that

I (TZ(x7y>’ TZ(M’V)) > T2(T1 (xvu)7T1 (yav)) . (D

Note that every t-norm is dominated by itself and by Ty;; moreover, it dominates
Tp. Since all t-norms have neutral element 1, dominance between two t-norms implies
their comparability: 71 > T, implies 71 > T5. The converse does not hold, not even for
strict t-norms [8]. Due to the induced comparability it also follows that dominance is
an antisymmetric relation on the class of t-norms.

DEFINITION 3. A t-norm 7 is called Archimedean if for all u,v € ]0, 1] there exists
an n € N such that

n times

DEFINITION 4.

(1) A t-norm T is called strict if it is continuous and strictly monotone, i.e., for all
u,v,w € [0, 1] it holds that

T(u,v) < T(u,w) whenever u>0andv<w.

(ii) A t-norm T is called nilpotent if it is continuous and if each u € ]0, 1] is a nilpotent
element of T, i.e., there exists some n € N such that

n times

A continuous t-norm T is Archimedean if and only if for all « € |0, 1] it holds that
T (u,u) < u. The class of continuous Archimedean t-norms can be partitioned into two
disjoint subclasses: the class of strict t-norms and the class of nilpotent t-norms. The
product 7Tp is strict, whereas the f.ukasiewicz t-norm 7y, is nilpotent.

Note that for a strict t-norm T it holds that 7 (u,v) > 0 for all u,v €]0, 1], while for
a nilpotent t-norm 7 it holds that for every u € ]0, 1| there exists some v € |0, 1] such
that 7'(u,v) = 0 (each u € ]0,1[ is a so-called zero divisor). Therefore, for a nilpotent
t-norm 7] and a strict t-norm 75 it can never hold that 77 > 7> and, as a consequence,
never that 77 > T5.

Of particular interest in the discussion of continuous Archimedean t-norms and
dominance between them is the notion of an additive generator.

DEFINITION 5. An additive generator of a t-norm T is a strictly decreasing func-
tion 7: [0,1] — [0,°0] which is right-continuous in 0 and satisfies (1) = 0 such that for

all u,v € [0, 1] it holds that

T(u,v) =tV (@ (u) +1(v))
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with
1V () = = (min(2(0),u))

the pseudo-inverse of the decreasing function 7.

An additive generator is uniquely determined up to a positive multiplicative con-
stant. A t-norm 7" with additive generator ¢ is continuous if and only if 7 is continuous.
Continuous Archimedean t-norms are exactly those t-norms with a continuous additive
generator. Any additive generator of a strict t-norm satisfies 7(0) = oo, while that of
a nilpotent t-norm satisfies 7(0) < eo. In the case of strict t-norms, the pseudo-inverse
11 of an additive generator ¢ coincides with its standard inverse #~!. In any case,
tl(le gollowing relationships hold between an additive generator ¢ and its pseudo-inverse
£(=1

tot(il)’Ran(t) = idRan() and Vot = idjo 17 -

3. The generalized Mulholland inequality and related conditions

The dominance relation between two continuous Archimedean t-norms can be ex-
pressed in terms of their generators. This was shown for strict t-norms in [25] and was
generalized as follows in [16].

PROPOSITION 1. Consider two continuous Archimedean t-norms Ty and T> with
additive generators ty and t. Then Ty dominates T, if and only if the function h =

toth [0,00] — [0, 0] fulfills for all a,b,c,d € [0,t2(0)] the inequality
WD (h(a) + h(e) + AV (R(b) + h(d)) = D (h(a+b) +h(c+d)), ()
with =D =ty 017V [0,00] — [0, 00| the pseudo-inverse of the increasing function h.

Since (1) is trivially fulfilled for arbitrary t-norms 77 and 73 as soon as 0 appears
among the arguments, it suffices to prove that (2) holds for all a,b,c,d € [0,1,(0)[ in
order to show dominance between the continuous Archimedean t-norms considered.

In case some function f: [0,00] — [0,ec] fulfills (2) for all a,b,c,d € [0,°0], we
say that it fulfills the generalized Mulholland inequality. In [16] (see also [6, 13, 25]),
sufficient and necessary conditions for the generalized Mulholland inequality to hold
for a function f: [0,e0] — [0,°c], which is continuous and strictly increasing on some
subdomain [0,¢], with ¢ € [0, e[, and for which f(0) = 0 holds, have been investigated.
Properties such as the convexity, the geometric convexity, and the logarithmic convexity
of a function showed up to be most relevant.

DEFINITION 6. A function f: [0,e0] — [0,e0| is called geometric convex (geo-
convex for short) on |0,¢[, with ¢ € |0, |, if for all x,y € ]0,7] it holds that

FWE) SV F)fG) -

It is called logarithmic convex (log-convex for short) on ]0,¢[ if the function
logof: [0,00] — [—eo,e0| is convex on |0,7].
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For a continuous function f such that f(]0,ee[) C ]0, o[, its geo-convexity on |0,
is equivalent to the convexity of the function logof o exp on |—eo,log(z)[. Clearly, if
f(0) = 0, then the geo-convexity holds also on [0,#[. Further, if f is increasing, then its
log-convexity implies its geo-convexity. Moreover, the relationship between the geo-
convexity of a function and that of its derivative can be expressed in the following way.

LEMMA 2. [6, 16] Consider a function f: ]0,0] — ]0,e0[ with limy_o f(x) =0
and such that f is differentiable on [0,t[, with t € |0,°c|, and f’(x) > 0 for all x € ]0,1].
If ' is geo-convex on ]0,t], then so is f.

Applying these relationships and the results obtained in [16] to the dominance
relation between continuous Archimedean t-norms we can state the following:

PROPOSITION 3. [16] Consider two continuous Archimedean t-norms Ty and T,
with additive generators t| and ty. If T\ dominates T,, then the function h =t o

A [0,00] — [0,20] is convex on ]0,£,(0)].

PROPOSITION 4. [16] Consider two continuous Archimedean t-norms T and T,
with additive generators t; and ty. If the function h =t o té_l) 2 [0,00] — [0, 0] is con-
vex on ]0,1,(0)[ and log- or geo-convex on |0,1,(0)], then h fulfills (2) for all a,b,c,d €
[0,22(0)], i.e., Ty dominates T.

PROPOSITION 5. [16] Consider two continuous Archimedean t-norms T, and T,
with additive generators t| and t. If the function h =1t Oé_l) 2 [0,00] — [0, 0] is dif-
ferentiable and convex on ]0,1,(0)], and I is log- or geo-convex on |0,t,(0)[, then h
fulfills (2) for all a,b,c,d € [0,t,(0)], i.e., Ty dominates T,.

The relationships between the above sufficient conditions for dominance are sum-
marized in Fig. 3. Corresponding conditions for the subclass of strict t-norms have
already been discussed in [25]. Although these sufficient conditions can be visualized
easily, concrete proofs might become cumbersome, in particular for two members of
a same parametric family, because / is a compound function. In fact, the conditions
mentioned above have never been used for (dis-)proving dominance apart from one
particular case: for proving dominance between members of a family of t-norms whose
additive generators are powers of some basic additive generator. In this case the gen-
eralized Mulholland inequality turns into the Minkowski inequality whose solution is
well known (see [8] for further details).

However, if the additive generators have derivatives of sufficiently high order, the
sufficient conditions expressed as properties of 4 can be reformulated as equivalent
(differential) conditions on the corresponding additive generators. As such we can pro-
vide localized conditions that are equivalent to the global ones and allow to (dis-)prove
dominance between two continuous Archimedean t-norms.
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Consider two continuous Archimedean t-norms 77 and 7> with addi-
tive generators ¢ and 7. If the function

h=t1065"": [0,00] — [0,00]

is convex on ]0,7,(0)[ and ...

W' exists and h' exists and
I’ is log-convex on |0,7,(0)[ = &' is geo-convex on ]0,2,(0)[
4
his log-convex on ]0,,(0)[ = his geo-convex on |0,7,(0)]
4
T >1T

Figure 1. Sufficient conditions for dominance between two continuous
Archimedean t-norms Ty and T,

4. Differential inequality conditions

Throughout this section, 77 and 7, are two continuous Archimedean t-norms with
continuous additive generators #; and #,. Then the function

h=t0t5"": [0,00] — [0, 0]

is continuous and strictly increasing on ]0,#,(0)[, 2(0) = 0 and A(]0,#,(0)[) €]0,#(0)].
Further, we assume that 7| and #, are sufficiently often (i.e., once, twice or three times)
differentiable. It then holds in particular that #{ (1) < 0 and #}(u) < 0 for all u € ]0, 1].
For every x € ]0,1,(0)], there exists a unique u € |0, 1[ such that x =, (u) and t, ! (x) = u.
The identity

d . _ d, (,—1 _dn(w) diy'(x)
mx=qh(n ()= ) =1
-2

allows to express the derivatives of & at x in terms of the derivatives of #; and #, at
u =ty ' (x). Explicitly,

_ u di;!
W) = ) = (o @) = 4|, o
u= 2 X
__dn(u) 1 _ 4 : 4)
du dtczilgu) u:tgl(x) lz(u) uzt{l(x)
" d ! d 1] (u) _ d 1 ) diy ' (v)
W (x) = g (x) = ge ik ) ) |y &
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— ti/(u)lﬁ(”);lé/(u)fi(u) . 1( _ ti’(u)zé(u);zé’(u)ti(u)
' (u dty(u 34
g () 62114) u:t;l(x) g )

&)

u=t; L)

Let us now turn to the convexity, the logarithmic and the geometric convexity of A
and its derivative.

PROPOSITION 6. The function h is convex on ]0,1,(0)], i.e.,
' (x) >0 (6)
forall x €10,t,(0)], if and only if
1 (w)ey (u) — 1 )ty (u) = 0 ()
foralluc0,1].

Proof. Since h”(x) can be expressed by (5) and #5(u) < 0 for all u € ]0, 1], it fol-
lows immediately that

Vx€0,5(0):h"(x) >0 <« Vuelo,1]:t(w)s (u) —t] (u)th(u) > 0.

PROPOSITION 7. The function h is log-convex on 10,1,(0)], i.e.,
h(x)h" (x) — H*(x) > 0 8)
forall x € 10,t,(0)], if and only if
147 ()t (1) + 11 (1) (1 (10)23 () — 1] ()t () > O )

forallu €10,1].

Proof. The function & is log-convex on |0,7,(0)[ if and only if

(logoh)" (x) = h(x)hﬂli’;g W) >0

for all x € ]0,7,(0)[. Since A(x) > O for all x > 0, we can write equivalently
h()H" (x) — K (x) > 0

for all x € ]0,#,(0)[. Using (3)—(5), the latter turns out to be equivalent to

o ()i ()~ Wil () 1 (w)
1)) 20 =

or also
112 0)03 ) -1 () (0 )6 (o) — £ ()i () > 0
forallu €]0,1].
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PROPOSITION 8. The function h is geo-convex on |0,1,(0)], i.e.,
hOOH (x) +x <h(x)h”(x) — i (x)) >0 (10)
forall x €10,6,(0)], if and only if

12 () =01 () 15 () — 12 ()t ()
niw) T nWb)

(11)
foralluc0,1].

Proof. First, we show that the geometric convexity of 4 on |0,#,(0)[ is equivalent
to Eq. (10) for all x € ]0,#,(0)[. The geometric convexity of 4 on ]0,2,(0)[ is equivalent
to the convexity of the function y = logohoexp: [—oo,l0g(#,(0))] — [—oo,l0g(#1(0))]
on |—eo,log(7,(0))[. Since & is twice differentiable, also yx is twice differentiable and

o) W) (@R
xw) (h<ev> he)? )

= 5 (W (e")h(e") + e (n(e")h" (") — H'(e")?)) .
Since always ﬁzﬁ >0, x"(v) > 0 is equivalent to 4'(e")h(e’) + " (h(e”)h" (e") —
i (e")?) > 0, or, replacing e’ by x, to
h(x) (x) +x (h(x)h" (x) — h’z(x)) >0.

Using Egs. (3)—(5), the validity of Eq. (10) for all x € |0,#,(0)] turns out to be
equivalent to

/ " / " / 12
1) 49 4 1y () <,1 (1) - L0040 2w ) ’}z(”)) >0,

5 (u) 1" (u) 1" (u)

or also

11 () — 1 ()t{ () _ 5% () ~ 12 ()t ()
nwnw) = ()

forallu €0,1].

REMARK 9. Investigating the differential formulations of the convexity, log-convexity
and geo-convexity of A, it becomes evident that the log-convexity of & implies its con-
vexity as well as its geo-convexity. Indeed, if % is log-convex, i.e.

147 ()23 a0) + 00 () (1 ()15 () = 1 ()3 (1)) = 0,
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it follows that

11 () (1} ()25 () — 1 ()i () > 1" (w5 () > 0,
since th(u) < O for all u € ]0,1[. As #;(«) > 0 for all u € ]0,1][, it must hold that
11 ()t} (u) — 1 (u)th(u) > 0 for all u € )0, 1], i.e., h is convex.
Again assume that h is log-convex, i.e. h(x)h" (x) — h'*(x) > 0 for all x € ]0, 7, (0)[.
Since for any such x it holds that x, 4(x) and /' (x) are positive, it also holds that
h(x)I (x) +x (h(x)R" (x) — W?(x)) >0
for all x € ]0,#,(0)], i.e. & is geo-convex on |0,7,(0)].

Similarly as for Egs. (3)—(5), for all x € ]0,1,(0)[, the third derivative of & at x can
be expressed as

meN o d iy o d (1) =1 ()t (u) .dffl(x)
h (X) - dxh ()C) — du ( lf(u) > u:t;l(x) dx
_ f?(“)(fi"(”)fé(“)—féﬁ(u)fi(M))—3f§2(”)f§/(”)(fi'(“)f§(”)—fg(”)ti(“))‘ 1
) dip(u)
du u:tz_l(x)

= sty (32 () =] i3 0" () = 30] ()b ) )+ () )

u=t, L)

Substitution in the corresponding formulas and reshuffling the inequalities leads to the
following corollaries which we state without their easy but tedious and cumbersome
proofs.

COROLLARY 10. The function I' is log-convex on |0,1,(0)], i.e.,
B (x)h" (x) — K" (x) >0 (12)
forall x €10,6,(0)], if and only if
112 (w) (2657 () — )5 () )
> 17 (u) (12 () = 4 (0" (@) + 0 WA @) (13)
forallue€10,1].
COROLLARY 11. The function h' is geo-convex on 10,1,(0)], i.e.,
()R (x) +x (I (x)h" (x) — K"*(x)) >0 (14)
forall x € 10,t,(0)], if and only if
o (u) (f 1 ()t () (11" ()13 () — 13" ()1 (u))
= (11 ()t () — 13 (u)ey (1)) (211 (u)eg (1) + li’(ﬂ)é(ﬂ)))

> 1] ()™ () (1] ()25 (a0) — 17 () () (15)
forallu €10,1].



10 S. SAMINGER-PLATZ, B. DE BAETS AND H. DE MEYER

5. Dominance within a single parametric family of t-norms

Although the differential inequality conditions look cumbersome at first sight, they
often reduce to easy-to-check inequalities when applied to members of parametric fam-
ilies of t-norms, as we will demonstrate in this and the following section. First, we
consider the family of Schweizer-Sklar t-norms. Although it is known [22] that domi-
nance within this family is accordance with the ordering of the parameters, we provide
an alternative (and easier) proof based on the new differential inequality conditions in
order to illustrate their strength. Second, we examine dominance within the family of
Sugeno-Weber t-norms, leading to relationships not yet established so far, since most of
its members are nilpotent t-norms. We tackle these problems by following the scheme
of sufficient conditions displayed in Fig. 3. We will provide the differential inequality
for the necessary convexity of & as well as the differential inequality corresponding to
the strongest sufficient condition leading to the discovery of a dominance relationship.

5.1. The family of Schweizer-Sklar t-norms

The family of Schweizer-Sklar t-norms (Tfs) A€[—eod] 18 given by

Tm(u,v), if A = —oo,

Ti if A =0
T/lss(u,v) _ P(uav)v 1 )

Tp(u,v), if A = oo,

max(u* +v* —1,0)1/4 if A € ]—o0,0[U]0, 0]

For A €] — 0,00, TfS is a continuous Archimedean t-norm with additive generator

1$55(u) = 5 if A €]—0,0[UJ0,e0, and £5%(u) = —logu,if A =0,

for all u € [0,1]; parameters A € |—oo,0] lead to strict t-norms, while parameters A €
10, <] lead to nilpotent t-norms.

In the sequel of this section, we omit the superscript indicating the family when
discussing properties of additive generators. Since we deal with Schweizer-Sklar t-
norms only, no ambiguity can occur.

Clearly, the derivatives of the additive generators exist and are given, for all A €
|—oo,00[ and all u € ]0, 1, by:

The family of Schweizer-Sklar t-norms is ordered according to its parameter:
Tfs > TES if and only if A < u. Moreover, since Ty; dominates every t-norm, and every
t-norm dominates itself as well as Tp, it suffices to investigate dominance between two
Schweizer-Sklar t-norms Tfs and TMSS with parameters —oo < A < U < oo,
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Note that the function h =1, oszl) : [0,00] — [0,0] is continuous, strictly increas-
ing and differentiable on ]0,7,(0)| and fulfills ~(0) = 0. If / is convex on ]0,7,(0)]
and if either & or /' is log- or geo-convex on }O,ZM (0) [, then Tfs dominates THSS.

Convexity of i The function A is convex on ] 0,7, (0) [ if and only if, for all u € ]0, 1],

£ (Wt () — 2 ()t () >0 &

(‘LL o l)ul-f—,u—?) o (}L o 1)M)L+,Ll—3 Z 0

i3

Geo-convexity of #/. Substituting the expressions for the derivatives of the additive
generators in (15) shows that the function 4’ is geo-convex on |0,7,(0)[ if and only if,
forallu €]0,1],

tu(u) (uM—u—Z(()L —1)(4 —2)ul+u—4_ (n—1)(u— 2)u’l+“_4)
_((/1 — 1)u/1+u—3 (- 1)u’1+“_3) (2(“ _ I)M)L-I-M—S (- 1)uk+“_3))

> _u)L+2,uf3 ((‘u _ l)ul+u73 _ (/’L _ l)u)t+uf3> ’

with rearrangements and simple calculations leading to

tu(p(u—A) = —ut(u—2).

In case u = 0, the latter condition reduces to 0 > A, or, equivalently, u > A. In case
u # 0, the condition reads explicitly

() —2)
(u—=2)(1 —u +ut)
u

v

—utu—-2) &

=

AVARAY,

0
A

Hence, neither the convexity of 4 nor the geo-convexity of 4’ imposes further re-
strictions on A and u.

COROLLARY 12. Consider the family of Schweizer-Sklar t-norms (TASS)AG[_OO’OO].
Forall A, € [—eo,00| it holds that T)LSS dominates TMSS if and only if A > .

We stress that this result is obtained here much more economically than in [22].
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5.2. The family of Sugeno-Weber t-norms

The second family we consider is the family of Sugeno-Weber t-norms. Two argu-
ments support its consideration: first, dominance relationships between two members
of this family have not yet been laid bare; second, it is of particular interest as all but
two of its menbers are nilpotent t-norms.

The family of Sugeno-Weber t-norms (7W) Aefo, 18 given by

Tp(u,v), ifA =0,
T)st(u,v) =< Tp(u,v), if A = oo,
max(0,(1 —A)uv+A(u+v—1)), if A €]0,00[.

For A € [0,°], wa is a continuous Archimedean t-norm with additive generator

tsw(u)_{—(1—/1)10g(/1+(1—?t)u), if A € [0,00[\ {1},
A T )1-u, ifA =1,

for all u € [0, 1]; parameters A € ]0,o0[ lead to nilpotent t-norms (with T5%W = Ty, as
special case), while TOSVV = Tp is the only strict member. Note that, for better readabil-
ity, we again omit the superscript indicating the family when discussing properties of
additive generators.

Clearly, the derivatives of the additive generators exist and are, for all A € [0,e0[ \
{1} and all u € ]0, 1], given by:

2
1 (u) = —

1-1)3
t3,(u) = (li(lfﬂ)t)u)z’

meoN 2(1-A)* .
G ) = ~ G2

in case A = 1, it holds that #{ (u) = —1 and #{ (u) =#{"(u) = 0 forall u € |0, 1].
The family of Sugeno-Weber t-norms is ordered according to its parameter: Tf‘w >
TMSW if and only if A < u. Moreover, since every t-norm dominates itself as well as Tp,

it suffices to investigate dominance between two Sugeno-Weber t-norms wa and TEW
with parameters 0 < A < u < oo.
(1)

Note that the function s =1, ot,, ' : [0,0] — [0, 0] is continuous, strictly increas-
ing and differentiable on ]0,7,(0)| and fulfills ~(0) = 0. If / is convex on ]0,7,(0)|
and if either & or /' is log- or geo-convex on ]0,#,(0) [, then TSV dominates TSW.

Convexity of 7. The function A is convex on | 0,7, (0) [ if and only if, for all u € ]0, 1],
£, ) ) — 1, )t () 2 0.
In case A # 1 # u, the latter inequality is equivalent to

(1-2)° (-p? o (1-2) (1—p)’
A+(1-2A)u)? u+(I—pwu = A+(1-A)u (u+(1—p)u)?

=
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In case A = 1, the condition reduces to —tﬁ(u) > 0 being equivalentto u > 1=A. In
case U = 1, the condition becomes ti’ (u) >0,i.e., A <1=u. Summarizing, in all cases
his convex if and only if u > A.

Log-convexity of ///. Substituting the expressions for the derivatives of the additive
generators in (13) and applying basic transformations shows that for all A ## 1 # u the
function /' is log-convex on ] 0,7, (0) [ if and only if, for all u € ]0, 1],

(1= A—w*(u—2)
Tt 20 € (B-A){1-4)=0.

This inequality clearly holds whenever A < 1 and u > A. Incase A = 1 < u, we obtain
in a similar way the condition

12 o 7 _ (1—u)° o 2(1—u)°
2y () = 1 )1y () = 25~ T (e = O

which trivially holds. Finally, in case A < u = 1, we end up with the following equiva-
lent inequality

2
tr () =15, )ty (u) = —m <0,

which is also obviously fulfilled.
The above results can be summarized as follows.

COROLLARY 13. Consider the family of Sugeno-Weber t-norms (wa) A€[0,09]-
Forall A, u € [0,00] such that
A <min(1,u)

it holds that T)LSW > TEW.

This means in particular that any Sugeno-Weber t-norm greater than or equal to the
Fukasiewicz t-norm dominates any other, but smaller Sugeno-Weber t-norm. Naturally,
this raises the question whether dominance is also in accordance with the ordering of
the parameters when both t-norms are smaller than the Lukasiewicz t-norm, i.e, when
1 < A < u. However, in general this need not be the case as the following example
demonstrates.

EXAMPLE 1. Consider the Sugeno-Weber t-norms TsslVV and Tlso‘iv andletx =y =
., 975 SW _ 147 SW _ 142
u=v= 150 Then T3" (x,x) = 1g5 and T} (x,Xx) = {5 such that
SW —~SW SwW _ 182 227 _ SW/SW SW
151" (Tior (%,%), Tior' (%,X)) = 1355 < 1350 = N1 (51 (%,%), T51" (%,%))

showing that TsslVV does not dominate Tlso‘{v, although A =51 < 101 = u.
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So far, we have only exploited the log-convexity of 4. Of course, the remaining
sufficient conditions can still be applied. We provide them in two forms: first, after
substituting the expressions for the derivatives of the additive generators, and second,
in their simplest form after applying several transformations. Further, we discuss the
case 1 < A < u only in order to gain additional insight into dominance between two
Sugeno-Weber t-norms.

Geo-convexity of /. The function /" is geo-convex on |0,7,(0) [ if and only if, for all
uelo,1],

AP A—pP w-Mlog(ut (L) (LA (1-w)o(u—2) PN
(A+(1=2)u)*(u+(1-pu)? = A=) (u+(1-pu)*

(1= A) (1= ) (A g+ (1 — ) — H54) <0,
In case 1 <A < u, we need to show that, for all u € ]0, 1],

B log(p -+ (1 — pu) < (16)

Note that for all u € [0, 1], it holds that the function f,,: |1,e0[ — ]0,e0|, f,,(¢) = ’+51:1’)”

is decreasing, since da{;“ (1) =— (;711)2 < 0. Therefore, for u > A it holds that

Hence, as long as the factor log(u + (1 — u)u), which is always positive for u > 1,
is upper bounded by 1, also (16) follows. This requires that u + (1 — u)u < e for all
u€e0,1],i.e. u <e. We conclude that /" is geo-convex at least when 1 <A < u <e.

Log-convexity of 4. The function % is log-convex on ]O,IM (0) [ if and only if, for all
uelo,1],

_ (1-A)*(1-p)> > (AP (u=2)(A-w)*log(A+(1-A)u)
(A+(1=2)u)*(u+(1-p)u) (A+(1=A)u)? (u+(1—p)u)?

w (1= wu+ =2 1og(A + (1 - A)u) < 0.

As u approaches 1, the left-hand side approaches 1 as well. Therefore, & can never be
log-convex.

Geo-convexity of 4. The function 4 is geo-convex on ]O, 1.(0) [ if and only if, for all
uelo, 1],

(A—D(log(A+(1=A)u)+1) - (u-1)(og(u+(1-p)u)+1) (17)
(A+(1=A)u)log(A+(1=A)u) = (u+(1—pu)log(u+(1-pu) *

In case | <A < u, we consider the function g, : |1,00[ — ]0,e0],

—1)(log(t4+(1—=1)u)+1
gu(t) = ((tt+(1)£t)i()t10§(;(t-:()1)—f)”))’
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which is increasing whenever

&(t) _ log? (t4+(1=t)u)+log(t+(1—=1)u)+(t—1) (u—1)
dt - 2
((t4+(1—1)u) log(-+(1—1)u) )

is positive for all # € ]1,eo[. Note that for 7 > 1 it holds that log(z + (1 —#)u) > 0 for all

u €10, 1], and hence, d% (1) is positive whenever

p(t) =log?(t) +log(t) —t+1>0.

Numerical investigations (using Maple) show that this is the case for 1 < <6.00914
(with 6.00914 denoting the second root of p(¢) = 0). Therefore, & is geo-convex at least
when 1 <A < u <6.00914.

Of course, this does not contradict the findings on the geo-convexity of #’. Inter-
estingly, the geo-convexity investigation allows us to extend Corollary 13.

COROLLARY 14. Consider the family of Sugeno-Weber t-norms (T/ISW);LE[()’M].
For all A, € [0,e0| such that

(i) either A <min(1,u),
(ii) or1 <A < u <6.00914
it holds that TS™ > T3V,

Having in mind the geo-convexity study of 4, it is intuitively clear that as A approaches
1 from the right in (17), even larger values of u will do (knowing that for A = 1, u can
be arbitrarily large). However, this problem becomes numerically intractable.

6. Dominance between two parametric families of t-norms

Finally, we turn to the investigation of dominance between a member of the family
of Dombi t-norms and a member of the family of Yager t-norms. Since (apart from the
limit cases) the Dombi t-norms are strict and the Yager t-norms are nilpotent, it suffices
to investigate when a Dombi t-norm dominates a Yager t-norm. The investigation of
such a mixed case (strict versus nilpotent) is possible thanks to the new conditions
applicable to all continuous Archimedean t-norms.

The family of Dombi t-norms (T)LD) Ac[0.<] 18 glven by

Tp (u,v), if A =0,
Tm(u,v), if A = oo,
1 .
if A €]0,00].
1 2 1— 2 l/},? 9
() +(5))
For A €]0,o[, T} is a strict t-norm with generator 72 (1) = (l—;”)}” for all u € [0, 1].

The derivatives of the additive generators are, for all A € ]0,ec[ and all u € [0, 1], given
by:

T/{)(u,v) =
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D\ \ _ A(1—u)*—2
()" () =(A+1-2u)=—5—.

Similarly, the family of Yager t-norms (T: )uefo,e 1s defined by
Tp (u,v), ifu=0,
TuY(u7V) = TM(M,V), lf.u = 9
max(1 — (1 — )" + (1 =v)*)/*,0), if u €]0,00[.

For u €10,00[, T)Y is a nilpotent t-norm with additive generator ¢} (u) = (1 —u) for
all u € [0,1]. The derivatives of the additive generators are, for all u € ]0,o| and all
u €10, 1], given by:

(00) () = —p(1 —u)* ",
(00)" (u) = p(u = 1)(1 —u)" 2.

Note that for both families it holds that the additive generators of the continu-
ous Archimedean members are powers of the basic additive generators 7P (u) = I’T"
and 1) (u) = 1 — u. Investigating dominance within each of these families then turns
the Mulholland inequality into the Minkowski inequality and dominance within each

family is in accordance with the ordering of the parameters (see also [8]), i.e.,
TP>TY & M2k ad TY>TY & w2

We will now investigate for which A and u it holds that the Dombi t-norm T/lD
dominates the Yager t-norm TJ . Since for both families the limiting members are
Tp and Ty, it suffices to consider A,u € |0,oo[ only. Note that the function h =
D0 (t¥)(=1: [0,00] — [0,59] is continuous, strictly increasing and differentiable on
}O,IE(O)[ and fulfills #(0) = 0. If h is convex on }O,tE(O)[ and if either & or 1’ is
log- or geo-convex on ]0,2Y(0)[, then 7” dominates T,Y. For the sake of brevity we
will further omit the indication of the families; A and u therefore not only indicate the
specific parameter but also the corresponding family.

Convexity of 1. The function A is convex on ] 0,7, (0) [ if and only if, for all u € ]0,1],

£ () ()~ (Wl (@) 2 0

(l—u)}'+“73
urt2

(- DU G 2u)Ap

ur+1 2 07 =

(l_u)lﬂlfB

A—rm— (A+1-u(u+1)) >0, <«
A+1>u(u+1).

This inequality is fulfilled for all u € |0, 1| if and only if A > u.
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Geo-convexity of i The function £ is geo-convex on |0,7,(0)[ if and only if, for all
ueco,1],

12 () — ()1 ()
1 ()t} ()

1% (u) =1 ()t ()
t ()t (u)

>

being equivalent to

which obviously is fulfilled for all u € ]0, 1.

COROLLARY 15. Consider the families of Dombi t-norms (T)P )aefo, and of Yager
t-norms (T:)ug[o,w]. Forall A,u € (0,00 it holds that T){) dominates TJ if and only if
A > U
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The dominance relation in some families of continuous
Archimedean t-norms and copulas

Susanne Saminger-Platz
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A-4040 Linz

Abstract

The dominance relation in several families of continuous Archimedean t-
norms and copulas is investigated. On the one hand, the contribution pro-
vides a comprehensive overview on recent conditions and properties of dom-
inance as well as known results for particular cases of families. On the other
hand, it contains new results clarifying the dominance relationship in five
additional families of continuous Archimedean t-norms and copulas.

Key words: Dominance, triangular norms, copulas

1. Introduction

The dominance relation had originally been introduced for triangle func-
tions in the framework of probabilistic metric spaces [47], but was soon ab-
stracted to operations on a partially ordered set [43]. It plays an important
role in constructing Cartesian products of probabilistic metric and normed

spaces (see [24, 43, 47], but also [39] for more recent results on dominance
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between triangle functions resp. operations on distance distribution func-
tions). Dominance, especially between t-norms and copulas, is further cru-
cial in the construction of many-valued equivalence relations [7, 8, 50] and
many-valued order relations [4] as well as in the preservation of various prop-
erties, most of them expressed by some inequalities, during (dis-)aggregation
processes in flexible querying, preference modelling and computer-assisted
assessment [7, 11, 32, 37]. These applications initiated the study of the dom-
inance relation in the broader context of aggregation functions [26, 32, 37].
Besides these application points of view, dominance has been and is still
an interesting mathematical notion. E.g., because of the common neutral
element of t-norms and their commutativity and associativity, dominance
constitutes a reflexive and antisymmetric relation on the class of all t-norms.
Whether the relation is also transitive was of interest already since 1983 (see
also [43]). It has been answered recently to the negative by Sarkoci [41] (see
also [38]) by means of ordinal sum t-norms based on the product or Luka-
siewicz t-norm. Meaning that the counter examples have been found in the
class of continuous t-norms which form an important subclass of all t-norms.
Obtaining a negative answer has, to some extent, been surprising, since
the study of dominance within families of t-norms has been of interest since
its very beginnings. Several particular families of t-norms, containing also
subfamilies of copulas, had been investigated (see, e.g., [19, 33, 38, 40, 44])
and supported the conjecture that the dominance relation would indeed be
transitive, either due to its rare occurrence within the family considered
or due to its abundant occurrence. Therefore and due to its relevance in

applications, it is still of interest to determine whether on some subclasses



of t-norms dominance constitutes a transitive and as such an order relation.
Particularly interesting are families containing continuous Archimedean t-
norms which in its turn most often contain families of Archimedean copulas
as subclasses. Many such single-parametric families of t-norms and copulas
are listed in the Table 2.6 in the book on associative functions by Alsina et
al. [2], overlapping to a great extent with the families of Archimedean copulas
contained in Table 4.2 in the book on copulas by Nelsen [30].

The aim of the present contribution is to provide results on dominance
for several of these families. We pursue this goal in two steps — on the one
hand by providing a comprehensive survey on those families for which the
dominance relation is already clarified, and on the other hand by proving
new results on dominance for five additional families.

Note that, in this contribution, we restrict to dominance among members
of a single parametric family of t-norms. For results comparing members of
two different families, see, e.g., [34, 36].

The article is organized as follows: In Section 2 some necessary basics on
t-norms and Archimedean copulas are summarized. Section 3 contains basic
properties and relationships on dominance, in particular dominance among
continuous Archimedean t-norms. Section 4 covers the survey on results on
dominance known for some of the families contained in [2, 30]. Finally, we
present new results on dominance for five additional families of t-norms and

copulas. We will close the contribution by a short summary.



2. Triangular norms and copulas

We briefly summarize some basic properties of t-norms and copulas for a
thorough understanding of this paper (for further details see, e.g., [2, 18, 19,
20, 21, 22, 30, 33, 37, 38, 45]).

Definition 1. A t-norm 7: [0,1]> — [0,1] is a binary operation on the
unit interval which is commutative, associative, increasing and has neutral

element 1.

Well-known examples of t-norms are the minimum Ty, the product Tp,
the Lukasiewicz t-norm Ty, and the drastic product Tp, defined by Ty (u,v) =

min(u,v), Tp(u,v) = u- v, Ty,(u,v) = max(u +v — 1,0), and

min(u,v), if max(u,v) =1,
TD(uv U) =

0, otherwise.
T-norms are compared pointwisely: 77 < Ty if T’ (u,v) < Ty(u,v) for all
u,v € [0, 1], expressing that “T} is weaker than Ty,” or “Ty is stronger than
Ty”. The minimum 7y is the strongest of all t-norms, the drastic product

Tp is the weakest of all t-norms.
Definition 2. A t-norm T is called

(i) Archimedean if for all u,v € ]0,1[ there exists an n € N such that

n times
(i) A t-norm T is called strict if it is continuous and strictly monotone,

i.e., for all u,v,w € [0,1] it holds that

T(u,v) < T(u,w) whenever u>0 andv <w.



(i11) A t-norm T is called nilpotent if it is continuous and if each u € ]0, 1]

1s a nilpotent element of T, i.e., there exists some n € N such that

n times

Of particular interest in the discussion of continuous Archimedean t-

norms is the notion of an additive generator.

Definition 3. An additive generator of a t-norm T is a strictly decreasing
functiont: [0,1] — [0, 00] which is right-continuous in 0 and satisfies t(1) = 0
such that for all w,v € [0,1] it holds that T (u,v) = "V (t(u) + t(v)) with

tD (u) = ¢t~ (min(¢(0), u)) the pseudo-inverse of the decreasing function t.

An additive generator is uniquely determined up to a positive multiplica-
tive constant. A t-norm T with additive generator ¢ is continuous if and
only if ¢ is continuous. Continuous Archimedean t-norms are exactly those
t-norms with a continuous additive generator. Any additive generator of
a strict t-norm satisfies £(0) = oo, while that of a nilpotent t-norm satis-
fies £(0) < oo. In the case of strict t-norms, the pseudo-inverse t=) of an

additive generator ¢ coincides with its standard inverse ¢!

Definition 4. A (bivariate) copula C: [0,1]> — [0,1] is a binary operation
on the unit interval which has neutral element 1 and annihilator 0 and which

is 2-increasing, i.e., for all u, v/, v and v' in [0,1] with u < v’ and v <’

A (C) = C(u/,v') — C(u',v) — Clu,v') + Clu,v) > 0.

w,u’

v,
w,u’

The expression A, ,(C) is called the C'-volume of the rectangle [u,u'] x [v,v'].



It follows immediately from the definition that every copula C' is increas-
ing in each argument, and that it satisfies the Lipschitz condition, i.e., for all

u, u', v and v in [0, 1],
O f) = Cluyw)] < ol — ul + 0! o] )

Note that copulas need not be associative or commutative. However, some
t-norms are also copulas and vice versa. More precisely, every associative
copula is a continuous t-norm [19] and, on the other hand, a t-norm is a
copula if and only if it fulfills the Lipschitz condition [27].

The importance of copulas in applications comes from Sklar’s theorem [45],
which allows to represent every bivariate probability ‘distribution function
F:R? — [0,1] by F(x,y) = C(Fi(z), Fa(y)), where Fy and F are the up-
per margins of F', obtained as limits of F'(xy,#3) when z; tends to +oo for
1 = 1,2, and C is a copula. The representation is unique whenever F' is a
continuous bivariate probability distribution. Note that a copula can also be
seen as a bivariate distribution function whose upper margins are uniformly
distributed on [0, 1].

Several methods for constructing copulas based on different principles
and/or respecting additional properties are already known (see [30] for an
overview, butalso [6, 9, 10, 12, 23, 31]). An important subclass are Archimedean

copulas which are closely related to continuous Archimedean t-norms.

Proposition 1. [27, 42] Consider a continuous Archimedean t-norm T with

additive generator t. T is a copula if and only if t is a convex function.

Accordingly, the definition of Archimedean copulas reads as follows (see

also [30]):



Definition 5. Consider a continuous, convex, additive gemerator o, i.e.,
a continuous, convex, strictly decreasing function : [0,1] — [0, 00] with
©(1) = 0. Then a copula C: [0,1)*> — [0,1] defined by C(u,v) = =Y (p(u) +

©(v)) is called an Archimedean copula.

It is immediate that several families of continuous Archimedean t-norms
generated by a parameterized family of additive generators contain families
of Archimedean copulas as soon as the respective additive generators are
convex. As such, in some cases, different names for the families of (continu-
ous Archimedean) t-norm and the corresponding subfamilies of Archimedean

copulas can be found in the literature.

3. Dominance — basic properties

The dominance relation has its roots in the field of probabilistic metric
spaces [43, 47]. It was originally introduced for associative operations (with
common neutral element) on a partially ordered set [43], and has been further
investigated for t-norms [33, 40, 41, 49] and aggregation functions [32, 37].

We state the definition for t-norms only, for copulas, it is defined accordingly.

Definition 6. Consider two t-norms Ty and Ty. We say that 17 dominates
Ty (or Ty is domanated by Ty ), denoted by Ty > Ty, if, for all x,y,u,v € [0, 1],
it holds that

T(To(x,y), To(u, v)) = To(Ta(x, u), Ti(y, v)) - (2)

Note that every t-norm and every copula is dominated by Ty;. Moreover,

every t-norm dominates itself and Tp. Since all t-norms and copulas have



neutral element 1, dominance between two t-norms resp. two copulas implies
their comparability: T} > T, implies T > T5. The converse does not hold,
not even for strict t-norms [19]. Due to the induced comparability it also
follows that dominance is an antisymmetric relation on the class of t-norms
and the class of copulas. Associativity and symmetry ensure that dominance

is also reflexive on the class of t-norms.

3.1. Dominance between continuous Archimedean t-norms resp. Archimedean

copulas

It was shown in [35] (see also [28, 48, 49] for earlier results dealing with
strict t-norms only) that dominance between continuous Archimedean t-
norms can be equivalently expressed as a functional inequality involving com-
positions of the additive generators (and their inverses) of the corresponding

t-norms.

Proposition 2. [35] Consider two continuous Archimedean t-norms Ty and
Ty with additive generators t; andty. Then Ty dominates Ty if and only if the
function h: [0,00] — [0,00], .= t, 0t$SV fulfills, for all a,b,c,d € [0,1(0)],
the inequality

A=Y (h(a) +h(e) + RV (h(b) + h(d)) > KTV (h(a + b) + h(c+d)), (3)

with hY: 0,00] — [0,00], hD = ty 0tV the pseudo-inverse of the
increasing function h. Note that Eq. (3) is referred to as the generalized

Mulholland inequality

Since Eq. (2) is trivially fulfilled for arbitrary t-norms 7} and 75 as soon
as 0 appears among the arguments, it suffices to prove that Eq. (3) holds for

8



all a,b,¢,d € [0,t2(0)] in order to show dominance between the continuous
Archimedean t-norms considered.

In [35] (see also [17, 28, 49]), sufficient and necessary conditions for the
generalized Mulholland inequality to hold for a function f: [0, c0] — [0, o],
which is continuous and strictly increasing on some subdomain [0, ¢], with ¢ €
[0, 0o[, and for which f(0) = 0 holds, have been investigated. Properties such
as the converity, the geometric convexity, and the logarithmic convexity of a
function showed up to be most relevant. We do not discuss these properties in
detail but provide, if necessary, corresponding equivalent formulations which
will be relevant for later proofs. More detailed investigations can be found
in [28, 35, 36, 48, 49].

Note that for two continuous Archimedean t-norms 7 and 75 with con-
tinuous additive generators ¢; and ¢, the function h: [0,00] — [0,00], h =
ty o t5" is also continuous and strictly-increasing on ]0,,(0)[. Moreover,
h(0) = 0 and h(]0,t2(0)]) € ]0,¢,(0)[. Further, we will assume, if necessary,
that ¢; and ty are sufficiently often (i.e., once, twice or three times) differ-
entiable such that ) (u) < 0 and t)(u) < 0 for all u € ]0, 1], and that, for
every x € ]0,t2(0)], there exists a unique u € ]0, 1[ such that = = t5(u) and
ty (z) = u.

Summarizing the results on sufficient and necessary conditions for the
fulfillment of the generalized Mulholland inequality and applying the corre-
sponding differential conditions involving the additive generators, as obtained
in [35, 36], we can state the following about the dominance relation between

continuous Archimedean t-norms:

Proposition 3. [35, 36] Consider two continuous Archimedean t-norms T}



and Ty with twice differentiable additive generatorst; and ty. If T7 dominates
Ty, then the function h: [0,00] — [0,00], h = t; otS™ is convex on 10,25(0)],
i.e., W'(x) >0 for all x €)0,t5(0)[, or equivalently, for all u € ]0,1],

th (u)t3(u) — £ (u)ty(u) = 0. (4)

Proposition 4. [35, 36] Consider two continuous Archimedean t-norms T}
and Ty with twice differentiable additive generators t; and ts.

If the function h: [0,00] — [0,00], h =t 0tS " is convex on ]0,t5(0)]
and if either

e h is log-convex on ]0,t5(0)[, i.e., h fulfills h(z)h"(z) =h>(z) > 0 for
all x € 10,t2(0)] or equivalently, for all u €0, 1],

£y (w)ty () + b () (¢ (W)t (w) = 8] (w)ty(u)) > 0, (5)

o his geo-convez on]0,t(0)[, dve., b fulfills h(z)W (z)+ax (h(z)h" (z) — h™*(z)) >
0 for all x € ]0,t2(0)[ or equivalently, for all v € 0, 1],

f°(w) = ()t (w) _ 1" (u) — ta(u)ts(w)
t(wti(w) T b(u)ty(u)

(6)

then 11 dominates T5.

Proposition 5. [35, 36] Consider two continuous Archimedean t-norms T
and Ty with three times differentiable additive generators t1 and ts.

If the function h: [0,00] — [0,00], h =t; 0 té_l) is differentiable and con-
vex on ]0,t5(0)[, and if either

10



o 1V is log-convex on |0,¢2(0)[, i.e., h fulfills b (x)h"(x) — h"*(x) > 0 for
all x € 10,2(0)], or equivalently, for all u €0, 1],

12 ) (2657 (w) — th(w)ty () > 67 (w) (47 () = £ ()t (w) )
+ B (i), (7)

e or ' is geo-convez on ]0,15(0)|, i.e., h fulfills B (x)1'(x)+z (W (z)h" (z) — W"?(z)) >
0 for all x € ]0,t2(0)[ or equivalently, for all w € 0, 1],

ta(o0) (1 ()t ) (8 ()t ) — 2 ()t ()
— (H ()t () — ()t () (26 (w5 () +H @ts(w) )

> ) (u)th” (u) (¢ ()t (w) — t{ (u)th(w)), (8)
then Ty dominates Ts.

We will now turn, first, to a brief survey on dominance in families in-
cluding continuous Archimedean t-norms resp. Archimedean copulas. These
families are all included in the before mentioned Table 2.6. in the book
on associative functions by Alsina et al. [2] as well as in Table 4.2 in the
book on copulas by Nelsen [30]. Their properties are discussed in the before
mentioned books at several places, but also in the book on triangular norms
by Klement et al. [19]. After this survey we will turn to new results on

dominance in other families of t-norms resp. copulas as introduced in [2, 30].

11



4. Dominance in families of t-norms and copulas — a survey

4.1. The family of Schweizer-Sklar t-norms resp. Clayton copulas
The family of Schweizer-Sklar t-norms (75°)e[—oo,oq] IS given by

(

T (u, v), if A = —o0,

Te(u,v), if A=0,
T35 (u,v) =

To(u,v), if A = oo,

max(ut + v — 1,0)Y/*,  otherwise.

The family members are continuous Archimedean t-norms for A € |—o0, 00|
and copulas for A € [—o00,1]. The copulas in this family are also known as
Clayton copulas and have been investigated in [5, 15]. The family members
form a decreasing sequence of t-norms resp. copulas with respect to their
parameter, i.e., TSS > TES if and only if A < pu.

The same holds for the dominance relationship, i.e., T5S > THSS if and
only if A < pu, as was proven first by Sherwood [44] in 1984 invoking gen-
eral proof techniques not referring to particular properties of the dominance
relation between t-norms. For quite some time, his results on the family of
Schweizer-Sklar t-norms remained the only one for dominance in a family of
parameterized t-norms. Note that a different proof for this particular family,
now involving the generalized Mulholland inequality (3), can be found in [36]
(see also [34]). Summarizing, we can say that the dominance relation yields a
linear order on the set of Schweizer-Sklar t-norms resp. on the set of Clayton

copulas.

12



4.2. The family of Yager t-norms, of Dombi t-norms, and of Aczél-Alsina

t-norms resp. Gumbel-Hougaard copulas

The family of Yager t-norms (75)xe(0,00], 0f Dombi t-norms (7%)se(0,00]
and of Aczél-Alsina t-norms (T{#*)\cp0,00] have in common that they are all
generated by powers of some basic additive generator. Their definitions and

additive generators are, for all A € [0, 00] resp. A € ]0, oo, given as follows:
To(u,v), if A =0,
TY (u,v) = Tam(u,v), if A= o0,
max (1 — ((1 —2)* + (1 —y)*)"/*,0) , otherwise,

t¥ (u) = (1 —u)*, for A €]0, 00,

p

TD(“? U)v 1f )\ = 0,
TP (u,v) = { Ta(u,v), if A = oo,
1 .
e ST T VAT otherwise,
() +037))
P (u) = (1_7“))‘, for A € 10, o],
Tp(u,v), if A =0,
TfA(UHU) Q TM(U, U)v if A= o0,

e~ ((=logu)+(=log )™ ¢ arwise,
A (u) = (—log(u))?, for A €0, 00].

The members of the respective families are continuous Archimedean t-norms
for A € ]0, co[ and copulas for A € [1, 00]. As mentioned in [30] and according

to [16] the subfamily of copulas of the family of Aczél-Alsina t-norms is

13



called the family of Gumbel-Hougaard copulas. The family members form
an increasing sequence of t-norms resp. copulas, i.e., Ty > T, if and only if
A > p.

As discussed in [19], the standard Minkowski inequality,
(aP + PP 4+ (WP 4+ dP)/P > ((a 4 D) + (¢ + d)P)YP

being true for all p € [1, 0], can be applied for proving dominance between
two members of a family generated by positive powers of a basic additive
generators, as it is the case for the family of Yager, Dombi, and Aczél-
Alsina t-norms, respectively. In fact, applying the (generalized) Mulholland
inequality (3) to two members Ty and T}, of any of these families yields the
Minkowski inequality with the parameter p equal to u/A. Therefore, we can

state the following:

Proposition 6. [19] Consider two members T\ and T),, A\, € [0,00], of
either the family of Yager t-norms (T )xefo,oc], 0f Dombi t-norms (T2) aefo,c]»
or Aczél-Alsina t-norms (T/\AA),\E[O,OO], Then Ty dominates T), if and only if
A > u. The dominance relation constitutes a linear order on each of these

families of t-norms resp. copulas.

For results on dominance between members of two different families we

refer to [34, 36].
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4.8. The family of Frank t-norms resp. copulas and of Hamacher t-norms
resp. Ali-Mikhail-Haq copulas
The families of Frank (T/\F),\e[,oom] resp. Hamacher t-norms (Tf)#e[,oql]

are defined by

Ty (u,v), if A = —o0,
Te(u,v), if A=0,
¥ (u,v) =
Ta(u,v), if A = co.
—% log (1 + %) , otherwise,
To(u,v), if = —o0,
Tf(u,v): 0, ifu=1Lu=v=0,

W, otherwise.

The family members are continuous Archimedean t-norms for A € [—o00, 00|
resp. i € ]—00, 1]. The Frank t-norms are all also copulas and have been dis-
cussed in [13, 14, 29]. The Hamacher t-norms are copulas in case p € [—1, 1]
and they are also called Ali-Mikhail-Haq copulas [1]. The members of each
family form an increasing sequence of t-norms resp. copulas with respect to
their parameter, ie.; Ty > TE resp. 141 > TMH if and only if A > p.

It has been shown by Sarkoci in [40] that very rarely a dominance rela-
tionship appears among members of each of the families:

Proposition 7. [40] Consider two members of the family of Frank t-norms
Tfl, TAFZ. Then Tfl dominates Tf; if and only if one of the following cases

holds: A\ = o0, i.e., T, =Tm, A1 = Ao, or Ay = —o0, i.e., Ty, =Ty.
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Consider two members TE,

T:ZI of the family of Hamacher t-norms. Then
TE dominates TE if and only if one of the following cases holds: p; = 1,

1 = Mo, OT [lo = —0O0, i.e., T/g =Tp.
Note that, because of the rare occurrence of dominance in these families,
transitivity is fulfilled and the dominance relation therefore an order relation

on the corresponding families of t-norms resp. copulas.

4.4. The family of Sugeno-Weber t-norms

The family of Sugeno-Weber t-norms (73™W)epo,00] is defined by

Tp(u,v), if A =0,
W (u,v) = Tp(u,v), if A = oo,
max(0, (1 — Nuv + ANu+v —1)), if A €]0,00].

For A € [0, 00], the Sugeno-Weber t-norms are continuous Archimedean t-
norms [25, 46, 51|, for A € [0,1] they are also copulas. The members of
the family form a decreasing sequence of t-norms resp. copulas with respect

to their parameter, i.e., T/\SW > TEW if and only if A < pu. The results

on dominance among the family members, providing sufficient conditions,
have been investigated in [36] and are based on properties related to the
generalized Mulholland inequality (3).

Proposition 8. [36] Consider the family of Sugeno- Weber t-norms (TR ™ ) xefo,00]-
For all X\, p € [0, 00] such that

(i) either A < min(1, u),

(i) or 1 < A < p < t*, with t* = 6.00914 denoting the second root of
log(t) +log(t) —t +1 =0,

16



it holds that TY™ > TSW. On the other hand, if TY™ > TP, then X < p.

Note that the members of the family of Sugeno-Weber t-norms are copulas
whenever their parameter is less or equal to 1. Therefore, for any copula
members TP W, TEW of the family, i.e., A, u < 1, it holds that TPW dominates

S . .
TMW if and only if A < p.

5. Dominance in families of t-norms and copulas — new results

We will now turn to new results on dominance for other families of contin-
uous Archimedean t-norms resp. Archimedean copulas. All of these families
have been introduced and discussed in the book on associative functions by
Alsina et al. [2] as well as in the book on copulas by Nelsen [30]. Unfortu-
nately, not all of them have been named, moreover, the numberings of the
families listed in Table 2.6 in [2] and in Table 4.2 in [30] slightly differ. In
the sequel we will therefore stick to the following notation scheme: A family
of t-norms (and copulas) (7¥)xer refers to the family 2.6.x of t-norms (and

copulas) as listed in Table 2.6 in [2] with a given parameter range I.

5.1. The family (T )ref0,00]

The family of t-norms (7%)xej0,0] and, for A € ]0, 00|, the additive gener-

ators of its members are given by

Tp(u,v), if A=0,

TR, v) = § max (0, g3 oty ) i A €0, o0l

uv
utv—uv’

if A= o0,
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%7 1f)\€]0,oo[,

t,\(u) =

1-u if A = 0.

u

These t-norms are continuous Archimedean for A € |0,00]. For A € [1, ]
they are also copulas (see also [2]). Moreover, the family is increasing w.r.t.
its parameter [2], i.e., Ty > T}y if and only if A > p.

Let us now investigate dominance between two members of this family of
t-norms. Since every t-norm 7" dominates Tp, we can restrict to parameters
A € ]0,00] only. In this case its additive generators are continuous and three
times differentiable. The derivatives can be computed, for A € |0, oo[, by

/ . —-A I _ 2)‘(/\ - 1) m _ _6/\()\ — 1)2
40 = T 40 Tanot 40 TGt

and, for A = oo, by

1 1 2 " 6
—— ta(u) ==, to(u) =

tholu) = =3

-
Proposition 9. Consider ;i€ [0,00]. Then Ty dominates Ty}, if and only
if A > p.

Proof. Assume arbitrary, but fixed A, u € [0, 00]. If T} dominates T}y, then,
due to the common neutral element, T > T)? being equivalent to A > .
For proving sufficiency, assume that A > p. Since in case of equality
and for p = 0 dominance is trivially fulfilled, we additionally assume that
A > p > 0 and restrict first to the case of A\ # co. Following Proposition 5,
it suffices to show the convexity of h and the log-convexity of h’ on |0, 1| for

proving dominance.

18



Because of Proposition 3, the convexity of h is equivalent to Eq. (4) which

reduces to
2A (N — 1)
T ai— D))P( + a1 =

for all w € ]0,1[. Since A\, x> 0 and (1 +u(A—1)), (1 +u(p — 1)) > 0, this

is equivalent to A > p which is obviously true.
The log-convexity of i’ is equivalent to Eq. (7) for the additive generators
involved and in turn equivalent to the following expression
22002 (p — 1) - 2222 (N — 1)
IT4+uN=1))* 1 4+u(p—1))5 = (1 +uA—1))5(1 +u(pp—1))°
(20 = DA +u(r = 1) = A= 1)1+ u(u 1))

for all w € ]0,1]. We introduce the abbreviations a = (1 + u(A — 1)) and
b= (1+u(p—1)). Note that, since A\, u € ]0,00[ and u € ]0,1][, a,b > 0.
Therefore, the following are equivalent

S DR 28D (90— 1)a - (- 1))

A= o~ 1)a— (3 - 1)

(b —1)*>
(=17 =201 = D=2+ (= 125 > 0

((u_ 1) — 2()\— 1))2 >0,

S

The last inequality, obviously being true for all u € |0, 1[, proves the log-
convexity of i/ and therefore, that T¥ dominates Tf for A # co and A > p.
For A'= oo and p < A, the convexity of h is equivalent to, using the same
abbreviation as above,

2Ma —2A(A — 1)u

adu’

>0
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for all w € ]0, 1[ which reduces to the tautology 1 > 0. On the other hand,

the log-convexity of A’ on ]0, 1] is equivalent to

2t (p— 1) =20 ApP(p—1)
aSul ~ atub adu®

u

for all u € )0, 1]. M

2
for all u € ]0, 1, which reduces to ((,u —1)+ 9) > 0 being obviously fulfilled

Based on the previous result we can immediately state the following re-

sult:

Corollary 10. The dominance relation is a linear order on the family (T3 ) rejo,]

of t-norms. It is a linear order on the family (Tf),\e[lm] of copulas.

5.2. The family (TY)refo,
The family of t-norms (7¥)xej0,~0] and, for X € ]0, 00|, the additive gener-

ators of its members are given by
To(u,v), if A=0,
T;‘?(u’ v) = < e (@) ln(v)7 if )\ e ]O, OO[,

Te(u,v), if A = oo,

In(1 — Xn(u)), if A €]0,00],
t)\(u) =
—In(u), it A = o0.

For' A € ]0,00], the family members are continuous Archimedean t-norms
as well as copulas. Note that according to [16], the family of copulas is also
referred to as the family of Gumbel-Barnett copulas. The family is decreasing
w.r.t. its parameter (see also [2]), i.e., Ty > T} if and only if A < . We now

investigate whether for some A, p1, 7Y dominates T;f .

20



Proposition 11. For all A, ;i € 10, 00[ with X # p it holds that neither T

dominates T nor TY dominates TB.

Proof. Consider arbitrary, but fixed A\, u € ]0,00[ and assume w.l.o.g that
1 > A. Since, because of the common neutral element of t-norms, dominance
implies the ordering of the operations involved and the ordering property of
the family, 7 cannot dominate Ty. Therefore, assume that 77 dominates
T?, ie.,
T (2. y), Ty (u, 0)) = TR (TR (2, u), T3 (y, v))

for all z,y,u,v € [0,1]. Now choose z = e~2/* € ]0, 1], then simple computa-
tions yield

4
T T (x,2), T (z, 7)) = (e*%(’\ﬂ‘))2 . e~ Ainfe, X2 S
/J, ) ) /_[, )

— e a2 (Atw) ,6*>\(—>\i‘2()\-i-,u))2 _ 67%()\+u)(3>\+2ﬂ)

8 8 16
Tf(Tf(m, x), T (z, 7)) = (e X)*- o X2 _ —380n)

Since we have assumed that T dominates 7} and since e” is strictly increas-

ing it follows that

w1 BN+ 21) < B\ +4p),

being equivalent to
(A= p)* +p(p =) <0

leading to a contradiction with g > A. Therefore, T does not dominate

9
o, O
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Proposition 12. For all X € |0, 00| it holds that T2, = Te dominates TY.

Proof. Consider an arbitrary, but fixed A € ]0, co[. The dominance inequality
T (u,v) - T (x,y) > T (ux,vy) is trivially fulfilled whenever 0 € {z,y,u,v}.

Therefore, assume that all z, y, u,v € |0, 1]. Then the following are equivalent

1Y (u,v) - Ty (z,y) > T (uz, vy),

In(u) In(v)+In(z) In(y)) —XIn(uz) In(vy)

UVTY - e > uvxy - e ,
In(u) In(v) + In(z) In(y) < In(uz) In(vy),

0 <In(u)In(y) + In(v) In(z)
with the latter inequality being true for all z,y, u,v € ]0,1]. O

Since all t-norms 7' dominate the weakest t=norm Tp = T7 being the

second limiting t-norm of the actual family we can summarize as follows:

Corollary 13. Consider two t-norms Ty, TB of the family (T3)eo,00)- If T
dominates Ti, then either A = 0o, i = 0, or A = u only. Dominance is a
transitive and therefore an order relation on the family (TX)ejo,) 0f t-norms

and on the family of Gumbel-Barnett copulas.

5.3. The family (Tx®) e[,

The family of t-norms (73%)e[0,] and, for X € [0, oo[, the additive generators

of its members are given by

uve~ (W) if A=0,

-

TE%(u,v) = q = ((-m@P+0-m@P=1D)* 46 3 21 oo,

Tm(u,v), if A= o0,
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In(1 — In(u)), it A =0,
ta(u) =
(1 —In(u))* =1, if A €]0,00].
For A € [0, 00|, the family members are continuous Archimedean t-norms as
well as Archimedean copulas. The family is increasing w.r.t. its parameter
(see also [2]), i, T4® > T!® if and only if A > p. We now investigate
whether for some given A and y, Ty® dominates 7,,°. The derivatives of the

additive generators are given, for A € |0, oo[, by

) = 2Py A= (@) RO nw)

U u2

and for A = 0, by
—1 —In(u)
Y _ 4 _ )
o) uw(l —In(u))’ () u?(1 = In(u))?
Proposition 14. Consider A, j € [0,00]. Then T3® dominates T,> if and
only if A > p.

Proof. The necessity is readily shown, since dominance implies ordering be-
tween the operations involved. Moreover, since Tns dominates any t-norm
and since every t-norm dominates itself, let us assume that co > A > pu
and consider the case u > 0. Following Proposition 4, it suffices to show
the convexity and geo-convexity of h on |0, 00 for proving dominance. The
convexity of h on |0, oo is accordingly equivalent to

%GA—W—L%()\ )30

for all u € ]0, 1[, where we have introduced the abbreviation a := 1 — In(u).

Since In(u) < 0 for all w € ]0,1[ it holds that a > 1 and further since also
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A, p > 0 it follows that the inequality is true if and only if A > p which is
given by the assumption.
The geo-convexity of h is equivalent to Eq. (6) for the additive genera-

tors involved and can, by simple computations, be reduced to the following

expression
A —1In(u)(1 —a) S P In(u)(1 — a*)
a(l—aM)u — a(l—a)u
for all u € ]0, 1[, which is equivalent to
A ~ In(u) S 1 ~ In(u)
a(l—au au ~—a(l—a*)u  au

Since A > p, and since a > 1 it holds that ﬁ > L and indeed, for all

1—at
u € 10,1,
A Iz
a(l—aMu ~ a(l—a*)u

such that h is geo-convex and, therefore, T{® dominates Tf.
Let us now turn to the case of A > = 0 and prove dominance directly,

i.e., we show that for an arbitrary A\ > 0 and for all u,v,z,y € [0, 1]
T(To % (u,0), To°(239) 2> Ty (T8° (u, 2), Ty (v, y)).-

Since this inequality helds whenever 0 € {u, v, x, y} we assume that u, v, z,y €
10, 1]. We use the abbreviations a := 1 —1In(u), b := 1 —1In(v), ¢ := 1 —In(x),
and d := 1 —In(y) as well as

s=1—(a*+c*— 1) and ti=1—(+d* = 1)V
Then, simple computations yield

T (3% (u,0), Ty (w,y)) = el (O e =0,

T*(T3°% (u, ), TR (v, y)) = et~ 07070,
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such that dominance of T}® over T3 is equivalent to

((ab)* + (ed) = 1) < ((ab)* + (cd)* + (a* — 1)(d* — 1) + (* — 1)(* — 1) — 1),

Since a, b, ¢, d > 1, it holds that (ab)*+ (cd)*—1 > 1 and (a* —1)(d*—1) >0
as well as (b* — 1)(c* — 1) > 0 such that the inequality always holds which

concludes the proof. O

Corollary 15. The dominance relation is a linear order on the family (T/{l‘r’),\e[om]

of t-norms and copulas.

5.4. The family (T??)re[0,0]

The family of t-norms (772)xejo,0) and, for A € [0, oo, the additive gen-

erators of its members are given by

_w if A =0,

T3 (u,v) = m7 if A €10, 00l
T (u,v), if A= o0,
Eu i A =0,

u

txlu) =
M —er if A €0, 00].

For A € [0, 00[ the members are continuous Archimedean t-norms and
Archimedean copulas. The family is increasing w.r.t. its parameter (see
also [2]), iee., TF? > T2 if and only if A > p. We now investigate whether
for some given A and p, T3* dominates T72. The derivatives of the additive

generators are, for A € |0, oo[, given by

A

A A
/ _ = " _ u
t)\(u) - _Eeua t)\(u) - U4€

A
Qu+N), t4(u) = —Zev (6u® + 6 u+ A?)
u
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and, for A = oo, by
1 2 6
Proposition 16. Consider A\, u € [0,00]. Then TZ? dominates T2 if and

only if A > p.

Proof. Consider arbitrary A, u € [0, 00]. If T2? dominates 722, it follows that
T3* > T7* and equivalently A > . Since Ty dominates every t-norm and
since every t-norm dominates itself, let us first assume that co > A > u >
0. Following Proposition 5, it suffices to show the convexity of A and the
geo-convexity of A’ on ]0, 00| for proving dominance. The convexity of h is

equivalent to Eq. (4) which reduces to

for all u € ]0, 1] which is true whenever A > p.
The geo-convexity of /' is equivalent to Eq. (8) for the additive generators
involved and is in turn equivalent to the conditions
)\Q/JJB(/fQ— )\)620\;#) (G% _ e“) > )\2/153(/112_ )\)62)\t3u
u u

n
eﬂ—e”geﬁ

—et <0

for all u € ]0, 1] which holds independently of w.
It remains to show that, for all A € ]0, o[, 7%? dominates 7{22. Also in this
case the convexity of h and geo-convexity of i’ can be equivalently expressed

by the additive generators involved. The convexity of h is equivalent to
/\2

—66% 2 0

u
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and the geo-convexity of h is equivalent to the condition

A3 o
0> -2 ¢
= T2

for all u € 0, 1], both expressions being true for any A\ € ]0,00[ and any
u €0, 1]. M

Corollary 17. The dominance relation is a linear order on the family (T2?)xe(0,00]

of t-norms and copulas.

5.5. The family (T2%)re(0,0]
The family of t-norms (7%%)xcj0,o0) and, for A € [0, 00[, the additive gen-
erators of its members are given by
Te(u,v), if A=0,

T2 (u,v) = (ln(emA +er "t — e)) , if A €]0,00[,

=

Ta(u,v), if A= o0,

—In(u), fA=0,
t,\(u) =

—A

e " —e, ifA€]0,00[.
For A € [0,00] the members are continuous Archimedean t-norms and
Archimedean copulas. The family is increasing w.r.t. its parameter (see

also [2]), ie., T? > T2 if and only if A > p. The derivatives of the additive

generators are, for A € |0, oo[, given by

t(u) = —e* uNIN, U (u) = e w2 (A +Dur+ ),
() = =" uT SN BAN + Dt + (A+ (A + 2)u™ + A?)
and for A =0, by t((u) = —1, tj(u) = o5, t§(u) = —3% for all u € [0,1].

u?
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Proposition 18. Consider A, i € [0,00]. Then T3* dominates T2* if and
only if A > p.

Proof. The necessity is readily shown, since dominance implies ordering be-
tween the operations involved. Moreover, since Tns dominates any t-norm
and since every t-norm dominates itself, let us first assume that co > A > u >
0. Following Proposition 4, it suffices to show the convexity and geo-convexity
of h on ]0, oo[ for proving dominance. The convexity of h is equivalent to the

condition
e(u—A+u—“)u72)\72p73)\‘u (()\ . M)u)\+u 4\t — MUA) > 0

for all u € ]0,1[. Since A > p and, for all u € ]0, 1[, w# > u* it follows that
all summands and factors of the above expression are positive, such that the
inequality holds for all u € |0, 1].

The geo-convexity of h is reduced to the equivalent condition

A et
e T T
uMl(e —ev ) T H urtl(e —ev™)
for all u € ]0,1[. Since A > p it also holds that e* > e*, (P,elw) (6761“_‘“)7

and ux—1+1 > # such that all summands resp. factors of the left-hand side

expression exceed the corresponding summands resp. factors on the right-
hand side. - Therefore, h is geo-convex since A > u.
It remains to show that, for all A € |0, oo[, 72* dominates T3 = Tp. For

this case the convexity of h reduces to
)\2u72/\73€u7)‘ (u’\ +1)>0
which is true for all u € ]0,1[. The log-convexity of h' can be equivalently
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expressed by the additive generators involved and is equivalent to the condi-

tion
0> _62u—*u—3(,\+2)/\4

which is clearly true for all u € ]0,1[ and all A € ]0,00[. Therefore, T23
dominates Ti3 if and only if A\ > p. |

Therefore, we can state the following

Corollary 19. The dominance relation is a linear order on the family (T/\23)Ae[o7oo]

of t-norms and copulas.

6. Conclusion

We have discussed dominance in several families of continuous Archimedean
t-norms resp. Archimedean copulas. New results have been achieved for five
additional families. It is remarkable, that although dominance is not a tran-
sitive relation on the set of all (continuous) t-norms resp. copulas, it consti-
tutes an order relation for (nearly) all of the families mentioned and discussed
here — either because of its very rare or its abundant occurrence between

the family members involved.
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Abstract

Two different characterizations of self-dual aggregation operators are available in the literature: one based on
C(x,y) =x/(x + 1 —y) and one based on the arithmetic mean. Both approaches construct a self-dual aggregation oper-
ator by combining an aggregation operator with its dual. In this paper, we fit these approaches into a more general
framework and characterize N-invariant aggregation operators, with N an involutive negator. Various binary aggrega-
tion operators, fulfilling some kind of symmetry w.r.t. N and with a sufficiently large range, can be used to combine an
aggregation operator and its dual into an N-invariant aggregation operator. Moreover, using aggregation operators to
construct N-invariant aggregation operators seems rather restrictive. It suffices to consider n-ary operators fulfilling
some weaker conditions. Special attention is drawn to the equivalence classes that arise as several of these n-ary oper-
ators can yield the same N-invariant aggregation operator.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

In many decision problems, the question arises how to determine a collective decision, preference or
opinion, based on several individual decisions, preferences or opinions. Different techniques can be applied
to achieve that goal. One possible strategy is simply to carry out an aggregation process based on the
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experts’ decisions, preferences or opinions. This is usually done by some aggregation operator which maps
arbitrarily but countably many input values to a single output value. Inputs and outputs belong to the same
domain and the output should be representative for the input data or at least for some of its aspects.

In preference modeling for example, [0, 1]-valued relations R can be used to render the individual inten-
sity of preference. Consider a finite set of alternatives 4 = {ay, . ..,a,,} and n experts. The opinion of expert
k is represented by a relation Ry : A% — [0,1], such that Ry(a; a;) expresses the degree to which expert k
prefers alternative a; to alternative a; (see e.g. [4,13,14]). In order to rule out incomparability, it is often
required that the degree to which q; is preferred to g; is in some sense complementary to the degree to which
a; is preferred to a;. This naturally leads to the use of reciprocal preference relations Ry, i.e. Ri(a; a;)) + R-
x(aj,a;) = 1. In this setting, two alternatives a; and a; are indifferent if Ry(a;,a;) = Ri(a;,a;) = 1/2. These
individual preferences can be merged by means of an aggregation operator A. The relation R is defined
by R(a;,a;) = A(Ry(a;ay),. .., R,(a;,a;)) and represents the collective preference. Besides some aggregation
operator-specific results [4,5], it was soon noticed [13,15] that R is reciprocal provided A is a self-dual aggre-
gation operator, i.e. fulfills 1 — A(xy,...,x,) = A(l — xq,...,1 — x,,) for every (x1,...,x,) € [0,17".

Another application of self-dual aggregation operators is situated in multicriteria decision making. Con-
sider a finite set of criteria C = {cy,...,¢,}. To each alternative a; € 4 is associated a profile (Pi(a,),. ..,
P,(a;)) where unary functions P : A — [0, 1] are used to expresses the score of alternative a; on criterion
k. Aggregating the different partial scores by means of an aggregation operator A yields a global score
P(a;)) = A(Py(a)), ..., P,a;) for alternative a; [18]. These global scores can be used to rank the alterna-
tives. Self-dual aggregation operators ensure that complementary profiles result in complementary global
scores.

So far two characterizations of self-dual aggregation operators have been presented [3,15]. A deeper look
into the structure of both results inspired us to extend them to a class of theorems characterizing aggrega-
tion operators that are invariant under an involutive negator N. We organized this paper as follows. First
we recall the known results concerning self-dual aggregation operators. In Section 3 we present our general
framework for characterizing N-invariant aggregation operators by means of aggregation operators. How-
ever, it is restrictive to use only aggregation operators to construct N-invariant aggregation operators. Sec-
tion 4 tackles this problem for the two known characterizations [3,15]. In both cases we determine the
minimal conditions on an n-ary operator (i.e. a [0,1]" — [0, 1] mapping) such that it generates an N-invari-
ant aggregation operator. For each characterization, multiple n-ary operators lead to the same N-invariant
aggregation operator. The equivalence classes that arise as such are discussed in Section 5.

2. Aggregation operators

Aggregation comprises any process where arbitrarily but countably many inputs are mapped to a single
output value. It is natural to require that all inputs as well as all outputs are from the same domain. Usually
also some monotonic behaviour is required and some boundary conditions must be satisfied [3].

Definition 1. A mapping A : [0,1]" — [0,1], n € N\ {0, 1}, is called an n-ary aggregation operator if it
satisfies the following properties:

(AO1) A(xy,...,x,) < A(,...,y,) Whenever x; < y; foralli € {1,...,n},
(AO2) A(0,...,0)=0and A(l,...,1) = 1.

If the arity n of n-ary aggregation operators is clear from the context, we will briefly call them aggrega-
tion operators. An aggregation operator A can also be defined to act on any closed interval
[a,b] C [—o0,00]. Only the boundary conditions have to be modified accordingly: A(a,...,a) =a and
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A(b,...,b) = b. We then speak of an aggregation operator acting on [a,b]. Such aggregation operators can
easily be transformed, by means of monotone bijections, into aggregation operators acting on some other
interval [c, d].

Proposition 1 [3]. Let A : [a,b]” — [a,b] be an aggregation operator on [ a,b] and let & : [c,d] — [a,b]
be a monotone bijection. Then the mapping Ag : [¢,d]" — [c,d], defined by

Ao(xi,...,x,) = O (A(P(x)),...,D(x,)))
is an aggregation operator on [ ¢,d].

We call Ay the @-transform of A. For [a,b] = [¢,d] the aggregation operator A is called ®-invariant if
Ay = A (see also [19-21]). Every @ is in fact an order-preserving or order-reversing bijection from [c, d]
to [a,b]. In case [a,b] = [c,d] = [0, 1] we talk about [0, 1]-automorphisms, respectively strict negators. We
use the exponential notation x" to denote the image of x under a negator N. For [0, 1 ]-automorphisms
¢ we stick to the common notation ¢(x). A strict negator N that fulfills (x™)" = x is called involutive.
The standard negator A/, defined by xV = 1 —x, is the prototype of an involutive negator. Trillas [23]
has shown that the class of involutive negators N consists of all ¢-transforms of the standard negator:

_ - N
M =97 (1 - ¢) = (p(x)")
for some [0, 1]-automorphism ¢. In the literature, the A/-transform A, of A is known as the dual of A [3].
Definition 2. An aggregation operator A is called self-dual if it is N -invariant.

Several other terms are used for expressing self-duality: neutrality [14], reciprocity [13,15], etc. Examples
of self-dual aggregation operators are [3]:

(1) quasi-arithmetic means My(xy,...,x,) = f~'(3°"_,f(x;)/n) for which the strictly monotone continuous
function f: [0,1] — [—o0, 0] is reciprocal (i.e. il — x) =1 — f(x)),

(2) weighted means W(xy,...,x,) = > . w;-x;, where Y . ,w; =1 and w; > 0,

(3) OWA operators W'(xy,...,x,) => .7 w;-x,, with (x},...,x) an increasing permutation of
(X1 s Xp)y Doywi =1, w; = 0and (wy,...,w,) = Wy, .., Wy).

A self-dual and commutative binary aggregation operator A necessarily satisfies A(x,1 — x) = 1/2 for
every x € [0,1]. This rules out all uninorms U (i.e. commutative, associative, increasing binary operators
with neutral element e € [0, 1] [24]) since U(0,1) € {0,1} [12]. Consequently, no t-norm (uninorm with
e = 1) and no t-conorm (uninorm with e = 0) is self-dual. Nullnorms V on the other hand are operators
of the type med(a, T, S), with a € [0,1], T a t-norm and S a t-conorm [2,3]. They are commutative, associa-
tive, increasing binary operators with annihilator a € [0, 1](V(x,a) = a for all x € [0, 1]). It is easily verified
that a nullnorm is self-dual if and only if @ = 1/2 and S is the N -transform of 7.

3. A characterization of /N-invariant aggregation operators

Self-dual aggregation operations have already been studied and characterized in [3,15]. In each of these
works, a self-dual aggregation operator is constructed by means of an arbitrary aggregation operator and
its dual. We will fit the existing characterizations into a more general framework, providing several new
theorems for characterizing N-invariant aggregation operators, with N an involutive negator. Results con-
cerning self-dual aggregation operators can be easily retrieved by putting N = N.

Silvert has investigated operations that allow to merge two fuzzy sets F; and F, by means of some rule of
combination C into a new fuzzy set such that the complement of the combination is the combination of the
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complements, i.e. 1 — C(Fy,F,) = C(1 — F;,1 — F>), expressing the self-duality of C [22]. Such a binary
operator C is called a symmetric sum if it is a continuous, commutative, self-dual aggregation operator
[10,11,22]. Dombi [8] has investigated strictly increasing associative symmetric sums on ]0, 1[. Idempotent
symmetric sums have been discussed by Dubois [9]. Symmetric sums were the source of inspiration for the
following proposition due to Calvo et al.

Proposition 2 [3]. An aggregation operator A is self-dual if and only if there exists an aggregation operator B
such that

B(xi,...,x,)
A = 1
(1) B(xi,...,x,) +B(1 —xp,...,1 —x,) .
with 5% = 1.

To verify the sufficient condition it is enough to take B = A. As indicated in [3], the convention ﬁ =1

can be replaced by some other convention, leading to aggregation operators that are not self-dual. For
example, if B(xy,...,x,) := Tp(x,...,x,) = X1 *...- X, and we assume that % := 0, then A is the 3IT-oper-
ator, a well-known representable uninorm [6,8,12,17]. Besides this characterization, Garcia-Lapresta and

Marques Pereira provided an alternative characterization based on the arithmetic mean.

Proposition 3 [15]. An aggregation operator A is self-dual if and only if there exists an aggregation operator
B such that

B(xi,...,x,) + By(xi,...,x,
A(xy,...,x,) = (x1, ,x)+2 (X1 x)‘ o

For each self-dual A we can again choose B = A. Rewriting Eq. (1) as

B(xi,...,x,)
Axy,...,x,) = , 3
(et ) B(xi,...,x,) + 1 —=By(xr,...,x,) (3)
it strikes that both expressions Egs. (3) and (2) are of the form
Alxy, .. oyx,) = CB(xy, ...y x,), By(xr, ..., x,)) 4)

for some binary operator C and an involutive negator N. The first two plots of Fig. 1 illustrate this binary
operator C for Egs. (3) and (2). As will be shown later, also the third plot in the figure is a valid choice for C.
We now intend to sift out those binary operators C that allow to characterize the class of N-invariant aggre-
gation operators, i.e. we want to solve the following problem:

Consider an involutive negator N. Find a binary operator C such that an n-ary operator A is an N-invariant
aggregation operator if and only if there exists an aggregation operator B such that Eq. (4) holds for every
(x1,...,x,) €[0,17".

We then say that C enables a full characterization of all N-invariant aggregation operators. Explicitly, the
N-invariance of an aggregation operator A means that

Alxr, . .x) = AR, .Y (5)

for every (xi,...,x,) € [0,1]". Let ay be the unique fixpoint of N (i.e. (ay)" = ay). From a geometrical
point of view, Eq. (5) enforces some kind of point symmetry w.r.t. (ay, . ..,ay) upon the aggregation oper-
ator A. For the point of symmetry (ay,...,ay) it holds that A(ay,...,ayx) = ay. Once A(xy,...,x,) is
known, Eq. (5) fixes A(x}, ..., x"). Before continuing the search for suitable C we would like to remark that
our starting point slightly differs from Propositions 2 and 3 as we do not assume A to be an aggregation
operator from the beginning.
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max(z,y), z+y < 1/2

Eq. (3): C(z,y) = m Eq. (2): C(z,y) = 5 C(x,y) = { min(z,y), 3/2<z+y
1/2, elsewhere
N=N N=N N=N
z, r<1/2
fl@) == flz)== flx) =
1, 2>1/2

Fig. 1. Possible choices for C. The black solid lines reflect that C(x,x") =ay. The dashed black lines visualize the curve

C(f (), f()Y).

Let Cy be the n-ary operator determined by the right-hand side of Eq. (4):
Cg:[0,1]" = [0,1]: (x1,...,x,) — C(B(x1,...,x,),By(x1,...,x,)),

then C enables a full characterization of all N-invariant aggregation operators if and only if the following
assertions hold:

(1) Cp is an aggregation operator for every aggregation operator B.

(2) Cy is N-invariant for every aggregation operator B.

(3) For every N-invariant aggregation operator A there exists an aggregation operator B such that
A = Cg.

The following three lemmata tackle these assertions.
Lemma 1. Cy is an aggregation operator for every aggregation operator B if and only if C is a binary

aggregation operator.

Proof. The necessary condition trivially holds. Suppose that Cp is an aggregation operator for every aggre-
gation operator B. By definition it then holds that

C(0,0) = C(B(0,...,0),By(0,...,0)) = Cy(0,...,0) = 0.

Analogously C(1,1) = 1. Moreover, due to the rather limited conditions an aggregation operator must ful-
fill, it is not difficult to see that for every (x,y,u,v) € [0,1]*, with x < u and y < v, one can construct an



K.C. Maes et al. | European Journal of Operational Research 177 (2007) 472—487 477

aggregation operator B for which there exist two n-tuples (xi,...,x,) and (y1,...,,) such that x; < y; for
every i, x = B(xy,...,X,), ¥y =Bn(x1,...,X,), u=B(y1,...,y,) and v = Bx(yy,...,y,). Since Cg(xy,...,
x,) <Cs(y,,...,y,), this means that C(x,y) < C(u,v) for every (x,y,u,v) € [0,1]* with x <y and u < o,

expressing that C must be increasing in both its arguments. [

Lemma 2. Cg is N-invariant for every aggregation operator B if and only if

Clx,y) = C(y",x")" (6)
for every (x,y) € [0,1] 2

Proof. The necessary condition trivially holds. Suppose that Cy is N-invariant for every aggregation oper-
ator B. For every (x,y) € [0, 1T, there exists an aggregation operator B and an n-tuple (x;, . . ., x,) such that
x = B(xy,...,x,) and y = By(xy, ..., x,). Expressing the N-invariance of Cg then leads to

CON XMy =CBy(xr, ... x) By, x)Y) = Ca(xY, . xY) = Ca(xr, . x)Y
=CB(x1,. .., %), By(x1,....x,)) =Clx,»)Y. O

Putting y = x” in Eq. (6), we see that C(x,x") = ay. The black solid lines in Fig. 1 reflect this property.
Geometrically, Eq. (6) expresses a kind of symmetry of C w.r.t. the negator N. Once C(x,y) is known,
Eq. (6) fixes the value of C in (y", x"), the point symmetrical to (x, y) w.r.t. the graph of N. If C is not sym-
metrical in its arguments, Eq. (6) substantially differs from Eq. (5) (n = 2). In case C is symmetrical, both

equations are identical and hence Eq. (6) will be trivially fulfilled when considering an N-invariant operator
C.

Lemma 3. For every N-invariant aggregation operator A there exists an aggregation operator B such that
A = Cg if and only if there exists an increasing function f:[0,1] — [0, 1] satisfying f(0) = 0, f(1) = 1 and

C(f (), f(M)) = x (7)
for every x € [0,1].

Proof. Suppose that for every N-invariant aggregation operator A it is possible to find an aggregation oper-
ator B such that A = Cg. Based on the geometrical interpretation of Eq. (5), it is easy to see that there exists
an idempotent (i.e. A(x,...,x) = x for every x € [0, 1]) N-invariant aggregation operator A. Incase N = N,
one could for instance consider the arithmetic mean. Further, consider an arbitrary aggregation operator B
such that A = Cg. Since for every x € [0, 1] it holds that

x=Ax,...,x) :C(B(x,...,x),B(xN,...,xN)N),

it suffices to define f{x) := B(x, ..., x) for every x € [0, 1]. Clearly f'is increasing with f{0) = 0, f{(1) = 1, and
fulfills Eq. (7).

Conversely, suppose that there exists an increasing function £, fulfilling the conditions of this lemma. For
each A it is then sufficient to define the n-ary operator B as follows

B(xi,...,x,) = f(A(xr,...,x0)).

The boundary conditions and the increasingness of both fand A ensure that B is an aggregation operator.
Replacing x by A(xy,...,Xx,) in Eq. (7) and taking into account that A is N-invariant, immediately leads to
A=Cg. O

The dashed black lines in Fig. 1 visualize C(f(x), f(x¥)") = x for some suitable increasing function . It is
worthwhile noting that, for every self-dual aggregation operator A, B = A fulfills Egs. (1) and (2). In
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0.6

x+y

ye+y<l1

B(z,y) =

B(z,y) =
1, 1<xz+vy

Fig. 2. Binary aggregation operators B generating the arithmetic mean Cg(x,y) =** by means of the resp. binary aggregation
operators C from Fig. 1 (N = N).

general A = C, holds for every N-invariant aggregation operator A if and only if C is idempotent
(i.e. C(x,x) =x for every x €[0,1]). In that case it is sufficient to choose f=idy ;. The proof of
Lemma 3 also ensures that, for every suitable f and every self-dual aggregation operator A, f{A(x1,...,X,))
defines an aggregation operator B that generates A. The three binary aggregation operators in Fig. 2
were created as such and generate the arithmetic mean. They correspond to the different settings in
Fig. 1.

Joining the previous lemmata finally leads to the following theorem.

Theorem 1. A binary operator C enables a full characterization of all N-invariant aggregation operators if
and only if the following assertions hold

(1) C is a binary aggregation operator.

(2) C(x,y) = CON,x™)" for every (x,y) € [0,1]%

(3) There exists an increasing function f:[0,1] — [0,1] such that f0)=0, f(1)=1 and
C(f(x), f (™)) = x for every x € [0,1].

It is now easily checked that the third plot in Fig. 1 indeed enables a full characterization of all N-invari-
ant aggregation operators. In Theorem 1, the symmetry of C w.r.t. NV, expressed by the second assertion,
contributes to the construction of a suitable f in the third assertion. It suffices to find an increasing
(w.r.t. the three space coordinates) curve on C, not necessarily continuous, that reaches every number
x € [0,ap[. Since C(x,x") = ay whenever x € [0, 1], this mathematically amounts to finding two increasing
[0, an] — [0, 1] mappings f{x) and g(x) such that g(x) < fix)" and C(f(x),g(x)) = x for every x € [0, ap[. If
we define flx) := g(x™)" for every x € Jaw,1], then the second assertion in the theorem assures that
C(f (x), f(x™)") = x holds for every x € [0, 1]\{ay}. Note that we can choose arbitrarily

flay) € [ym (), lim f(X)] .

X—ay X—an
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Every appropriate function f'is constructed as described above. Moreover, due to the first assertion of The-
orem 1, C must be increasing. Therefore, we can find an increasing (w.r.t. the three space coordinates) curve
on C that reaches every number x € [0, an[ if and only if C reaches every number x € [0, ap[. Theorem 1 can
be adjusted accordingly.

Theorem 2. A binary operator C enables a full characterization of all N-invariant aggregation operators if
and only if the following assertions hold.

(1) C is a binary aggregation operator.
(2) C(x,y) = €Y, x")" for every (x,y) € [0,1]*

(3) C reaches every element of [0, ayl[.

It is now natural to wonder whether there exists a binary operator C that enables a full characterization
of all N-invariant aggregation operators for every involutive negator N. This question is answered
negatively.

Theorem 3. There does not exist a binary operator C that enables a full characterization of all N-invariant
aggregation operators for every involutive negator N.

Proof. For example, consider the two involutive negators N; and N, defined by

M =+v1-x2 and xsz{_x/3+1’ x € [0,3/4],
343, xe[3/4,1]

and with fixpoints ay, = /1/2 and ay, = 3/4. Obviously, (3/5)"' =(3/5)"> =4/5 and therefore
C(3/5,(3/5)"") = €(3/5,(3/5)"*). The second assertion of Theorem 2, however, implies that

C(3/5,(3/5)™) = an, = V1/2 < 3/4=ay, = C(3/5,(3/5)™),
a contradiction. [
Comparing Eq. (1) with Eq. (2), Garcia-Lapresta and Marques Pereira [15] argue that their approach

(Eq. (2)), in contrast to Eq. (1), preserves shift-invariance. An aggregation operator A is called shift-invari-
ant if for all ¢ € [—1,1] and all (xy,...,x,) € [0,1]" it holds that

Al +1,..0,x,+1) = Alxy, ... x,) + ¢ (8)

whenever (x; +¢,...,x, + 1) €[0,1]" and A(xy,...,x,) +t €[0,1]. Interpreting the translations in ques-
tion as increasing bijections

@, : [max(—#,0), min(1 — ¢,1)] — [max(0,¢), min(1,¢+ 1)] : x — x +1,

with ¢ € [—1,1], we can consider Eq. (8) as the @,-invariance of A. Hence, an aggregation operator A is
shift-invariant if it is @invariant for every ¢ € [—1,1]. If the aggregation operator Cg is shift-invariant
whenever B is shift-invariant we say that C preserves shift-invariance.

Theorem 4. The arithmetic mean is the only binary operator that fulfills (6) for N = N and preserves shift-
invariance.

Proof. Obviously C preserves shift-invariance if and only if C itself is shift-invariant. Aczél [1] showed that
the general solution of Eq. (8) (n = 2) is given by C(x,y) = x + f (v — x), for some function f: [0,1] — [0, 1]
such that x + f{y — x) € [0, 1]. Expressing that Eq. (6) must hold for N = A leads to f{y — x) = (y — x)/2.
Consequently, C must be the arithmetic mean. [l
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Due to Theorem 2, we now know that the arithmetic mean is the only good choice if we want to preserve
shift-invariance.

Corollary 1. The arithmetic mean is the only binary operator that enables a full characterization of all self-
dual aggregation operators and preserves shift-invariance.

Consequently, shift-invariant self-dual aggregation operators can be created by means of Eq. (2),
with B a shift-invariant aggregation operator. Recently, shift-invariant self-dual aggregation opera-
tors, related to quasi-arithmetic means, were used in a real case study by Garcia-Lapresta and Meneses
[16].

Remarks 1

(1) In essence we are determining N-invariant aggregation operators for a given involutive negator N. In
[20], Mesiar and Riickschlossova tackle a strongly related problem. They characterize those aggrega-
tion operators that are invariant under any [0, 1 ]-Fautomorphism or strict negator. Their work comple-
ments the results of Ovchinnikov and Dukhovny [21], who characterized those continuous
aggregation operators that are invariant under any [0, 1 ]-automorphism (see also [19]). All these char-
acterizations are based on the Choquet integral w.r.t. {0, 1}-valued fuzzy measures.

(2) An aggregation operator A can also be N-invariant on

I=100,1]"\{(x1,...,x,) | min(xy,...,x,) =0 Amax(x,...,x,) = 1}.

For example, as already mentioned, the 3I1-operator belongs to the class of representable uninorms. These
uninorms are strictly increasing and continuous on 10, 1[* and N-invariant on 7 [7,12].

4. n-Ary operators generating self-dual aggregation operators

So far we have been looking for those operators C that enable a full characterization of all N-invariant
aggregation operators. Once C is fixed in accordance with Theorem 2, every aggregation operator B will
provide an N-invariant aggregation operator A and, conversely, with every N-invariant aggregation oper-
ator A there corresponds at least one aggregation operator B such that A = Cg. However, B itself often does
not need to be an aggregation operator. The minimal conditions on an n-ary operator B such that Eq. (4)
yields an N-invariant aggregation operator are inextricably bound up with the choice of C and N. There-
fore, general results are not to be expected. Here, we focus on Egs. (1) and (2), with N = N, and try to
generalize Propositions 2 and 3.

In order to generalize Proposition 2 we have to figure out under which conditions Eq. (1) defines a self-
dual aggregation operator.

Proposition 4. An n-ary operator A is a self-dual aggregation operator if and only if there exists an n-ary
operator B such that

(D) B(O,B..,O): 0and B(1,...,1)>0,

2) IR is increasing, with 3 := 1,

; ]As(l—)ﬂ,u')l_xﬂ) B(xl,...,x,,) l’l 0 1
e n) — ’ ! =2

3) Alxs - x) B(xi,...,x,) +B(l —x,...,1 —x,) Moo T2

Proof. In case B is an aggregation operator, the first two conditions are trivially fulfilled. Taking into
account Proposition 2 immediately leads to the necessary conditions. Conversely, let B be an n-ary operator
fulfilling the first two conditions and define an n-ary operator A by means of the third condition. It then
suffices to prove that A is a self-dual aggregation operator. The self-duality of A does not depend on the
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choice of B, but is immediately ensured by the definition of A and the convention ﬁ = % It is also easily
verified that A fulfills the boundary conditions A(0,...,0) =0 and A(l,...,1)=1 if and only if
B(0,...,0) =0 and B(1,...,1) > 0. This leaves us to prove that A is increasing if and only if

B(xi,...,x,)
B(l —xi,...,1—x,)’

B:[0,1]" — [0,00] : (x1,...,%,) —

with § := 1, is increasing. We have to guarantee that

B(xy,...,x,) o B(y,...,»,)
B(x;,...,x,) +B(1 —x,...,1 —x,) \B(yl,...,yn)+B(l — Ve =)

whenever (x1,...,X,) < (V1,5 V0.

() If B(1 — xq,...,1 — x,) >0and B(1 — yy,...,1 — y,) > 0, then Eq. (9) is equivalent to
B(xi,...,x,) - B(1—=y,,...;,1—=»,)<BU,...,»,) - B(l =x1,...,1 —x,),

leading to B(xy,...,x,) < Byy,...,»,).
(2a) If B(1 — xq,...,1 — x,,) =0 and B(xy,...,x,) > 0, then Eq. (9) becomes

1< B(.Vl?"‘ayn)
B(ylaayn)+B(1 _yla"'71 _yn)

The latter can only occur if B(yi,...,y,) >0 and B(l —y,...,1 —y,) =0, leading to

B(xi,...,x,) =B(y,...,»,) = +oc.
(2b) If B(1 — xq,...,1 — x,,) =0 and B(xy,...,x,) =0, then Eq. (9) becomes

1 By, 3)
2 "By, ) +B(1 =y, 1=y,)]

which is equivalent to B(l1 —yy,...,1 —y,) <B(y,...,y,). Therefore, B(x,...,x,) =1<

B(y,.--,v,)

(3a) If B(l-y,....,1 —y)=0 and B(,...,y,) >0 then immediately B(x,...,x,) <
B(y,...,y,) = +oo.

3b) If B(1 — yy,...,1 —y,) =0and B(yy,...,y,) =0, then Eq. (9) becomes

B(xi,...,x,) 1

<3
B(xy,...,x,) +B(l —xy,...,1 —x,) 2

which is equivalent to B(xy,...,x,) <B (I —xy,...,1 —x,). Therefore, B(x,...,x,) <1=

B(ylﬂ"'ayn)‘

This completes the proof. [

It is clear that the conditions on B in Proposition 4 are minimal. Note that for every mn-ary
operator B generating a self-dual aggregation operator A by means of Eq. (1), the n-ary operator B’ defined
by

B(xlv s ,X,,)

B'(x1,...,x,) = B(L_._1)

also generates A and fulfills the conditions of the proposition. Without loss of generality, we may require
that B(1,...,1) = 1.
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Next, we carry out an optimal generalization of Proposition 3. The proof is elementary and therefore left
out.

Proposition 5. An n-ary operator A is a self-dual aggregation operator if and only if there exists an n-ary
operator B such that

(1) B(O,...,00=0and B(1,...,1) =1,
2) B(xy,...,x,) — B(1 — xy,...,1 — x,) is increasing,

(3) A(x1, o ’Xn) — B(x1,...,x,,)JrZBN(xl,...,xn)'

The first plot in Fig. 3 visualizes a non-monotonic binary operator B that fulfills the conditions of Prop-
osition 4 and generates the arithmetic mean by means of Eq. (1). Similarly, the second plot in the figure
fulfills the conditions of Proposition 5 and generates the arithmetic mean by means of Eq. (2). As
announced at the beginning of this section, we only attempted to generalize Propositions 2 and 3. An anal-
ogous reasoning can be done for other specific choices of C and N. As an example, the third plot of Fig. 3
presents a binary operator B for which Cg, based on the third aggregation operator C in Fig. 1 and with
N = N, once again is the arithmetic mean. However, B itself is not an aggregation operator.

5. Equivalence classes

We have seen that, given the binary aggregation operator C, each self-dual aggregation operator A can be
built from an n-ary operator B fulfilling some extra conditions. Usually, several suchlike operators B can gen-
erate the same A. The set of all suitable operators B is partitioned into equivalence classes, each containing

B(z,y) = B(z,y) = B(z,y) =
0, z+y<3/4 T+y
(@+y)Btaty) 44 4<1 2ty <1
8—4(z+y) ' - z+y, 3/4<z+y<1 2
0, z+y=1
5‘!’°+9),1<a¢+y ,1<z4+y<5/4
4 1, 1<xz+wy

z+y—1, 5/4<z+y

Fig. 3. Binary operators B generating the arithmetic mean Cg(x,y) = (x + y)/2 by means of the resp. binary aggregation operators C
from Fig. 1 (N = N).
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those n-ary operators B determining the same A. In this section, we concentrate on the content of these
equivalence classes. We also suggest how to pick out a (maximal) representative in each equivalence class.
Define for every x € [0, 1] the set C_ ! as follows:

C.' = {(u,v) €[0,17° | C(u,v) = x}.

Due to Eq. (7), we know that C # () and therefore Uxe 01] C defines a partition of [0,1]%. On the other
hand, due to Eq. (6), we know that (u,v) € C if and only if ( u) e C . Hence, the partition in question
is totally determined by {C.' | x € [0, ay]}.

Theorem 5. Consider a binary aggregation operator C fulfilling the conditions of Theorem 2, and a partition
TU Iy of [0,11"\{(ap,...,an)} such that

(X1, 0x) €1 = (x),...,xX)) € Iy.

’"n

For every N-invariant aggregation operator A and every n-ary operator B, it holds that Cy = A if and only
if

(B(x1, ..., %,), By(x1,...,x,)) € C;(lxl_’____’x") (10)
for every (xy,...,x,) € TU {(ayn,...,an)}.
Proof. The sufficient conditions hold by definition. Suppose that Eq. (10) holds, then also

Cp(xy,...,x,) = CB(x1,...,x,), By(x1,...,x,)) = A(xy,...,x,) (11)

for every (xy,...,x,) € ITU {(ay,-..,ay)}. Moreover, Eq. (10) also implies that

(BN(xl, . ,x,,)N,B(xl, ey Xn) ) eC, 1xl””‘x”)N

for every (xi,...,x,) € I, which can be rewritten as
-1

(B, ) By (o)) € Cul
If we then replace (xi,...,x,) by (x},...,x)), it is clear that Eq. (11) also holds for every (xi,...,x,) € Iy.
We can conclude that Cg(xy,...,x,) = A(xy,...,x,) for every (xi,...,x,) € IUIyU {(ay,...,ay)} =
[0,17". O

By means of Eq. (10) we can construct an appropriate n-ary operator B. Take for every (x;,...,Xx,) €

[0, 17" an arbitrary point (u,v) € C;(lxl """ .y and put B(x,...,x,) := u and B(x},...,x]’) := v". The theorem
also enables us, given an n-ary operator D for which Cp, is a self-dual aggregation operator (e.g. every aggre-
gation operator D will do), to construct the equivalence class containing D. It simply suffices to take
A := Cp. Remark that, in contrast to the previous section, we do not need to verify whether B indeed
provides an aggregation operator Cg. We start here with a self-dual aggregation operator A or Cp. This
is in contrast to Section 4 where we wanted to construct a suchlike self-dual aggregation operator.
However, since any aggregation operator must fulfill the same boundary conditions, we derive from Eq.
(10) that (B(0,...,0),B(1,..., 1)N) € Cal. The boundary conditions in Propositions 4 and 5 can now be
read immediately from Fig. 1. A similar reasoning for the monotonicity conditions fails in its intentions
as for that purpose we need to know in advance which self-dual aggregation operator we are cons-
tructing.

To illustrate Theorem 5, we apply it to C(x,y) =x/(x+ 1 —y) and C(x,y) = (x +)/2.
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Proposition 6. Consider a partition I U1y of [0,11"\{(1/2,...,1/2)} such that

(X1, yx0) El<= (1 —x1,...,1 —=x,) €.
For every self-dual aggregation operator A and every n-ary operator B, Eq. (1) holds if and only if

B(xy,...,x,) B Alxy, ..., x,)
B(l—x,...,1—x,) A(l—x,...,1—x,)

for every (xi,...,x,) € TU{(1/2,...,1/2)}, with § := 1.

Proof. Relying on Theorem 5, we only need to show that Eq. (12) is equivalent to Eq. (10) for
C(x,y) =x/(x +1—y). Since A is self-dual, it suffices to prove that (x,y) € C.' can be rewritten as
x/(1 —y)=z/(1 —z), for every (x,y,z)€[0,1. To avoid singularities, we use the conventions
% = 1/2 and ¥ := 1. Note that, by definition, (x,y) € C.' means that x/(x + 1 — y) = z. We distinguish
the following cases:

() Ifx+1—-y=0+0,then x=0, y =1 and z = 1/2, by convention. Consequently

x 0 1 1/2 z
11—y 0 1/2 1-z
2) Ifx+1—yp>0,then x = (x + 1 — y)z, which is equivalent to (1 — z)x = z(1 — »). We need to con-
sider four subcases:
(a) If 1 —z>0and 1 — y > 0, then necessarily x/(1 — y) = z/(1 — z).
(b) If 1 —z=0and 1 — y > 0, then necessarily z = 0, a contradiction.
(¢c) If 1 —z>0and 1 — y =0, then necessarily x = 0, a contradiction.
(dIf 1—z=0 and 1 -y =0, then necessarily z=1 and x>0, leading to x/(1 —y)=
z/(1 — z) =+ oo.

This completes the proof. [

Based on Eq. (12) we can construct B as follows. Let (x,...,x,) be an arbitrary point in 7U {(1/2,...,
1/2)}. IfFA(1 — xq,...,1 — x,) =0, put B(1 — x1,...,1 — x,,) := 0 and take B(x, ..., x,) arbitrarily in ]0, 1].
If Al —xy,...,1 —x,)=1/2, choose B(l — xy,...,1 —x,) =B(xy,...,x,) arbitrarily in [0,1]. If
A(l — xq,...,1 — x,,) € {0,1/2}, we can take B(l — xy,...,1 — x,,) arbitrarily in 10, 1], fixing B(x1,...,X,)
as follows:

Alxy,...,x,) - B(l —xq,...,1 —x,)
Al —xp,...,1—x,) '

B(X], ve ,xn) =

Repeating this procedure for every (xi,...,x,) € TU {(1/2,...,1/2)}, totally determines B. For a particular
partition 7 U7,, we can construct in each equivalence class a unique maximal element that can be used
to represent the equivalence class in question. Just put B(1 — x,...,1 — x,,) :=1 or B(xy,...,x,) =1
whenever possible. A minimal element w.r.t. [,y U{(1/2,...,1/2)} is usually out of the question. If we
are allowed to choose B(1 — xy,...,1 — x,,) arbitrarily in ]0, 1], minimizing B(1 — x;,...,1 — x,,) becomes
impossible.

Proposition 7. Consider a partition I U1y of [0,11"\{(1/2,...,1/2)} such that

(X1, yx0) El <= (1 —x1,...,1 —x,) €.
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For every self-dual aggregation operator A and every n-ary operator B, Eq. (2) holds if and only if
B(xy,...,x,) —B(l —xy,..., 1 —=x,) = 2A(xy,...,x,) — 1 (13)

for every (xi,...,x,) € TU{(1/2,...,1/2)}.

Proof. Follows immediately from Theorem 5 and Eq. (2). O

Similarly to the previous case, we can construct every suitable B by means of Eq. (13). For every
(x1,...,x,) € TU{(1/2,...,1/2)} we choose B(1 — xy,...,1 — x,,) arbitrarily in

[max(0,1 — 2A(xy,...,x,)), min(2A(1 —x;,...,1 —x,),1)].
B is now totally fixed because
B(x1,...,x,) =2A(xy,...,x,) = 1 +B(l —xy,...,1 —x,).

The upper and lower bound for B(1 — xy,...,1 — x,,) ensure that B(xy,...,x,) € [0,1]. For every partition
1 Uy, each equivalence class has some maximal, resp. some minimal element. Indeed, it suffices to let
B(1 — xy,...,1 — x,,) be the upper, resp. the lower, bound of its delimiting interval.

The plots in Fig. 4 give examples of binary operators B that are maximal w.r.t.
{(x,y) € [0,1P|x + y > 1} and generate the arithmetic mean. It is worthwhile noting that the three oper-
ators pictured in this figure are aggregation operators. However, it is not difficult to see that a more exotic
choice of 7 does not guarantee the monotonicity of B.

Furthermore, it strikes that the first two conditions in Proposition 4 are just a consequence of Eq. (12). A
similar correlation exists between Proposition 5 and Eq. (13). Given the duality, reflected in the choice of
the partition 7 U 1, we can also derive necessary and sufficient conditions determining whether two oper-
ators B and D belong to the same equivalence class. We only need to replace A in Propositions 6 and 7 by
Cp.

B(z,y) = B(z,y) = B(z,y) =
z+y z+y
— 1% . gpedyw]
2_(z+y) Y z+y, z+y<l 5 ,yr+y <l
1,1<z4+y L 1<z+y ,1<z+y

Fig. 4. Binary aggregation operators B maximal w.r.t. {(x,y) € [0,1F|x + y > 1} and generating the arithmetic mean
Cp(x,») = (x+)/2 by means of the resp. binary aggregation operators C from Fig. 1 (N = N).
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Proposition 8. Consider the binary aggregation operator C, defined by C(x,y) = x/(x + 1 — y). For every two
n-ary operators B and D, fulfilling the first two conditions in Proposition 4, it holds that Cg = Cp if and only if
B(xi,...,x,) B D(xy,...,x,)
B(l—-x,....,1—x,) D(—x,...,1—x,)

for every (xy,...,x,) € [0,11", with g = 1.

Proposition 9. Consider the binary aggregation operator C, defined by C(x,y) = (x + y)/2. For every two n-
ary operators B and D, fulfilling the first two conditions in Proposition 5, it holds that Cg = Cp if and only if

B(xi,...,x,) = B(l =xy,...,1 —=x,) =D(xy,...,x,) = D(1l —xy,...,1 —x,)
for every (xi,...,x,) € [0,11", with 3 := 1.

Throughout the previous discussion, we considered n-ary operators B. However, as pointed out in Sec-
tion 3, it is enough to work with aggregation operators (see Theorem 2). It is natural to wonder which
aggregation operators B generate the same N-invariant aggregation operator A. In other words, we are
looking for those increasing n-ary operators B that fulfill Eq. (10) and satisfy the boundary conditions
B(0,...,0) =0and B(1,...,1) = 1. Unfortunately, it is not clear how to characterize those operators. Sup-
pose we know which N-invariant aggregation operator A we intend to construct. Following the procedures
in the proof of Lemma 3, it can be shown that every increasing function f, satisfying f{0) = 0, f{1) = 1 and
C(f(x),/(x™)") = x for every x that is reached by A, defines an aggregation operator B that generates A:

B(xy,...,x,) :=f(A(x1,...,x,)).

However, not every appropriate aggregation operator B can be constructed in this way. For example, let A
be the (binary) arithmetic mean and consider the standard negator A/, then

X+y

Blx,y) =4{ 2
1, elsewhere,

, y<1—xAx#1,

generates A when using the third aggregation operator C in Fig. 1. In this case it is impossible to define B by
means of an appropriate function f since

C(B(1/2,1/2),1 —B(1/2,1/2)) =C(1,0) =1/2 = A(1/2,1/2)
and
C(B(0,1),1 —B(1,0)) =C(1/2,1/2) =1/2 = A(0, 1).

6. Conclusions

Considering involutive negators N, we have investigated how N-invariant aggregation operators can be
characterized. Inspired by the approach of Calvo et al. [3] and the approach of Garcia-Lapresta and Mar-
ques Pereira [15], we have been able to develop a general framework where N-invariant aggregation oper-
ators (n = 2) are constructed by combining aggregation operators B with their dual aggregation operator
By. For this merge we have used binary aggregation operators C that fulfill C(x,y) = C(»",x")" and that
reach every element of [0, 1]. We have identified, for C(x,y) =x/(x + 1 — ), C(x,y) = (x +y)/2and N = N,
the minimal conditions on a general n-ary operator B such that it generates a self-dual aggregation oper-
ator. Similar results can be derived for any other choice of C and N. Finally, we have studied which n-ary
operators B generate the same N-invariant aggregation operator. As an example we had a deeper look on
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C(x,y)=x/(x+1—y) and C(x,y) = (x +)/2. Also, we have briefly pointed out what happens if we
restrict to aggregation operators B.

Acknowledgements

This work has been supported by the EU COST Action 274 (TARSKI: Theory and Applications of
Relational Structures as Knowledge Instruments).

References

[1] J. Aczél, Vorlesungen iiber Funktionalgleichungen und ihre Anwendungen, Mathematische Reihe, vol. 25, Birkhduser Verlag,
Basel, 1961.

[2] T. Calvo, B. De Baets, J. Fodor, The functional equations of Frank and Alsina for uninorms and nullnorms, Fuzzy Sets and
Systems 120 (2001) 15-24.

[3] T. Calvo, A. Kolesarova, M. Komornikova, R. Mesiar, Aggregation operators: Properties, classes and construction methods, in:
T. Calvo, G. Mayor, R. Mesiar (Eds.), Aggregation Operators, Studies in Fuzziness and Soft Computing, vol. 97, Physica-Verlag,
Heidelberg, 2002, pp. 3-104.

[4] F. Chiclana, F. Herrera, E. Herrera-Viedma, L. Martinez, A note on the reciprocity in the aggregation of fuzzy preference
relations using OWA operators, Fuzzy Sets and Systems 137 (2003) 71-83.

[5] F. Chiclana, E. Herrera-Viedma, F. Herrera, S. Alonso, Induced ordered weighted geometric operators and their use in the
aggregation of multiplicative preference relations, International Journal of Intelligent Systems 19 (2004) 233-255.

[6] B. De Baets, Idempotent uninorms, European Journal of Operational Research 118 (1999) 631-642.

[7] B. De Baets, J. Fodor, van Melle’s combining function in MYCIN is a representable uninorm: An alternative proof, Fuzzy Sets
and Systems 104 (1999) 133-136.

[8] J. Dombi, Basic concepts for the theory of evaluation: The aggregative operator, European Journal of Operational Research 10
(1982) 282-293.

[9] D. Dubois, Modeles mathématiques de I'imprécis et de I'incertain, en vue d’applications aux techniques d’aide a la décision, Ph.D.
dissertation, Univ. de Grenoble, 1983.

[10] D. Dubois, H. Prade, A review of fuzzy set aggregation connectives, Information Science 36 (1985) 85-121.

[11] J. Fodor, M. Roubens, Fuzzy Preference Modelling and Multicriteria Decision Support, Kluwer Academic Publishers, 1994.

[12] J. Fodor, R.R. Yager, A. Rybalov, Structure of uninorms, International Journal Uncertainty Fuzziness and Knowledge-Based
Systems 5 (1997) 411-427.

[13] J.L. Garcia-Lapresta, B. Llamazares, Aggregation of fuzzy preferences: Some rules of the mean, Social Choice and Welfare 17
(2000) 673-690.

[14] J.L. Garcia-Lapresta, B. Llamazares, Majority decisions based on difference of votes, Journal of Mathematical Economics 35
(2001) 463-481.

[15] J.L. Garcia-Lapresta, R.A. Marques Pereira, Constructing reciprocal and stable aggregation operators, in: Proceedings of
International Summer School on Aggregation Operators and their Applications, Oviedo, Spain, 2003, pp. 73-78.

[16] J.L. Garcia-Lapresta, L.C. Meneses, Individual-valued preferences and their aggregation: Consistency analysis in a real case,
Fuzzy Sets and Systems 151 (2005) 269-284.

[17] E. Klement, R. Mesiar, E. Pap, On the relationship of associative compensatory operators to triangular norms and conorms,
International Journal Uncertainty Fuzziness and Knowledge-Based Systems 4 (1996) 129-144.

[18] J.-L. Marichal, Behavioral analysis of aggregation in multicriteria decision aid, in: J. Fodor, B. De Baets, P. Perny (Eds.),
Preferences and Decisions under Incomplete Knowledge, Studies in Fuzziness and Soft Computing, vol. 51, Physica-Verlag,
Heidelberg, 2000, pp. 153-178.

[19] J.-L. Marichal, On order invariant synthesizing functions, Journal of Mathematical Psychology 46 (6) (2002) 661-676.

[20] R. Mesiar, T. Riickschlossova, Characterization of invariant aggregation operators, Fuzzy Sets and Systems 142 (2004) 63-73.

[21] S. Ovchinnikov, A. Dukhovny, Integral representation of invariant functionals, Journal of Mathematical Analysis and
Applications 244 (2000) 228-232.

[22] W. Silvert, Symmetric summation: A class of operations on fuzzy sets, IEEE Transactions on Systems Man and Cybernetics 9
(1979) 657-659.

[23] E. Trillas, Sobre funciones de negacién en la teoria de conjuntos difusos, Stochastica 3 (1979) 47-59.

[24] R.R. Yager, A. Rybalov, Uninorm aggregation operators, Fuzzy Sets and Systems 80 (1996) 111-120.



1032

IEEE TRANSACTIONS ON FUZZY SYSTEMS, VOL. 15, NO. 6, DECEMBER 2007

Aggregation Operators and Commuting

Susanne Saminger-Platz, Radko Mesiar, and Didier Dubois

Abstract—Commuting is an important property in any two-step
information merging procedure where the results should not
depend on the order in which the single steps are performed. We
investigate the property of commuting for aggregation operators
in connection with their relationship to bisymmetry. In case of
bisymmetric aggregation operators we show a sufficient condition
ensuring that two operators commute, while for bisymmetric
aggregation operators with neutral element we even provide a
full characterization of commuting n-ary operators by means of
unary distributive functions. The case of associative operations,
especially uninorms, is considered in detail.

Index Terms—Aggregation operators, bisymmetry, commuting
operators, consensus.

1. INTRODUCTION

N VARIOUS applications where information fusion or mul-
I tifactorial evaluation is needed, an aggregation process is
carried out as a two-stepped procedure whereby several local
fusion operations are performed in parallel and then the results
are merged into a global result. It may happen that in practice
the two steps can be exchanged because there is no reason to
perform either of the steps first. For instance, in a multi-person
multi-aspect decision problem, each alternative is evaluated by
a matrix of ratings where the rows represent evaluations by
persons and the columns represent evaluations by criteria. One
may, for each row, merge the ratings according to each column
with some aggregation operation A and form as such the global
rating of each person, and then merge the persons’ opinions
using another aggregation operation B. On the other hand, one
may decide first to merge the ratings in each column using the
aggregation operation B, thus forming the global ratings ac-
cording to each criterion, and then merge these social evalu-
ations across the criteria with aggregation operation A. The
problem is that it is not guaranteed that the results of the two
procedures will be the same, while one would expect them to be
so in any sensible approach. When the two procedures yield the
same results operations A and B are said to commute.
This paper is devoted to a mathematical investigation of com-
muting aggregation operators which are used, e.g., in utility
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theory [15], but also in extension theorems for functional equa-
tions [33]. Very often, the commuting property is instrumental
in the preservation of some property during an aggregation
process, like transitivity when aggregating preference matrices
or fuzzy relations (see, e.g., [13] and [34]), or some form of
additivity when aggregating set functions (see, e.g., [15]). In
fact, early examples of commuting appear in probability theory
for the merging of probability distributions. Suppose two joint
probability distributions are merged by combining degrees
of probability point-wisely. It is natural that the marginals of
the resulting joint probability function are the aggregates of
the marginals of the original joint probabilities. To fulfill this
requirement the aggregation operation must commute with the
addition operation involved in the derivation of the marginals.
It enforces a weighted arithmetic mean as the only possible ag-
gregation operation for probability functions [31]. This result is
closely related to the theory of probabilistic mixtures that plays
a key-role in the axiomatic derivation of expected utility theory
[22]. In [15], the same question is solved for more general set
functions, where the addition is replaced by a t-conorm and the
consequences for generalized utility theory are pointed out.

In this paper, the problem of commuting operators is con-
sidered with more generality. After a section presenting neces-
sary definitions and background, Section III considers the case
of commuting unary operations, called distributive functions,
that play a key role in the representation of commuting oper-
ators. Section IV provides characterization results concerning
bisymmetric operations, i.e., aggregation operations that com-
mute with themselves. Sections V and VI focus on functions dis-
tributive over continuous t-(co)norms and particular uninorms,
respectively.

II. PRELIMINARIES

A. Aggregation Operators

Aggregation by itself is an important task in any discipline
where the fusion of information is of vital interest. It compre-
hends the transformation of several items of input data into a
single output value which is characteristic for the input data it-
self or some of its aspects. In case of aggregation operators it
is assumed that a finite number of inputs from the same (nu-
merical) scale, most often the unit interval, are being aggre-
gated. Moreover, interpreting the inputs as evaluation results
of objects according to some criterion, the monotonicity and
boundary conditions of its formal definition look very natural:

Definition 1: A function A : J,, [0, 1]" — [0, 1] is called
an aggregation operator if it fulfills the following proper-
ties [10]:

(AO1) A(z1,...,2,)<A(y1

s+ Yn) Whenever z; < y;
foralli € {1,...,n};
(AO2) A(z) = z forall z € [0,1];

(AO3) A(0,...,0) =0and A(1,...,1) = 1.

’

1063-6706/$25.00 © 2007 IEEE
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Each aggregation operator A can be represented by
a family (A,))nen of n-ary operations, i.e., functions
A,y 2 [0,1]" — [0,1] given by

A(n)(a:l? s 71'71) = A(xlv v 7$n>'

In that case, A (1) = id|p 1j and, for n > 2, each A ;) is nonde-
creasing and satisfies A (,,)(0,...,0) = 0and A(,,)(1,...,1) =
1. Usually, the aggregation operator A and the corresponding
family (A (;,,))nen of n-ary operations are identified with each
other. Note that, n-ary operations A, : [0,1]" — [0,1], n >
2, which fulfill properties (AO1) and (AO3) are referred to as
n-ary aggregation operators.

Depending on the requirements applied to the aggregation
process several properties for aggregation operators have been
introduced. We only mention those few which are relevant for
our further investigations. For more elaborated details on aggre-
gation operators we refer to, e.g., [10].

Definition 2: Consider some
A U,enl0,1]" — [0,1].

i) A is called symmetric if for all n € N and for all z; €

aggregation operator

for all permutations &« = (a(1),...,a(n))of {1,...,n}.
ii) A is called bisymmetric if for all n, m € N and all
z;; €[0,1) withi € {1,..., m}andj € {L,...,n}

? ’

7xm,’ﬂ))

A(m) (A(n)(le, e 71151,n)7 ceey A(n)(l’mJ, e

iii) A is called associative if for all n,m € N and all z; €
[0,1] and all y; € [0,1] withi € {1,...,m} and j €

{1,...,n}

c s Ym)

= A(A(21, . 20), Ay,

iv) Anelemente € [0, 1] is called neutral element of A if for
alln € Nand forall z; € [0,1],7 € {1,...,n} itholds
that if 2-; = e for some 4 € {1,...,n} then

7ym))'

Az, .. 2n) = A(T1, o, T21, B 1,y -« oy T)-

v) Anelement d € [0, 1] is called an idempotent element of
Aif A(d,..., d) = d for all n € N. We will abbreviate

’ ’

the set of idempotent elements by
I(A)={de[0,1] | Ad,...,d) =d}.

In case that Z(A) = [0, 1], the aggregation operator is called
idempotent.

Associative aggregation operators A are completely charac-
terized by their binary operators A (s since all n-ary, n > 2,
aggregation operators A () can be constructed by the recursive
application of the binary operator A ().

Depending on the additional properties, several subclasses
of aggregation operators can and have been distinguished, like,
e.g., symmetric and associative operators with some neutral el-
ement e: For e = 1, they are referred to as triangular norms
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(t-norm for short), for e = 0, they are called t-conorms, for
e €10, 1] we will refer to them as uninorms (see also [6], [17],
and [24]).

Note that associative and symmetric aggregation operators
are also bisymmetric. On the other hand, bisymmetric aggre-
gation operators with some neutral element are associative.
Therefore, as just mentioned, the class of all associative and
symmetric and, therefore, bisymmetric, aggregation operators
with neutral element e consists of all t-norms, t-conorms and
uninorms.

Note that not all aggregation processes are carried out on
input data from the unit interval, therefore, aggregation opera-
tors on other intervals as well as methods for transforming input
data are needed to model the required aggregation process. Ag-
gregation operators can be defined as acting on any closed in-
terval I = [a,b] C [—o00, 00]. We will then speak of an aggre-
gation operator acting on I. While (AO1) and (AO2) basically
remain the same, only (AQ3), expressing the preservation of the
boundaries, has to be modified accordingly

Such aggregation operators can also be achieved from standard
aggregation operators by means of isomorphic transformations.
By such transformations many of the before mentioned proper-
ties are being preserved.

For an isomorphic transformation ¢ : [a,b] — [0,1], i.e., a
monotone bijection, the isomorphic transformation A, of an
aggregation operator A is given by

“HA(p(21), -, 0(20)))

and is an aggregation operator on [a, b]. If for two aggregation
operators A, B on (possibly) different intervals, there exists a
monotone bijection ¢ such that A = B, or A, = B we refer
to A and B as isomorphic aggregation operators.

By means of increasing bijections, we can introduce t-norms
T and t-conorms S on arbitrary interval [a,b] preserving the
boundary elements as the corresponding neutral elements. We
will denote such t-norms, respectively, t-conorms as t-(co)norms
on the corresponding interval I.

A (z1,...,20) =0

B. Commuting and Dominance

Definition 3: Consider two aggregation operators A and B.
We say that A dominates B (A > B) if for all n,m € N and
forall z; ; € [0,1], with¢ € {1,...,m}and j € {1,...,n},
the following property holds:

. 7xm,n))
(D

7:I:m,n)).

B(m) (A(n) ($1,1: s 7:171,n>7 s 7A(n) (xm,lv .

IN

A(n) (B(m) (.]71,1, o

Definition 4: Consider an n-ary aggregation operator A,
and an m-ary aggregation operator B,,). Then, we say that
A,y commutes with B, if for all z; ; € [0,1] with ¢ €
{1,...,m}and j € {1,...,n}, the following property holds:

...,xm,n))

= 2)
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Two aggregation operators A and B commute with each other if
A (,,) commutes with B,y for all n, m € N. We will also refer
to A and B as commuting aggregation operators.

Observe that the property of commuting as expressed by (2) is
a special case of the so called generalized bisymmetry equation
as introduced and discussed in [4] and [5] and plays a key role
in consistent aggregation.

It is an immediate consequence of the definition of com-
muting that two aggregation operators commute if and only if
they dominate each other; further, that any aggregation operator
commuting with itself is bisymmetric and vice versa. Note that
in case of two associative aggregation operators, commuting
between the binary operators is a necessary and sufficient
condition for their commuting in general.

Because of the preservation properties of dominance during
isomorphic transformations (see also [34]) we immediately can
state the following result:

Corollary 5: Let A and B be two aggregation operators.
Then, the following are equivalent:

i) A commutes with B;

ii) A, commutes with B, for some isomorphic transforma-

tion ¢;

iii) A, commutes with B, for all isomorphic transforma-

tions ¢.

Example 6: The projections to the first coordinate resp. to the
last coordinate, i.e.,

PF({Eh...
PL(x17---

7ZEn> =T

) xn) =1Tn
commute with arbitrary aggregation operator A.
III. DISTRIBUTIVE FUNCTIONS

A. Basic Property

There is a close relationship between commuting aggrega-
tion operators and unary functions being distributive over one of
the two aggregation operators involved. On the one hand, such
functions can be constructed from commuting aggregation op-
erators, on the other hand — as we will show in the next section
— they can be used for constructing commuting operators. Note
that such distributive functions are in fact commuting with the
involved aggregation operator.

Proposition 7: For any n-ary aggregation operator A,
and any me-ary aggregation operator B(,,), n,m € N, it
holds that if A,) commutes with By,,), then the function
faiag,, t10,1] — [0,1] defined by

1 — th position

1
faing, (@) =Buy(d,....d, z.d,....d) 3)
with i € {1,...,m} and d some idempotent element of A,
is distributive over A (,), i.e., it fulfills for all ¢ € {1,...,m}

and all z; € [0,1] with j € {1,...,n}

?

f(l,i,A(n) (A(n) (mlv R 7-/1711))
= Ay (faing, (@), fain,, (@)

Moreover, fq;, A, is nondecreasing.

)
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Proof: Consider some n-ary aggregation operator Ay,
one of its idempotent elements d, e.g., 0 or 1, and some m-ary
aggregation operator B,,) such that A(,) commutes with
B (). Then, it holds for fq;a,, : [0,1] — [0,1] defined by
(3) with arbitrary ¢+ € {1,...,n} that

fd,i,A(,l) (A(n) (xlv e 7$n))

=B (4. dy Ay (@1, )., d)
=B(m) (A (d, - d), .., Ay (d, .., d),
Ay(w1,. .5 70)
Ay (ds-.d) . Apy(d,...,d)
= Apy Biy(ds . dyz,d, ),
(dy... dyan,d,...d))

The nondecreasingness of fq,;,a,, follows immediately from
the monotonicity of B. [ |

Analogously, we can define nondecreasing functions
faiB,, which are distributive over B(,,) with d’ some

idempotent element of B,,).

B. Distributive Functions and Lattice Polynomials

We will denote by F4 ,, the set of all nondecreasing func-
tions f [0,1] — [0, 1] that are distributive over the n-ary
aggregation operator A ), i.e.,

Fa.,, ={f:[0,1] = [0,1] | f is nondecreasing,

Observe that A (1) is the identity function and thus Fy ,, con-
tains all nondecreasing functions f : [0,1] — [0, 1]. For the
readers’ convenience we will abbreviate this set simply by F,
i.e.,

F=A{f:[0,1] = [0,1] | f is nondecreasing} = Fa_,,.
Evidently, FA = NyenF, Al is the set of all functions f € F

that are distributive over the aggregation operator A. Note that
FA,, aswell as Fa contain at least the following functions:

0:[0,1] = [0,1], =z~ 0,
1:00,1]=[0.1), a1,
id:[0,1] —[0,1], zw+— =z

and are, therefore, not empty for arbitrary aggregation operator
A.. The following proposition shows that 74 is maximal in case
of lattice polynomials only, i.e., A can be expressed by A, V and
its arguments only [8], compare also, e.g., [29] and [30].

Proposition 8: Consider an aggregation operator A. Then the
following holds:

Vn € N : A, is alattice polynomial. < Fa = F.
Proof: 1f all A,y with n € N are lattice polynomials, it

follows immediately from the nondecreasingness of all f € F
and the definition of F, A, that FCFaACPF.
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Before showing the sufficiency, note that any n-variable lat-
tice polynomial L : [0,1]™ — [0, 1] can be put in the following
disjunctive normal form [8]:

L(zy,...,2y) = \/ /\xi %)
ICN, €I
m(I)=1
where N = {1,...,n} and m : 2Y¥ — {0,1} is a nonde-

creasing set function fulfilling m(#) = 0 and m(N) = 1.
Therefore, in order to show that some n-ary aggregation oper-
ator A, is a lattice polynomial, we have to show that a set
function m : 2 — {0, 1} fulfilling the above conditions ex-
ists and that A,,) can be written in the form of (4). For better
readability, we will use in the sequel of this proof A instead
of A(n), as well as the additional notations 17 = (z1,...,Z,)
where z; = 1if 7 € T and z; = 0 otherwise, and Ay = A(1y).
Now assume that 7o = F.

* First, we show that A(xq, ..., xn) € {1,...,2,} forall
xz; € [0,1], @ € {1,...,n} In case A(zy,...,1,) =
¢ ¢ {z1,...,2,}, depending on the value of ¢, one of the
following functions f; € F, j € {1,2,3}

oz, ifa€|0,z]
fila) = { a,  otherwise
oz, ifaé€lr. ]
faa) = { a,  otherwise
_Jax*, ifae [z 1]
fsla) = { a,  otherwise,
with z.,= min(z1,...,o,)andz* = max(z1,...,o,),
contradicts f;(A(z1, - 50)) = ACf5(51)s- o f3(50)):
Therefore, in particular A is idempotent, i.e.,

A(z,...,z) =xand A; € {0,1} forall ] C N.

* Since for all € [0, 1] the functions ¢,,, : [0,1] —
[0,1], pu(a) = x - a resp. P.(a) = a(l — z) + = fulfill
Y, Y € F we can conclude the following forall I C N

A(‘pz(ll)) = LPI(AI)

A(’l/}z(ll)) = 'l/)z(AI)
since ‘pz(o) =0, @z(l) =7, "/)z(o) =7, ":bz(l) =1, and
Aj € {0,1}.

* Due to the monotonicity of A we can further conclude that
for arbitrary z; € [0,1],7 € {1,...n}

> Nz Ar=ArA(\ =),

i€l i€l

=ArAuxz,
=A;Vuz,

A(xlv e 7$n)

by replacing each z; either by 0, if i & I, or by A\, @;, if
1 € I, for arbitrary choice of I C N. Therefore, also

A(zy,..., >\ ArA (A=) 2 Av A (N i)
ICN €1 1EN
:1/\(/\.771-):.?7*.
1EN

We abbreviate by y* = \/; -y Ar A (A;c; ®i) such that
the previous inequality can be written as

Tn) 2 Y > Ty
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Since z, = min(xy,...,x,) it is clear that the set J =
{j € N | z; < y*} is not empty. Moreover, the following
holds for its complement N \ J

=V ArA(Nw) > Apo A N\ @)

ICN el 1€EN\J

so that necessarily A N\J = =0.

If we replace each z; in A(zy,...,x,) either by y*
case that ¢ € J or by 1 in case that 7 ¢ .J, we can also
conclude, due to the monotonicity of A and the properties
shown before, that

Az, zn) <Ay (1))

showing that
A(zy,...,xn) = \/ A]/\(/\.T
ICN iel

=AnsVy =y,

Finally, we define a set function m : 2V — {0,1} by

m(I) = Ay, then it is immediate to show that it is non-

decreasing and fulfills m (@) = 0 m(N) = 1, and that A

is indeed a lattice polynomial. ]

Let us now focus on additional properties of Fa in case of
particular properties of the aggregation operator A involved.

C. Distributive Functions for Bisymmetric and Associative
Aggregation Operators

Proposition 9: Let A be a bisymmetric aggregation oper-
ator and fix some n € N. If we choose some f; € ]-'A(”)

i € {1,...,n}, not necessarily different, then also g : [0,1] —
[0, 1] defined by

belongs to Fa,,1.e., Fa, is closed under A,,).

Proof: Consider some bisymmetric aggregation operator
A and fix some arbitrary f; € Fa, .1 € {1,...,n}, for some
n € N. Define a function g : [0, 1] [0 1] by (5) then the fol-
lowing holds for arbitrary z1, . . € [0, 1] due to the bisym-
metry of A and the distributivity of all Ji over A,:

77,’

= A (f1 (A(n (z1,.. )) .....
o (A (@1, .. mn)))

=An (A(n (fi(z1),---, fl(a:n))) ey
A(n) (fn(@1)s -, fu(zn)))

=Aw (A (fi(z1),.. ., fa(@1))) ...,
Ay (filzn)s. -, fu(zn))

Corollary 10: If A is a bisymmetric aggregation operator
and additionally fulfills for all n,m € N and all z; ; € [0, 1],
ief{l,...,m},j€{l,...,n}

then g : [0./ 1] — [0./ 1] defined by

g(w) = A(m)(fl(l)v ooy fm(2))
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also belongs to F4 ,, for arbitrary m € N and arbitrary f; €
]:A(n),z' € {1,...,m}, ie., Fa(n) is closed under any A,
m € N.

Moreover, in case of an associative aggregation operator A
the relationship can be generalized, expressing that it is suffi-
cient (and necessary) to characterize all functions distributive
over the binary aggregation operator A (5 only in order to char-
acterize the set Fa of all unary mappings distributive over A
with arbitrary arity.

Proposition 11: Let A be an associative aggregation oper-
ator, then the following holds:

VfeF: fE}-A<:>fE.7:A(2).

Proof: Consider an associative aggregation operator A.
If some nondecreasing function f:[0,1] — [0,1] ful-
fills f € Fa, it is distributive over all n-ary aggregation
operators A(,), n € N, in particular over the binary ag-
gregation operator A (s). On the other hand if f € Fa,
the property follows directly from the associativity of A,
i.e., the fact that for all n € N with n > 2 it holds that
A(n)(xl'/ v '/xn) = A(Z)(xl-/ A(n—l)(x% v 7$n)) u

Note that the associativity of an aggregation operator is a suf-
ficient condition for Fp = F, A - However, as the following
example will demonstrate, it is not necessary.

Example  12: Consider  the  arithmetic  mean
M : U,enl0. 1" = [0,1], M(z1,...,2,) = 237 ;.
Then (compare also [2] and [3])

Fmpy = Fm ={f :[0,1] — [0,1] |
f(z) =a+bx,a,be0,1,a+be€0,1]}

although clearly the arithmetic mean is not associative.

Example 13: Examples of associative and symmetric and
therefore bisymmetric aggregation operators are a-medians
med,

med, (z,y) = med(z,y, a)

with a € [0,1] [18]. The set Fieq, of distributive functions is
characterized in the following way: Some nondecreasing func-
tion f:[0,1] — [0,1] is distributive over med,, ie., f €
Funed, if and only if either f(a) = a or f(a) = f(1) < a
or f(a) = f(0) > a.

Besides associativity and bisymmetry, the possibility of
building isomorphic aggregation operators leads to further
insight to relationships between sets of distributive functions.

D. Distributive Functions and Isomorphisms

Proposition 14: Consider an aggregation operator A and
some bijection ¢ : [a,b] — [0,1]. Then for all f € F4 it holds
that f, : = ¢~ o fop € Fa, where

Fa, =1{f :la,b] — [a,b] | fis nondecreasing and

distributive over A, }.
Proof: Consider the isomorphic aggregation operators A

and A, with ¢ : [a,b] — [0, 1] some bijection. Further assume
f € Fa, then the following are equivalent since for all z; €
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[a,b], i € {1,...,n}, n € N, there exists a unique y; € [a,b]
with ¢(y;) = z;

foA(zy,...,zn) = A(f(z1),...
e~ o foA(@(y1):- s @(yn))

f(#n)),

pop o fop(yn));
feop o Alp(y1),- - 0(yn))
=p toA(po fo(yr),- - 00 folym)),
fooAp(yrs o yyn) = Ap(folyn)s -, 0(yn))

showing that f, € Fa,. [

Example 15: Following Aczél [1], [3], the class of all contin-
uous, strictly monotone, bisymmetric, and idempotent aggrega-
tion operators on the unit interval are just weighted quasi-arith-
metic means

W (z1,...,2n) = ot (Z wigo(:vi)>

with ¢ : [0,1] — [0, 1] some monotone nondecreasing bijec-
tion and weights w; with w; > 0 forall € {1,...,n} and
o, w; = 1.1t is immediate that weighted quasi-arithmetic
means are isomorphic transformations of weighted arithmetic
means W with corresponding weights. Due to Proposition 14,
the set of distributive functions Fw, is, therefore, given by

Fw, ={f € F| f(z) = p7 (a + by())
and a,b,a +b € [0,1]}

since

Fw={feF | f(z)=a+bzx anda,b € [0,1]
such thata + b € [0,1]}

in case that w; > O foralls € {1,...,n}and Y "  w; = 1.

Example 16: For invariant aggregation operators A, i.e.,
aggregation operators fulfilling A, = A for all bijections
¢ :[0,1] — [0, 1], it immediately holds that all nondecreasing
bijections are included in Fa (see also, e.g., [29], [30] for
characterizations of aggregation operators invariant under
nondecreasing bijections). This is, e.g., the case for the drastic
product Tp and the weakest aggregation operator A, being
defined by

min(z,y), if max(z,y)=1
T = .
p(7.Y) { 0, otherwise

_JL ifm==a, =1
Ay(21,.. 0 0) = {07 otherwise.

However, their set of distributive functions does not only contain
all nondecreasing bijections, but is even much richer, namely

Frp = Fa.
—{feF|fz)=1ez=1and f(0)=0}U{0,1}.
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Similarly, lattice polynomials are invariant aggregation opera-
tors and we know already their sets of distributive functions
equal the set of all nondecreasing functions.

However, for arbitrary aggregation operators A at least the
following relationship between a bijective distributive function
and its inverse can be stated.

Lemma 17: Consider an aggregation operator A. If f € Fa
is bijective then also f 1 € Fa.

IV. OPERATORS COMMUTING WITH BISYMMETRIC
AGGREGATION OPERATORS

After discussing unary operators being distributive over some
aggregation operator and as such commuting, let us now turn to
more general commuting operators.

Proposition 18: Let A be a bisymmetric aggregation oper-
ator. Then any n-ary operator B,n € N, on [0, 1] defined by

= A(fi(z1),..., folzn)) 6)

with f; € Fa fori € {1,...,n} commutes with A.

Proof: Consider some bisymmetric aggregation oper-
ator A, choose some m,n € N and arbitrary f; € Fa,
i € {1,...,n}. Then, the following holds for arbitrary

z;; € [0,1) withi € {1,...,n}and j € {1,...,m}
B(A(.’Ll’l./.....fl?l m) .,A(.{Un,l,...,fll'n,m))
:A(,fl OA(Ell .7.7}1,,”),...7

Note that the involved operator B need not be an aggregation
operator, e.g., choose f;(z) = 1(z) = 1 forall: € {1,...,n},
then

for arbitrary z; € [0,1], ¢ € {1,...,n}, and therefore the
boundary conditions (AO2) and (AO3) are not fulfilled.

Remark 19: Note that the previous proposition provides a
sufficient, but not a necessary condition for an operation B to
commute with A. As mentioned above, any aggregation oper-
ator A commutes with the projection to the first coordinate P
which is a bisymmetric aggregation operator. However, using
Pr(fi(z1),- .., fu(zy)) = f1(z1), only aggregation operators
depending just on the first coordinate can be obtained although
we have that Fp, = F, since P is a lattice polynomial.

A. Commuting Aggregation Operators

Let us briefly focus on the restrictions which additionally
have to be applied to the selected functions f; € Fa such that
the constructed operator B also fulfills the requirements of an
aggregation operator. If n = 1, the corresponding f; € Fa
must be the identity function in order to guarantee B(z) = .
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For n > 1, the functions f; € Fa,i € {1,...,n}, must be
chosen accordingly to A such that

A(f1(0)7 LS fn(o)) =0

A(fl(]-)v reey fn(l)) =1

are both fulfilled at the same time. This is for sure guaranteed if
for all f; it holds that f;(0) = 0 and f;(1) = 1, but it need not
be the case as the following example shows.

Example 20: The class of all aggregation operators com-
muting with the minimum

D = {min(fi(21), ..., falza)) |

fi € Fwith f;(1) = 1foralli € {1,...,n},
fi:(0) =0 foratleastonei € {1,...,n}},

B(0,...,0) =
B(l,...,1) =

is also the class of all aggregation operators dominating the min-
imum in the sense of Definition 3 (see also [34]).

B. The Role of Neutral Elements

Let us now consider for which bisymmetric aggregation op-
erators A, operators B defined by (6) are the only commuting
operators, i.e., if (6) does provide a sufficient as well as a neces-
sary condition. For better readability, we will briefly restrict our-
selves to binary operators only. Since the projections commute
with any aggregation operator A, they particularly commute
also with such operators A for which (6) indeed is necessary
and sufficient. In this case, there necessarily exist f;, g; € Fa,
i = 1,2, such that for all z,y € [0, 1]

z=Pr(z,y) = A(fi(2), f2(y)) =
= A(fi(7), f2(1)),

y=Pr(z,y) = A(g1(2), 92(y)) =
= A(g1(1), 92(y)).

If there exists some zo,yo € [0,1] such that fi(zo) €

[91(0), g1(1)] and g2(yo) € [f2(0), f2(1)] it follows from the
monotonicity of A that

A(fi(), f2(0))

A(g1(0), g2(v))

= A(f1(20), 2(0)) < A(f1(20), 92(y0))

S A(91(0), 92(v0)) = %o

= A(gl(o) 92(y0)) < A(f1(0), 92(v0))
A(fi(zo), f2(1)) = 2o

Therefore, independently of x, yo, we have that

A(f1(z0), 92(¥0)) = o = Yo,

i.e., such an element is unique. A typical candidate fulfilling the
last property is a neutral element e. In such a case, it suffices to
choose f1 = g2 = id and fo(z) = g1(x) = e forall z € [0, 1].

Indeed, we obtain a necessary and sufficient condition if the
involved aggregation operator A is bisymmetric and possesses
a neutral element e.

Proposition 21: Let A be abisymmetric aggregation operator
with neutral element e. An n-ary operator B, n € N, commutes
with A if and only if there exist f; € Fa,i € {1,...,n}, such
that

B(llvln):A(fl(J'l)vvfn(ln)) @)
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Proof: Consider some bisymmetric aggregation operator
A with neutral element e. If B is defined by (7) for some f; €
Fa then it commutes with A due to Proposition 18. In order
to show the necessity assume that B commutes with A, i.e.,
especially for all z1,...,x, € [0,1] it holds that

B(z1,...,2,) = B(A(z1,e,...,€),...,Ale,...,e,xy))
= A(B(z1,¢e,...,€),...,B(e,...,e,x,))
=A(fer,a(m1),.- ., fena(zn))

with f.; A defined by (3), thus fulfilling f.; A € Fa and
proving that B can be expressed as in (7). [ |

Recall once again that any bisymmetric aggregation oper-
ator with neutral element is also associative and symmetric and
therefore is either a t-norm, a t-conorm or a uninorm. However,
note that it is impossible that commuting operators having neu-
tral elements are different operators.

Proposition 22: Consider two aggregation operators A and
B with neutral elements e,, respectively, e,. If A commutes
with B, then ¢, = ¢;,. Moreover, also A = B.

Proof: Assume that A and B are commuting aggregation
operators with neutral elements e,, respectively, e;. Therefore

eq = Aleq,eq) = A(B(eq, ep), B(ep, eq))
= B(A(ea,eb),A(eb,ea)) = B(eb,eb) =€

and

A(xlv 7$n) = A(B(‘The 76)7' . '7B(ev , € ‘Tn))
=B(A(z1,e,...,€),...,Ale,...,e,xy,))
=B(z1,...,%,)

forall z1,...,z, € [0, 1] and arbitrary n € N. [ |

As a consequence commuting does not work between
t-norms, t-conorms, or uninorms respectively. The only opera-
tors commuting with such bisymmetric operators with neutral
element are, besides the operator itself, aggregation operators
with no neutral element.

Example 23: As mentioned before the projection to the first
coordinate Pr commutes with any aggregation operator and
therefore also, e.g., with the product t-norm 7p. Observe that
P is bisymmetric but has no neutral element, while 7Tp is a
bisymmetric aggregation operator with neutral element 1. Ac-
cording to Proposition 21, corresponding functions f; € Fry,,
i € {1,...,n}, n € N, can be chosen such that

PF(.’L‘l, PN ,Llin) = Tp(fl(.’lil), .. ,fn(mn))/

namely f; = id and all other f; = 1 for j € {2,...,n}.

?

However, for any g¢i1,...,9, € Fp, = JF the operator
Pr(g91(21),--.,9n(zn)) = g¢1(xz1) can never represent the
product Tp.

C. Consequences

Since Proposition 21 provides a full characterization of com-
muting operators in case that one of them is bisymmetric with
some neutral element and further shows that these operators can
be attained through functions distributive over the bisymmetric
aggregation operator with neutral element involved, we will now
focus on the set of such functions.
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Note that a full characterization of all bisymmetric aggrega-
tion operators with neutral element, in particular if the neutral
element is from the open interval, is still missing. Since the char-
acterization of the set of unary functions distributing with such
operators is heavily influenced by the structure of the underlying
operator, we will later on focus on special subclasses of bisym-
metric aggregation operators with neutral element only, namely
on

* continuous t-norms;

* continuous t-conorms;

* particular classes of uninorms.

Therefore, consider * to be some continuous t-norm 7', some
continuous t-conorm S, or some uninorm U. Note that f € F,
is equivalent to the fact that f fulfills a Cauchy like equation,
ie., forall z,y € [0,1]

flxxy) = f(x)* f(y). 8)

Observe that besides 0(z) = 0, 1(z) = 1 and id(z) = z also
the constant function f.(z) = e is included in F.

Lemma 24: 1f d € Z(x), then f4 : [0,1] — [0,1], fa(z) =d
for all z € [0,1] fulfills fy € F..

V. CHARACTERIZATION OF F A FOR CONTINUOUS T-(CO)NORMS

For the case of continuous t-conorms (8) has been solved by
Benvenuti ef al. in [7] and as such by duality also for continuous
t-norms. Continuous t-(co)norms are particularly important sub-
classes of t-(co)norms. We briefly recall a few basic facts and
properties, but refer the interested reader for more details to the
monographs [6], [24] and the articles [25]-[27].

The class of continuous t-(co)norms exactly consists of all
so called continuous Archimedean t-(co)norms and of ordinal
sums of such continuous Archimedean t-(co)norms. Let us first
turn to continuous Archimedean t-(co)norms 7" resp. S. They
are in turn characterized as being generated by some continuous
additive generator ¢ resp. s, i.e., they can be written as

T(x,y) = TV (t() + t(y)),
S(a,y) = sC D (s(2) + s(y))-

In case of (continuous) t-norms, the additive generator ¢ : [0, 1]
— R is a strictly decreasing (continuous) function which fulfills
t(1) = 0 and for which (=1 (z) = t='(min(¢(0),z)). In case
of (continuous) t-conorms, the additive generator s : [0,1] — R
is a strictly increasing (continuous) function which fulfills
5(0) = 0 and for which s~ (z) = s~ (min(s(1),z)). Note
that in both cases additive generators are unique up to a
positive multiplicative constant. For continuous Archimedean
t-(co)norms two subclasses can be further distinguished, namely
nilpotent t-(co)norms for which ¢(0) < oo resp. s(1) < oo, and
strict t-(co)norms with ¢(0) = oo resp. s(1) = oo.

Let us now turn to ordinal sum t-(co)norms, a concept appli-
cable to all kinds of t-(co)norms. The main properties are based
on results in the framework of semigroups, however, the basic
idea of ordinal sums can be described the following way: De-
fine a t-(co)norm 7, respectively, S by t-(co)norms on pairwise
nonoverlapping subsquares along the diagonal of the unit square
and choose for all other cases min in case of t-norms and max
in case of t-conorms. Formally, consider a family (Jak, bx[) ke x
of pairwise disjoint open subintervals of the unit-interval and a
corresponding family of t-(co)norms (7% )rex resp. (Sk)rek
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then the ordinal sums T' = ({ag, bg, Tr))rer : [0,1]> — [0, 1],
respectively, S = ((ax, bk, Sk))rer @ [0,1]% — [0, 1] are given
by (9), resp., (10), shown at the bottom of the page, and are in-
deed a t-norm resp. a t-conorm. The ordinal sum t-norm 7T as
well as the ordinal sum t-conorm S are continuous if and only if
all Ty, resp. Sy, are continuous. Based on these facts let us now
briefly recall the main results of [7] which will be further rele-
vant for the investigation of particular classes of uninorms.

A. Continuous T-Conorms

Theorem 25 ([7]): Consider a continuous t-conorm S. Then
[0,1]\ Z(S) = Upexlar, bi[ for some index set K and there
exists a family of continuous strictly increasing mappings
sk ¢ [ak, br] — [0, 00] with s(ag) = 0 such that (11), shown at
the bottom of the page, holds. Let f € Fs and denote by fj, its
restriction to the interval Jay, by|.

i) If s5(b) = oo, then one of the following holds:
(ssi) fk(il?) = 73 with 73, € I(S) and f(ak) < <
f(br);
(ss2) fr(x) = s, H(min(Apsk (), s1(Br))) for some
Ak €]0,00[ and some h € K such that f(ax) < as
and f(bx) > by.

ii) If sg(bx) < oo, then one of the following holds:

(sni) fr(z) = f(br) € Z(S);

(sng) fr(z) = s, (min(Agsg(z), s,(Br))) for some
h € K so that f(ar) < an, f(br) = bu, sn(bn) is
finite and (éh(bh)/ék(bk)) < A < 0.

Note that in case of (ssi) and (sni), f is constant on the whole
corresponding interval |ag, bi[, respectively, |ag,by] attaining
its value at an idempotent element of S. In case of (ssg) and
(sng), there exists at least one xg € Jay, by[ such that f(xo) ¢
Z(S) so that necessarily there exists some h € K fulfilling
f(x0) €lan, bal.

The previous theorem already indicates how all distributive
functions f € Fg for some continuous t-conorm S can be
obtained:

Theorem 26 ([7]): Consider some continuous t-conorm S
and use the notations as introduced in Theorem 25. Any f € Fg
is obtained from a generic function f* : Z(S) — Z(S) which
is monotone nondecreasing and from its restrictions fj, for every
interval |ay, x| whereas each restriction f, is chosen either by
expression (ssi), respectively, (ssg) in case that s(b;) = oo or
by expression (sni), respectively, (sng) in case that s(bs) < oo.
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Example 27: Consider the basic t-conorm Sp (z,y) = z+y—
ay. Itis continuous with Z(S) = {0,1} and s : [0,1] — [0, o0],
s(z) = —In(1 — x). Its set of distributive functions is given by

Fsp =1{0,0(0,11,0¢03,1} U {f : [0,1] — [0,1] |
f@)=1-(1-2)* X €]0,00[}

where 04 : [0,1] — [0, 1] is defined by

_Jo, ifzeA
0a(r) = { 1, otherwise.

Example 28: Consider the basic t-conorm Sy, (z,y) =
min(z + y,1). It is continuous with Z(S) = {0,1},
s:[0,1] — [0,00], s(x) = z, and

Fsr =1{0,040y, 1} U{f : [0.1] — [0,1] |
f(z) = min(Az, 1), X € [1,00[}.

B. Continuous T-Norms

Since t-norms are dual to t-conorms we can get analogous
results for functions f being distributive over some continuous
t-norm 7.

Corollary 29: Consider a continuous t-norm 7. Then
[0, 1]\ Z(T) = Upexlar, bi[ for some index set K and there
exists a family of continuous strictly decreasing mappings
tr : [ak,bg] — [0, 00] with ¢(by,) = O such that (12), shown at
the bottom of the page, holds. Let f € Fr and denote by f, its
restriction to the interval Jay, bg|.

i) If tx(ar) = oo, then one of the following holds:
(tsi) fk(:l’,’) = 93, with 73, € I(T) and f(ak) < <
f(br);
(tsg) fr(z) = t; " (min( At (), tr(an))) for some
Ar €]0,00][ and some h € K such that f(ax) < ap
and f(br) > bp.

ii) If tx(ax) < oo, then one of the following holds:

(tni) fr(z) = flax) € Z(S);

(tng) fr(z) = t, (min(Aptx(2),t4(as))) for some
h € K such that f(ak) = ap, f(bk) > by, th(ah) is
finite and (th(ah)/tk(ak)) < A < 0.

Analogous to the case of continuous t-conorms all functions f
being distributive over some continuous t-norm 7" can be found.

otherwise

- zoap  y—ak - )

T(z,y)= ak-.+ (br ak)Tk(bkia’\k, brak) , if (a:7y) € [a, bx] o
min(z,y), otherwise

S(z,y)= ar + (br — ak)5k<£__‘2§ ) ﬁ) ., if (z,y) € [ag, br)? o
max(z, y), otherwise

S(z,y) = si ' (min(sg(z) + sk(y), sx(bx))),  if (z,y) € [ax, bk an
’ max(z,y), otherwise

-1 . ) ,
T(z,y) = {tk (min(tx(z) + te(y), te(ar))), if (z,y) € [ax, by "

min(z, y),
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Corollary 30: Consider some continuous t-norm ¢ and use
the notations as introduced in Corollary 29. Any f € Fr is
obtained from a generic function f* : Z(T) — Z(T) which is
monotone nondecreasing and from its restrictions fj for every
interval |ay, x| whereas each restriction fy, is chosen either by
expression (tsi), respectively, (tsg) in case that ¢(ax) = oo or by
expression (tni), respectively, (tng) in case that ¢(ax) < co.

Example 31: Consider the two basic t-norms Tp(z,y) = zy
and T1,(z,y) = max(z + y — 1,0). For both we have that
I(Tp) = I(Ti) = {0,1} and their additive generators are
given by t1 () = —In(z) and t1; = 1 — z, respectively.
Further, we get that

FTp = {0,0[0,1[70{0}7 1} U {f : [07 1] - [0: 1] |
f(z) = 2> with A €]0, 00},
Fr, = {0,001} U {7 5 0.1 — 0.1]
f(z) = max(Az + 1 — A,0)
with A € [1, oo[}.

VI. CHARACTERIZATION OF FA FOR (PARTICULAR
CLASSES OF) UNINORMS

Let us now turn to the last class of bisymmetric aggregation
operators with some neutral element, namely uninorms whose
neutral elements e fulfille €]0, 1] (see also [11], [17]). Note that
uninorms U can be interpreted as combination of some t-norm
and some t-conorm, i.e.,

?

S(max(z1,e€),...,max(z,,e)))

with 7" some t-norm acting on [0, €] and .S some t-conorm acting
on [e, 1]. To express explicitly that some uninorm U is related to
some t-norm 7" and some t-conorm S, we will use the notation
Ur,s.

Such created uninorms cover a quite large class of aggrega-
tion operators since on the remainder of their domains they can
be chosen such that the monotonicity and associativity condi-
tion are not violated but otherwise arbitrarily. However, due to
its properties any uninorm U fulfills

min(z,y) < U(z,y) < max(z,y)

whenever min(z,y) < e and e < max(z,y) for all z,y €
[0, 1], giving rise to the particular classes Ur, s min, U, s max Of
uninorms. Note further, there exists no uninorm which is con-
tinuous on the whole domain [17]. Generated uninorms, which
we will discuss later in more detail, therefore, form another im-
portant subclass of uninorms, since they are continuous on the
whole domain up to the case where {z,y} = {0,1}.

As the next section will show, functions f distributing with
some uninorm U heavily depend on the structure of the uni-
norm. Therefore, since a full characterization of all uninorms is
still missing, we restrict the discussion of Fg; to two particular
subclasses of uninorms—namely to uninorms which are either
acting as the minimum or as the maximum on their remainders
and to generated uninorms.
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A. Distributive Functions on Uninorms

First of all let us investigate necessary and sufficient condi-
tions for some nondecreasing function f : [0,1] — [0, 1] being
distributive over some uninorm U, i.e., for all z,y € [0, 1]

U(f(x), f(y)) = fU(z,y))-

If we choose z = e we see that U(f(e), f(y)) = f(y) for
all y € [0, 1], expressing that f(e) acts as a neutral element of
U on the range of f. Moreover, U(f(e), f(e)) = f(e) so that
necessarily f(e) € Z(U).

From this, we see already, that the set of idempotent elements
as well as the range of f € Fy will play a crucial role in char-
acterizing Fy .

Lemma 32: Consider some f € Fy. Then, the following
holds:

i) if e € Rany, then f(e) = e;

ii) ifd € Z(U), then also f(d) € Z(U).

Proof: Consider some f € Fy.If e € Rany then there
exists some zq € [0, 1], such that f(z() = e and

fle) =Ule, f(e)) = U(f(wo), f(e))
= f(U(wo,¢)) = f(xo) = e.

Moreover, if d € Z(U) then also

fld) = f(U(d,d)) = U(f(d), f(d)),

ie., f(d) € Z(U).

Let us now briefly focus on particular cases where
e ¢ Rany. ]

Proposition 33: Consider some uninorm Uz, s with neutral
element e and some f € F with either Rany C [0,e] or
Rany Cle, 1]. Then, the following holds:

In case Rany C [0,e[ : f € Fy, . if and only if

D f(e) € Z(U) N[0, €;

i) Vo € [e,1] @ f(z) = f(e);

iii) f | [0, is distributive over T’;

iv) Vo € [0,1] : f(U(x,1)) = f(x).

In case Rany Cle, 1] : f € Fy, , if and only if

D f(e) € Z(U)Ne, 1;

i) Vz € [0,¢] : f(z) = f(e);

iii) f | [e,q) is distributive over S

iv) Vz € [0,1] : f(U(z,0)) = f(x).

Proof: Consider some uninorm U = Ur, s with neutral el-

ement e, some f € F withRany C [0, e[. Assume that f € Fy.

Since e is an idempotent element of U and Rany C [0, e], it
immediately follows that f(e) € Z(U) N[0, ¢, i.e., f(e) is an
idempotent element of the t-norm 7" involved.

Further, since f(e) acts as a neutral element on Rany we
know that for all = € [e, 1] it holds that

f() =U(f(2), fe)) = T(f(), f(€))
< min(f(z), f(e)) < f(e)-

Moreover, due to the nondecreasingness of f, f(e) < f(z) for
all z € [e, 1] such that indeed f(x) = f(e) forall z € [e, 1].
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1 1 1
max max /
A O—F
; : ;
2zy max
0 0 0
0 1 1 0 1 1 0 1 1
2 2 2
U 0 a
1 1 1
1 1 1
2 2 2
0 0 0
0 L 1 0 1 1 0 1 1
2 2 2
f1 fo /3

Fig. 1. Uninorm U and some f € Fy as discussed in Examples 34 and 40.

The fact that f | [, is distributive over 7" follows immedi-
ately from f € Fy,. ;. Finally, choose arbitrary - € [0, 1], then
due to property ii)

fU(x, 1)) = U(f(2), f(1)) = U(f(), f(e))
= [(U(z,¢)) = f(2).

To prove the sufficiency, assume that Rany C [0, ¢[ and
that conditions i)-iv) are fulfilled. If both z,y < e then also
U(z,y) < e, such that f distributes over U due to condition
iii). In case that both z,y > e, also U(z,y) > e such that

f(U(x,y)) = f(e)

due to condition ii) and the fact that f(e) is an idempotent el-
ement of U. Finally, let us consider w.l.o.g. some = < e < y.
Due to condition iv) and the nondecreasingness of f and U we
can conclude that

fU(x, 1)) = f(x) = f(U(z,¢)) = f(x) = FU(z,y)).

Moreover, since f | [0,e] COMMuUtes with T resp., U and condi-
tion ii), we also know that

f(@) = f(U(z,e)) =U(f(z), f(e)) = U(f(x), f(y)),

such that f € Fpy. Analogously, the remaining case and the
characterization of f € Fy in case of Ran; Cle, 1] can be
shown.
Let us illustrate the previous results by some examples.
Example 34: Consider the following uninorm U : [0,1]? —
1

[0, 1] with neutral element ¢ = 5

if (z,y) € [0, 5]?
otherwise.

2zy,
max(x,y),

U(fmy)z{

Note that U = Uz s with T : [0,¢]? — [0,¢], T'(z,y) = 2y is

an isomorphic transformation of the product and S : [e, 1] —

[e, 1], S(z,y) = max(z,y) (see also Fig. 1). Its set of idem-

potent elements Z(U) is given by {0} U [3, 1] since the contin-

uous t-norm 7" has its boundaries as its only trivial idempotent

elements.

* Therefore, there is only one function f € Fyy with Rany C
[0, e[, namely the constant function 0, since Z(U) N[0, e[=
{0} and f has to be nondecreasing.
e On the other hand, there exist several functions

f € Fy with Rany Cle,1]: We can choose f(e) €
le,1] € Z(U)N]e,1] arbitrarily and fix as such f(z)
for all x € [0,e]. Because S = max is a lattice poly-
nomial, f has just to be nondecreasing on [e,1] to
distribute over S such that condition iii) of Proposition
33 is fulfilled. Finally, condition iv) trivially holds since
f(U(z,0)) f(0) f(z) in case of z € [0,¢e] and
f(U(z,0)) = f(max(z,0)) = f(z) forall z € e, 1].
Therefore, e.g., all functions fy : [0,1] — [0, 1] with A €
12, 1] given by

ifz € [0, 1]
otherwise

fa(z)

A,
{2(1—/\)a:+2/\—1,

distribute over U (see also Fig. 1).

Example 35: Consider the following uninorm U : [0, 1]* —

[0, 1] with neutral element e = §

max(x,y), if E»LJ/; € %;711}2
_ 4xy, if v,y) € 10,3
V=0 1 -y -1+ 1, it (ey) e [L 12

min(z, y), otherwise.
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Tz -1y —-1)+1
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min max

[N
—
[S]

min

min *®
4zy | min
0 (X © 0 @
0 1 1 0 1 1 0 1 1
2 2 2
U f with g4 f with g2 o
1 1 1
3 le '
D
0 O 0 0
0 1 1 0 1 1 0 1 1
2 2 2
bil fo f3
Fig. 2. Uninorm U and some f € Fy as discussed in Examples 35 and 41.
Again U = Urg with T on ordinal sum t-norm on [0, %] g5 2() = {4/\—1;1;/\7 ifz €0, i[
; . ’ . : 5, =191 :
with twice the product as its summands and S = max a basic 1 otherwise
t-conorm on [% 1] (see also Fig. 2). The set of idempotent with A € [1, o],
elements Z(U) is given by {0, 1} U [3,1]. () 0, ifz =0
Let us now focus just on those f € Fyy with Rany C [0, %], g6 %, otherwise
ie., f(e) € {0,1}. 1
5 g7(z) ==, vz € [0, 3]

* f(e) = 0:Necessarily f = 0 due to the nondecreasingness
of f and the necessary properties given in Proposition 33.
Therefore, 0 is the only element of F¢; for which Rany C
[0,¢[ and f(e) = 0.

* f(e) = %: Necessarily, we fix f(z) = 1 forallz € [$,1]
and as such fulfill conditions i), ii), and iv) of Proposition
33 immediately, i.e.,

if v € [3,1]
otherwise.

1
47

Foa-oa f@={5

The function g : [0, 3[— [0, 3[ and as such also f | [0,e]
distributes over the ordinal sum t-norm 7' if it is one of the
following functions (see also Fig. 2):

g1(z) =0, Ve € [0,1]
230 ={ s 1 e
with A € [1, o0]
wo={f i
o ={3 ks

o~

So far, we have investigated nondecreasing functions f with
particular domains being distributive over some uninorm U.
However, in case that e € Rany the characterization of those
f € Fu heavily depends on the structure of the uninorm U
involved. Therefore, we will now turn to special subclasses of
uninorms.

B. Special Case: Uninorms Ur, s min, Ur,S,max

We now assume that the uninorm U is such that U | [ .2 is
some t-norm 7" on [0, ¢], U | [c,1j2 some t-conorm S on [e, 1] and
on the remainder U acts either as the minimum or as the max-
imum. We will denote such uninorms by Ur s min, respectively,
Ur,s,max- In case that the t-norm 1" as well as the t-conorm S
involved are continuous, we refer to the uninorm Ur s as weakly
continuous t-norm.

We will focus on functions f based on a composition of func-
tions distributive over T', respectively, S, i.e., on functions f :
[0,1] — [0, 1] defined by

fr(z), ifxe€][0,e]
flz) =X fs(z), ifzé€le 1] (13)
e ifr=e

7

with some fr € Fr and fs € Fg. We will use the abbreviation
[ = fr & fs.

Note that not all f € Fy are of the type f = fr H. fs as the
following example shows.
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Example 36: Consider some weakly continuous uninorm
Ur,s. Then, f : [0,1] — [0, 1] defined by
_Jo, ifze]0,e]
fla) = { 1, ifzelel]
fulfills f € fUT,s,min and f € FUT,S,max’ but f # fr H. fs.

However, since uninorms can be interpreted as operators
acting on a bipolar scale with neutral element e, it is natural to
investigate distributive functions f preserving that neutrality
level, i.e., fulfilling f(e) = e.

By the construction f = fr H. fs provided by (13), it is
guaranteed that the restrictions of some f € Fy.. ; to [0, €] resp.
[e, 1] are distributive over the corresponding T, respectively, S.
Note that this construction also ensures that, due to the nonde-
creasingness of f, that f(z) < eforallz € [0,¢] and f(z) > e
for all z € [e,1]. Depending on whether U = Upr g min OF
U = Ur,s,max [ has to fulfill additional properties for f € Fy.

Proposition 37: Consider some weakly continuous uninorm
Ur,s, further some fr € Fr and fs € Fs and define f
[071] - [07 1] by f = fr H. fs.

i) f € Fup g ifandonly if Vo € [0,e[ : f(z) < e or
Ve ledl s ) =

i) f € Fuy ... ifandonly if Vo € [0,e] : f(z) =eor
Vy €le, 1] = f(y) > e.

Proof: Consider some weakly continuous uninorm Uz g,
further some fr € Fr and fs € Fg and define f : [0,1] —
[0,1] as f = fr H. fs by (13).

Assume that f € Fy, ;... Further assume that there exists
some zo € [0, e[ with f(zg) = e and some yo € [e, 1] with
f(yo) > e, then the following holds:

Flyo) = Ule, f(yo)) = U(f(z0), f(w0)) = F(U(z0,10))
= f(IniIl(.Z‘(]./yo)) = f(l’o) =e

leading to a contradiction. Vice versa, since f = fr H, fs
it distributes over Ur s min for all (z,y) € [0, e]? and for all
(z,y) € [e,1]? due to its construction. Therefore, it suffices to
prove that f distributes over U for all (z,y) € [0,¢] X [e, 1] U
[e, 1] x [0,¢].

Assume that f additionally fulfills either for all z € [0, ¢] :
f(z) < eorforaly € [e]] f(y) = e and choose an
arbitrary z € [0, e[ and an arbitrary y € [e, 1]. Therefore, either
f(z) < eor f(y) = e, inany case f(z) < f(y), such that

fU(x,y)) = f(min(z, y)) = f(x) = min(f(x), f(y))
= U(f(2), f(y))-

In case that x = e and y € [e, 1], it immediately holds that

fU(,y) = F(U(e,y) = fy) = Ule, f(y))
=U(f(e), f(y)) = U(f(x), f(y))-

Analogously, the distributivity of f over Ur g min for some
(z,y) € [e,1] x [0, €] can be shown as well as the characteri-
zation of all f € Ur s max- [ ]

Based on this result, we can immediately state which func-
tions f = fr H. fs are distributive over both Uz s min as well
UT,S,max-

Lemma 38: Consider some weakly continuous uninorm
Ur,s, further some fr € Fr and fs € Fg and define f : [0, 1]
— [0,1]by f = frBe fs. [ € Fup gin N FUr gmax if and
only if either

e Vo e0,e]: f(r) <eandVz €le, 1] : f(z) > e;
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o Vo €[0,1] : f(z) =e.

Moreover, due to Proposition 37 and the nondecreasingness
of f we can further draw the following conclusions.

Corollary 39: Consider some weakly continuous uninorm
Ur,s, further some fr € Fr and fs € Fg and define f
[0,1] — [0,1] by f = fr B fs.

i) If f € Fu, s, and there exists some o € [0, e[ such

that f(zg) = e, then f(z) = e for all z € [z, 1].
ii) If f € Fuy, o max and there exists some yo € Je, 1] such
that f(yo) = e, then f(z) = e forall z € [0, o).

Example 40: (Continuation of Example 34) Let us once again

consider the uninorm U as introduced in Example 34, i.e.,
U(.’L‘,y) — { 2Iy7 1f (l’/y) € [0 %]2
max(z,y), otherwise.

It is of the type Ursmax With T :[0,¢]> — [0,¢],
T(xz,y) = 2zy an isomorphic transformation of the product
and S : [e,1]> — [e, 1] the maximum. Now, we are looking for
those f € Fy which are constructed by f = fr H. fs. The
sets Fr and Fg of nondecreasing functions distributing with
T, respectively, S are given by
Fr={f:10,5] = [0,3] | V&€ [0,5]
f(x) =237V with A €]0, 00 or
fla) = Oor f(x) = 3},
Fs = {f : [%,1] — [%,1] | fis nondecreasing}.
In accordance with Proposition 37, we now have to choose either
fr(z) = L forallz € [0, 4[or fs(y) > 1 forally €], 1] such
that f = fr B, fs fulfills f € Fy, so, e.g., f; : [0,1] — [0, 1]
i € {1,2,3}, (see also Fig. 1)
_ [22% ifze0,]]
@) = {31:7 otherwise
f2(z) = min(222, 1),
fal) = max (4, fo(=)).
Example 41: (Continuation of Example 35) Note that the uni-
norm U defined by

?

max(z,y), if (z,y) € [%, 1]2

Ulz,y) = 4zy, if (z,y) € [07 %]2
Yo -y -1)+3, if(zy) €[} 3]
min(z, y), otherwise

is a uninorm of the type Uz, s min. Since T' is an ordinal sum
t-norm on [0, %], its set of distributive functions Fr is rather
large. Some of its elements are already listed in Example 35.
Similarly, also Fg contains many, namely all nondecreasing
functions on [% 1]. In accordance with Proposition 37 we have
to choose functions fr, fs such that either fy(z) > 3 for
all z € [0, 5[ or that fs(y) = 1 forall z €]3,1], such that
f=fr8 fs € Fy,eg, fi : [0,1] — [0,1],¢ € {1,2,3},
(see also Fig. 2)

_Jo, ifze[0,%]
filw) = {;m otherwise
1
fQ(IE) = 57
0, itz € [0, 1]
fale) = { Haa =17, ita e (L)
5 otherwise.
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C. Special Case: Generated Uninorms

An important subclass of uninorms are those generated by
some additive generator. They are continuous on the whole do-
main up to the case where {z,y} = {0,1}.

Definition 42: An operator U : [ J,,[0,1]" —[0,1]is an
Archimedean uninorm continuous in all points up to
(Z1,...,2pn), {0,1} € {z1,...,2,}, if and only if there
exists a monotone bijection A : [0, 1] — [—o0, 00] such that

Uy, omn) =h Y h(wi)
=1

with convention +00 + (—00) = —oo. The uninorm U is then
called a generated uninorm with additive generator h.

Note that the neutral element e of such a generated uninorm
is given by h~1(0) = e. The increasingness of the additive gen-
erator is equivalent to its conjunctive form. Moreover, generated
uninorms are related to strict t-norms and strict t-conorms, since
t(xz) = —h(ex) and s(z) = h(e+(1—e)z) are additive genera-
tors of a strict t-norm, respectively, t-conorm, associated with U.

In case of some f € Fy with U generated by the additive
generator h, we get

f(U(z,y)) = foh™ (h(z) + h(y))
=h" (ho f(z) +ho f(y)) = U(f(x), f(y))

Since h is a bijection this is equivalent to
hofoh Y(u+v)=hofoh L(u)+hofoh l(v)

with h(x) = uand h(y) = v both elements from [—o0, co] such
that for h* = ho foh~! and arbitrary u, v € [—o0, oc] it holds
that h*(u + v) = h*(u) + h*(v). In case that A* is continuous
the solutions of this equation (see also [3]) are given by

h*(u) =c-u
with ¢ > 0. As a consequence
f(@) =h""(c- M(z))
leading to the following lemma.
Lemma 43: Consider some uninorm U generated by some

additive generator h. If f € Fyy and f continuous, but not con-
stant, then there exists some ¢ > 0 such that

for all z € [0,1].
Example 44: Consider some uninorm U generated by some

additive generator h and choose ¢; > 0 foralli € {1,...,n}
and ¢; > 0 for at least one ¢ € {1,...,n}. Then, the operator
A defined by
Alzy, ... 2,) =ht (Z cih(a:z)>
i=1

commutes with U.
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Example 45: Consider the additive generator h : [0,1] —
[-00,00], h(z) = In(z/1— ). The generated uninorm
U* :]0,1]? — [0,1] is then given by

ry

TR (R

with neutral element e = 0.5. Note that U™ is also known as 3 —
II-operator and has already been discussed by several authors
[14], [17], [23], [35], [37]. It is worth remarking that it plays an
important role as combining functions of uncertainty factors in
expert systems like MYCIN and PROSPECTOR (see also [9],
[12], and [21]).

In accordance with the previous example, aggregation opera-
tors A : |, .n [0, 1]™ — [0, 1] defined by

n c;
,.’,En) = n Hi:l_xi n c
[Tim (=) + [Ty 2f

neN

A(CL’l,...

VII. FINAL REMARKS

The issue of commuting aggregations has been considered
in the general case and in some important particular cases,
especially the one of uninorms, where new nontrivial results
are obtained. Finding commuting operations can be a difficult
exercise sometimes leading to impossibility results. So, e.g.,
in the class of OWA operators [36], the set of all aggregation
operators commuting with an n-ary OWA operator different
from min, max, or the arithmetic mean, respectively, is trivial,
namely, consisting just of the projections [32]. However, for
bisymmetric operations such as the weighted arithmetic mean,
results on commuting exist for some 25 years in connection
with the problem of consensus functions for probabilities [28],
more recently for t-norms and conorms in connection with
generalized utility theory [15] or transitivity preservation in the
aggregation of fuzzy relations [34]. Commuting operators for
uninorms can be relevant in multicriteria decision-making with
bipolar scales where bipolar set-functions are used to evaluate
the importance of criteria [19], [20]. Indeed the neutral element
of the uninorm separates a bipolar evaluation scale in its posi-
tive and negative parts [16]. Our results can be instrumental in
laying bare consensus functions for multiperson multicriteria
decision-making problems on bipolar scales, a topic to be
investigated at a further stage.

REFERENCES

[11 J. Aczél, “Sur les opérations definies pour des nombres réels,” Bull.
Soc. Math. France, vol. 76, pp. 59—-64, 1949.

[2] J. Aczél, Vorlesungen iiber Funktionalgleichungen und ihre Anwen-
dungen. Basel, Germany: Birkduser, 1961.

[3] J. Aczél, Lectures on Functional Equations and their Applications.
New York: Academic, 1966.

[4] J. Aczél and G. Maksa, “Solution of the rectangular m X n generalized
bisymmetry equation and of the problem of consistent aggregation,” J.
Math. Anal. Appl., vol. 203, no. 1, pp. 104-126, 1996.

[51 J. Acz€l, G. Maksa, and M. Taylor, “Equations of generalized bisym-
metry and of consistent aggregation: Weakly surjective solutions which
may be discontinuous at places,” J. Math. Anal. Appl., vol. 214, no. 1,
pp. 22-35, 1997.



SAMINGER-PLATZ et al.: AGGREGATION OPERATORS AND COMMUTING

[6] C. Alsina, M. Frank, and B. Schweizer, Associative Functions: Trian-
gular Norms and Copulas. Singapore: World Scientific, 2006.

[7] P. Benvenuti, D. Vivona, and M. Divari, “The Cauchy equation on
I-semigroups,” Aequationes Math., vol. 63, no. 3, pp. 220-230, 2002.

[8] G. Birkhoff, Lattice Theory. Providence: AMS, 1973.

[9] B. Buchanan and E. Shortliffe, Rule-Based Expert Systems, The
MYCIN Experiments of the Standford Heuristic Programming
Project. Reading, MA: Addison-Wesley, 1984.

[10] T. Calvo, A. Kolesarova, M. Komornikov4, and R. Mesiar, A review of
aggregation operators. Madrid, Spain, Univ. Alcala, 2001, Alcala de
Henares.

[11] T. Calvo, A. Kolesarova, M. Komornikova, and R. Mesiar, , T. Calvo,
G. Mayor, and R. Mesiar, Eds., “Aggregation operators: Properties,
classes and construction methods,” in Ser. Studies in Fuzziness and Soft
Computing. Heidelberg, Germany: Physica-Verlag, 2002, vol. 97, pp.
3-104.

[12] B.De Baets and J. Fodor, “Van Melle’s combining function in MYCIN
is arepresentable uninorm: An alternative proof.,” Fuzzy Sets Syst., vol.
104, pp. 133-136, 1999.

[13] S. Diaz, S. Montes, and B. De Baets, “Transitivity bounds in additive
fuzzy preference structures,” IEEE Trans. Fuzzy Syst., vol. 15, no. 2,
pp. 275-286, Apr. 2007.

[14] J. Dombi, “Basic concepts for a theory of evaluation: The aggregative
operator,” Eur. J. Oper. Res., vol. 10, pp. 282-293, 1982.

[15] D. Dubois, J. Fodor, H. Prade, and M. Roubens, “Aggregation of de-
composable measures with application to utility theory,” Theory Deci-
sion, vol. 41, pp. 59-95, 1996.

[16] D.Dubois and H. Prade, “On the use of aggregation operations in infor-
mation fusion processes,” Fuzzy Sets Syst., vol. 142, no. 1, pp. 143-161,
2004.

[17] J. C. Fodor, R. R. Yager, and A. Rybalov, “Structure of uninorms,” Int.
J. Uncertainty Fuzziness Knowledge-Based Syst., vol. 5, pp. 411-427,
1997.

[18] L. W. Fung and K. S. Fu, “An axiomatic approach to rational decision
making in a fuzzy environment,” in Fuzzy Sets and Their Applications
to Cognitive and Decision Processes, L. A. Zadeh, K. S. Fu, K. Tanaka,
and M. Shimura, Eds. New York: Academic, 1975, pp. 227-256.

[19] M. Grabisch and C. Labreuche, “Bi-capacities I: Definition, Mobius
transform and interaction,” Fuzzy Sets Syst., vol. 151, no. 2, pp.
211-236, 2005.

[20] M. Grabisch and C. Labreuche, “Bi-capacities II: The Choquet inte-
gral,” Fuzzy Sets Syst., vol. 151, no. 2, pp. 237-259, 2005.

[21] P. Hajek, T. Havranek, and R. Jirousek, Uncertain Information Pro-
cessing in Expert Systems. Boca Raton, FL: CRC, 1992.

[22] 1. N. Herstein and J. Milnor, “An axiomatic approach to measurable
utility,” Econometrica, vol. 21, pp. 291-297, 1953.

[23] E. P. Klement, R. Mesiar, and E. Pap, “On the relationship of asso-
ciative compensatory operators to triangular norms and conorms,” Int.
J. Uncertainty Fuzziness Knowledge-Based Syst., vol. 4, pp. 129-144,
1996.

[24] E.P. Klement, R. Mesiar, and E. Pap, Triangular Norms.
The Netherlands: Kluwer, 2000, vol. 8.

[25] E. P. Klement, R. Mesiar, and E. Pap, “Triangular norms. Position
paper I: Basic analytical and algebraic properties,” Fuzzy Sets Syst.,
vol. 143, pp. 5-26, 2004.

[26] E. P. Klement, R. Mesiar, and E. Pap, “Triangular norms. Position
paper II: General constructions and parameterized families,” Fuzzy Sets
Syst., vol. 145, pp. 411-438, 2004.

[27] E. P. Klement, R. Mesiar, and E. Pap, “Triangular norms. Position
paper I1I: Continuous t-norms,” Fuzzy Sets Syst., vol. 145, pp. 439-454,
2004.

[28] K. Lehrer and C. Wagner, Rational Consensus in Science and So-
ciety. Dordrecht, The Netherlands: Reidel, 1981.

[29] J.-L. Marichal, “On order invariant synthesizing functions,” J. Math.
Psychol., vol. 46, no. 6, pp. 661-676, 2002.

[30] J.-L. Marichal and R. Mesiar, “Aggregation on finite ordinal scales by
scale independent functions,” Order, vol. 21, no. 2, pp. 155-180, 2004.

[31] K. J. McConway, ‘“Marginalization and linear opinion pools,” J. Am.
Stat. Assoc., vol. 76, pp. 410414, 1981.

[32] A. Mesiarova, 2005, personal communication.

Dordrecht,

1045

[33] Z. Péles, “Extension theorems for functional equations with bisym-
metric operations,” Aequationes Math., vol. 63, no. 3, pp. 266-291,
2002.

[34] S. Saminger, R. Mesiar, and U. Bodenhofer, “Domination of aggre-
gation operators and preservation of transitivity,” Int. J. Uncertainty
Fuzziness Knowledge-Based Syst., vol. 10/s, pp. 11-35, 2002.

[35] W. Silvert, “Symmetric summation: A class of operations on fuzzy
sets,” IEEE Trans. Syst., Man, Cybern., vol. SMC-9, pp. 657-659,
1979.

[36] R.R. Yager, “On ordered weighted averaging aggregation operators in
multicriteria decisionmaking,” IEEE Trans. Syst., Man, Cybern., vol.
18, no. 1, pp. 183-190, Feb. 1988.

[37] R. R. Yager and D. P. Filev, Essentials of Fuzzy Modelling and Con-
trol. New York: Wiley, 1994.

Susanne Saminger-Platz received the Ph.D. degree in mathematics with
highest distinction from the Johannes Kepler University, Linz, Austria, in 2003.

She is an Assistant Professor at the Department of Knowledge-Based Mathe-
matical Systems, Johannes Kepler University, Linz, Austria. Her major research
interests focus on the preservation of properties during uni- and bipolar aggre-
gation processes and as such have significant connections to fuzzy rule-based
modeling, preference modeling, and intelligent data analysis, in particular dom-
inance of aggregation operators, construction principles for aggregation oper-
ators, fuzzy measures, and fuzzy relations. She is author/coauthor of several
journal papers and chapters in edited volumes.

Dr. Saminger-Platz is a member of the European Association for Fuzzy Logic
and Technology (EUSFLAT), of the EURO Working Group on Fuzzy Sets (EU-
ROFUSE), and of the Austrian Mathematical Society.

Radko Mesiar received the Ph.D. degree from the Comenius University
Bratislava and the D.Sc. degree from the Czech Academy of Sciences, Prague,
in 1979 and 1996, respectively.

He is a Professor of Mathematics at the Slovak University of Technology,
Bratislava, Slovakia. His major research interests are in the areas of uncertainty
modeling, fuzzy logic, and several types of aggregation techniques, nonadditive
measures, and integral theory. He is a coauthor of a monograph on triangular
norms and an author/coauthor of more than 100 journal papers and chapters in
edited volumes.

Dr. Mesiar is an Associate Editor of four international journals. He is a
member of the European Association for Fuzzy Logic and Technology board.
He is a Fellow Researcher at UTIA AV CR Prague (since 1995) and at IRAFM
Ostrava (since 2005).

Didier Dubois received the Ph.D. degree in engineering from ENSAE,
Toulouse, France, in 1977, the Doctorat d’Etat from Grenoble University,
Grenoble, France, in 1983, and an Honorary Doctorate from the Faculté
Polytechnique de Mons, Belgium, in 1997.

He is a Research Advisor at IRIT, the Computer Science Department, Paul
Sabatier University, Toulouse, France, and belongs to the French National
Centre for Scientific Research (CNRS). He is the coauthor of two books on
fuzzy sets and possibility theory, and 15 edited volumes on uncertain reasoning
and fuzzy sets. He coordinated the Handbook of Fuzzy Sets series published by
Kluwer (7 volumes, 1998-2000), including the book Fundamentals of Fuzzy
Sets. He has contributed about 200 technical journal papers on uncertainty
theories and applications. His topics of interest range from artificial intelligence
to operations research and decision sciences, with emphasis on the modeling,
representation and processing of imprecise and uncertain information in
reasoning and problem-solving tasks.

Dr. Dubois is the Co-Editor-in-Chief of the journal Fuzzy Sets and Systems,
an Advisory Editor of the IEEE TRANSACTIONS ON Fuzzy SYSTEMS (TFS), and
a member of the Editorial Board of several technical journals, such as the Inter-
national Journal on Approximate Reasoning, General Systems, Applied Logic,
and Information Sciences, among others. He is a former President of the Inter-
national Fuzzy Systems Association (1995-1997). He received the 2002 Pio-
neer Award of the IEEE Neural Network Society, and the 2005 IEEE TFS Out-
standing Paper Award.



