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1 Introduction

This is the third and final part of a series of position papers on the state of the art of some particu-
larly important aspects of triangular norms in a condensed form. The monograph [24] provides a
rather complete and self-contained overview about triangular norms and their applications.

Part | [25] considered some basic analytical properties of t-norms, such as continuity, and
important classes such as Archimedean, strict and nilpotent t-norms. Also the dual operations, the
triangular conorms, and De Morgan triples were mentioned. Finally, a short historical overview
on the development of t-norms and their way into fuzzy sets and fuzzy logics was given.

Part Il [26] is devoted to general construction methods based mainly on pseudo-inverses, ad-
ditive and multiplicative generators, and ordinal sums, including also some constructions leading
to non-continuous t-norms, and to a presentation of some distinguished families of t-norms.

In this third part we first present the representation of continuous Archimedean t-norms by
means of additive generators, and then the representation of continuous t-norms by means of or-
dinal sums with Archimedean summands. These theorems were first proved in the framework of
triangular norms in [29]. However, they can be also derived from results in [31] in the framework
of semigroups. We include full proofs of the representation theorems mentioned above, since
the original sources are not so easily accessible and/or they heavily use the special language of
semigroup theory. Finally we include some results and examples which follow from these repre-
sentation theorems.

Several notions and results from Parts | and Il will be needed in this paper, and they can be
found there in full detail [25, 26]. For the convenience of the reader, we briefly recall some of
them.

Recall that a triangular norm (briefly t-norm) is a binary operafioon the unit interval0, 1]
which is commutative, associative, monotone and has neutral element, i.e., it is a function
T: [0,1]> — [0, 1] such that for allr, 3, z € [0, 1]:

(T T(z,y) =T(y,x),

(z

(T2)  T(z,T(y,2)) = T(T(x,y), 2),
(
(

(T3) T(x,y) <T(z,z2) whenever < z,

(T4)  T(x,1) =

Observe that for a continuous t-noffithe Archimedean property is equivalentft¢r, z) < x
for all z € ]0, 1], and that each continuous Archimedean t-norm is either strict or nilpotent [25,
Theorem 6.15]. Given a t-norffi, an element: € [0, 1] is said to be idempotent ¥ (z, z) = x
(clearly,0 and1 are idempotent elements of each t-norm, the so-called trivial idempotent ele-
ments).

Observe that the pseudo-inverse is defined for arbitrary monotone functions [26, Definition
2.1]. In our special setting with mostly deal with continuous, decreasing functigh 1] —
[0, o0] with £(1) = 0, in which case the pseudo-inverge V) reduces to

FD (@) = £~ (min(z, £(0))).
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2 Representation of continuous Archimedean t-norms

For the class of all t-norms (which includes non-continuous t-norms and even t-norms which
are not Borel measurable) the only existing characterization is by the axioms (T1)—(T4). The
important subclass of continuous t-norms, however, has nice representations in terms of one-place
functions and ordinal sums.

Theorem 2.1 For a functionT': [0, 1]> — [0, 1] the following are equivalent:

(i) T is a continuous Archimedean t-norm.

(i) T has a continuous additive generator, i.e., there exists a continuous, strictly decreasing
functiont: [0, 1] — [0, co] with £(1) = 0, which is uniquely determined up to a positive
multiplicative constant, such that for &lk, y) € [0, 1]

T(z,y) = V(@) + t(y)). (2.1)

Proof: Assume first that: [0,1] — [0, +oc] is a continuous, strictly decreasing function with
t(1) = 0 and thatl’ is constructed by (2.1), i.e.js an additive generator @f. The commutativity
(T1) and the monotonicity (T3) df’ are obvious. Also, the boundary condition (T4) holds since
forall z € [0,1]

T(z,1) = Y (t(z) + (1)) = Y (t(z)) = 2.

Concerning the associativity (T2), for all y, z € [0, 1] we obtain

)+ t(y) + t(2))
=tV () + t(t D (t(y) + £(2))))
=tV (t(x) + H(T(y, 2)))

where the third equality is a consequence of
t(t D (t(x) + t(y))) = min(t(z) + t(y), 1(0)).
To prove the converse, I&tbe a continuous Archimedean t-norm. Concerning the naL@B)nwe
will use, recall that, for each € [0, 1], we haver(TO) = 1 and, forn € N, by recursion
asg?) = T(x,xgzhl)).
Define now forz € [0, 1] andm,n € N

() _ (n)
x =suply € [0,1] |y’ <z},

(m) ( (i)>(m)
:ET = ZUT .
T
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SinceT is Archimedean, we have for afl € |0, 1]

: () _
lim z,»" = 1. (2.2)

n—oo

m m km
Note that the expressi@nfn) is well-defined becau(se mff”) = x(Tk") forall £ € N. If, for some

z € [0,1] and somer € NU {0}, we have:cg’f) = ) then, in the standard way by induction,

(L‘Tn = an = (an )T
(n+1)

and, sincel’ is continuous Archimedean,gf‘) € {0,1}. This means that we ha\aél?) > T
whenevemg’f) €10,1].

Now choose and fix an arbitrary element |0, 1[, and define the functioh: QN [0, co[ —
[0,1] by h(r) = agf). SinceT is continuous and since (2.2) holds,is a continuous function.
Moreover, we have for alt € [0,1] andm,n,p,q € N

(myp) _ (motr)
QZ'T = xT
— (xT q )T qTnp

(5ig)y (m CANG
=7 ( ()7 o))

m D
G
and, as a consequence, foralk € Q N [0, oo|
hr+s) = af ™ = T(af,af)) < af) = h(r),

i.e., h is also non-increasing. The functiénis even strictly decreasing on the preimage0of |
since forall’, £ € QN [0, oo with 1(}) > 0 we get

1 1
h(mq-‘rl) _ (a(qu))(mQ+1) < (a(nq))(mQ) — h(%)

n q -

The monotonicity and continuity df on Q N [0, oo[ allows us to extend it uniquely to a function

h: [0, 00] — [0,1] via

h(z) = inf{h(r) | r € QN [0, z]}.

Thenh is continuous and non-increasing, and we have far ajl € [0, oo]
h(z +y) = T(h(z), h(y)).

Moreover, & is strictly decreasing on the preimage]6f1]. Define the functiort: [0,1] —
[0, 00] by B

t(x) = sup{y € [0,00] [ h(y) > x}
with the usual conventiosup () = 0 (observe that is just the pseudo-inverse bfand vice versa).
Thent is continuous, strictly decreasing, and satisfigds = 0 [24, Remark 3.4]. A combination

of all the arguments so far yields thats indeed a continuous additive generatoffo$ince for
each(z,y) € [0,1]2

T(z,y) = T(h(t(x)), h(t(y))) = h(t(z) + t(y)) = 7V (t(z) + t(y))-
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To show that the continuous additive generatof T" constructed above is unique up to a positive
multiplicative constant, assume that the two functions, : [0, 1] — [0, co] are both continuous
additive generators df, i.e., we have for eacr, y) € [0, 1]? the equality

t V(1 (2) + t1(y) = 5 D (ta() + ta(y)).

Substitutingu = t2(x) andv = t3(y), we obtain that, for all:, v € [0,t(0)] satisfyingu + v €
[07 tQ(O)[’
trots D)+t o ts V() =ty 0 t5 D+ ). (2.3)

Then from the continuity of; andt. ™" it follows that (2.3) holds for alks, v € [0,¢2(0)] with
u—+v € [0,t2(0)].

Equation (2.3) is a Cauchy functional equation (see [2]2, whose continuous, strictly increas-
ing solutionst; o tg_l): [0,t2(0)] — [0, o] must satisfyt; o t2_1 = b - id[g,4,(0) for someb €
10, >o[. As a consequence, we get= b - t, for someb € |0, oo, thus completing the proof. O

Because of the special form of the pseudo-invefs&), the representation (2.1) in Theorem
2.1 can also be written as

T(w,y) =t~ (min(t(z) + t(y), (0)))-

We already have seen in [25, Proposition 6.13 and Theorem 6.17] that a continuous Archime-
dean t-norm is either strict or nilpotent, a distinction which can be made also with the help of their
additive generators. Indeed, generatodd strict t-norms satisfy(0) = oo while generators of
nilpotent t-norms satisfy(0) < oo [26, Corollary 2.8].

Recall that for the products and for the Lukasiewicz t-norrfiy, additive generators :
[0,1] — [0, o] are given by, respectively,

Based on the proof of Theorem 2.1, it is possible to give some constructive way to obtain additive
generators of continuous Archimedean t-norms. As an illustrating example, we include the fol-
lowing result of [11] (compare also [1, 34, 4]) for the case of strict t-norms which can be derived
in a straightforward manner from the proof of Theorem 2.1.

Corollary 2.2 Let T be a strict t-norm. Fix an arbitrary element, € |0, 1[, and define the
functiont: [0,1] — [0, co] by

t(x) = inf {m,;"

Thent is an additive generator df'.

m,n, k€ N and (mo)gﬂm) < T((xo)g?),xgg))}.

Example 2.3 If we consider the Hamacher proddc{15] defined by

LY

T(z,y) = Tty—ay
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whenever(z,y) # (0,0), observe that we get (taking into acco%lgt: 0 and% = oo) for all
(z,y) € [0,1]?

1
T(z,y) =
(z,y) -
and, for eachr € [0,1] and eacln € N
m_ 1
Tp _%—n—l—l'

Forxy = 0.5 the inequality
(20)7"” < T((20)7”, 27")

is easily seen to be equivalentiio— n > kz(% — 1), yielding the additive generator [0,1] —
[0, co] of T specified by
tw) = inf { 2

_1—35

m,n, k € Nand™" >%—1}

T

The representation of continuous Archimedean t-norms given in Theorem 2.1 is based on the
addition on the intervgD, 4+oc]. There is a completely analogous representation thereof based on
the multiplication on[0, 1], thus leading to a representation of continuous Archimedean t-norms
by means of multiplicative generators [26, Section 2]. By duality, there are also representations of
continuous Archimedean t-conorms by means of additive generators and multiplicative generators,
respectively.

Remark 2.4 (i) If T is a continuous Archimedean t-norm with additive generatdo, 1] —
[0, 0], then the functiord: [0,1] — [0, 1] defined byd(z) = e~**) is a multiplicative
generator off".

(ii) If Sis a continuous Archimedean t-conorm then the dual t-ribris continuous Archime-
dean and, therefore, has an additive generatfty, 1] — [0, co]. Thens: [0, 1] — [0, 0]
defined bys(x) = t(1 — ) is an additive generator ¢f, and¢: [0, 1] — [0, 1] defined by
e~11-%) s a multiplicative generator of.

(iii) Given a continuous Archimedean t-noffrand a strictly increasing bijectiop: [0,1] —
[0,1], it is clear that the functioff,: [0, 1]> — [0, 1] given by

To(z,y) = ¢ H(T(e(z), (y)))

is a continuous Archimedean t-norm too. By Theorem 2.1, there are additive generators
t,t,: [0,1] — [0, 00] of T"andT,, respectively. Taking into account [26, Proposition 2.9],
t, equalst o ¢ up to a multiplicative constant.

It is straightforward that each isomorphism [0, 1] — [0, 1] preserves (among many other
properties) the continuity, the strictness and the existence of zero divisors. Therefore, each t-norm
which is isomorphic to a strict or to a nilpotent t-norm, itself is strict or nilpotent, respectively.

Conversely, ifT; and7; are two strict t-norms with additive generatersandt, (which are
bijective functions fronj0, 1] into [0, oo] in this case), respectively, then [0,1] — [0, 1] given
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by ¢ = tl‘l o to is a strictly increasing bijection arith = (71),. If 77 andT; are two nilpotent
t-norms with additive generatorts andt,, respectively, then we havé, = (7}),, where the
strictly increasing bijectiorp: [0,1] — [0, 1] is given byp = ¢, o (“(0) -t9) (observe that in

£2(0)
this case the two functions and ggg% - to can be viewed as bijection§ froify, 1] into [0, ¢1(0)]).

We therefore have shown the following result:

Lemma 2.5 Two continuous Archimedean t-norms are isomorphic if and only if they are either
both strict or both nilpotent.

An immediate consequence of Remark 2.4(iii) and Lemma 2.5 is that the préguand
the Lukasiewicz t-norn¥y, are not only prototypical examples of strict and nilpotent t-norms,
respectively, but that each continuous Archimedean t-norm is isomorphic eithigrdoto T,

Theorem 2.6 (i) AfunctionT: [0,1]> — [0, 1] is a strict t-norm if and only if it is isomorphic
to the producte.

(i) A functionT: [0,1]> — [0, 1] is a nilpotent t-norm if and only if it is isomorphic to the
t ukasiewicz t-norm,.

Each multiplicative generatdt: [0,1] — [0, 1] of a strict t-normT" can be viewed as an
isomorphism betweefp andT, i.e., T = (Tp)y. In particular, this means that there are infinitely
many isomorphisms betwe@p and7’. On the other hand, if’ is a nilpotent t-norm with additive
generatot: [0, 1] — [0, oo], then there is a unique isomorphigm [0, 1] — [0, 1] betweerily,
andT’, namely,p =1 — ﬁ -t

Recall that each continuous t-noffrsatisfying?'(x, z) < z for all z € |0, 1[ is Archimedean
[24, Proposition 2.15].

Corollary 2.7 If T'is a continuous t-norm with trivial idempotent elements only,T:éx, z) = x
only ifz € {0, 1}, thenT is Archimedean and, therefore, has a continuous additive generator.

Remark 2.8 Note that the representation in Theorem 2.1 holds for continuous Archimedean t-
norms only. However, there are several possibilities to show the existence of continuous additive
generators for a functiofi: [0, 1]> — [0, 1] under weaker hypotheses than in Theorem 2.1.

For example, it is possible to drop the commutativity [T1] [31] (see also [24, Theorem 2.43])
or to weaken the associativity [T2] [6, 28]. In the case of left-continuous t-norms, either the
Archimedean property [27] or the existence of a (not necessarily continuous) additive generator
[39] implies the existence of a continuous additive generator. In the case of a strictly monotone
Archimedean t-nornf’, the continuity ofI" in the point(1, 1) is sufficient [14].

3 Representation of continuous t-norms

The construction of a new semigroup from a family of given semigroups using ordinal sums goes
back to A. H. Clifford [8] (see also [9, 17, 35] ), and it is based on ideas presented in [10, 22]. It
has been successfully applied to t-norms in [13, 25, 29, 37].
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Definition 3.1 Let (7,,)ac be a family of t-norms anda., en[)aca be a family of non-empty,
pairwise disjoint open subintervals [of 1]. The t-normI” defined by

T(x y) _ Qo + (ea - aa) : Ta(ﬁ7 %) if (x73/) € [aaaea}Qa
’ min(z, y) otherwise.

is called theordinal sumof thesummandsa,, eq, Tn), o € A, and we shall write
T = ((aa; eas Ta))acAa-

Observe that the index sdtis necessarily finite or countably infinite. It also may be empty,
in which case the ordinal sum equals the idempotent t-ribym

Note that the representation of continuous Archimedean t-norms by means of multiplicative
generators can be derived directly from more general results-f@migroups (see [24, 29, 31,
38]). Similarly, the following representation of continuous t-norms by means of ordinal sums
follows also from results of [31] in the context éfsemigroups.

Theorem 3.2 A functionT': [0, 1]2 — [0, 1] is a continuous t-norm if and only 1 is an ordinal
sum of continuous Archimedean t-norms.

Proof: Obviously, each ordinal sum of continuous t-norms is a continuous t-norm.

Conversely, ifl" is a continuous t-norm, we first show that the 5ebf all idempotent elements
of T is a closed subset @6, 1]. Indeed, if(z,),en IS a sequence of idempotent elementd of
which converges to somee [0, 1], then the continuity of” implies

x= lim z, = lim T(x,,z,) =T(x,z),
n—oo n—oo

soz is also an idempotent element’Bf and/ is closed.

In the casdr = [0, 1] we haveT' = Ty, i.e., an empty ordinal sum. Fr # [0, 1] it can be
written as the (non-trivial) union of a finite or countably infinite family of pairwise disjoint open
subinterval]Ja., eq[)ac4 Where, of course, eaah), and eacle, (but no element ifa,, e [) is
an idempotent element df.

For the time being, assume thét# () and fix an arbitraryx € A. Then the monotonicity of
T implies that for all(z, y) € [aq, €a)?

Aoy = T(aa7 aOé) g T(l’,y) § T(ea7 ea) = €q
and for allz € [aq, 1]
ao =T(aa,00) <T(x,00) <T(1,a4) = aq,

showing that([aq, ea], T'[[q, e.12) iS @ SEMigroup with annihilatar, and with trivial idempotent
elements only (actually,, acts as annihilator oja,, 1]). Because of the monotonicity and conti-
nuity of T"we also have for each € A

{T(zaea) ‘ z € [07 1]} = [076a]7
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which means that each € [0,¢e,]| can be written as = T'(z,e,) for somez € [0,1]. This,
together with the associativity @f, implies that

T(x,eq) =T(T(2,e0) a) =T(2,T(ea,ea)) =T(z,eq) =z,
showing thate, acts as neutral element df, e,] and, subsequently, also in tHesemigroup

([aa’ ea]a T‘[aa,eaP)'
Let,: [0,1] — [aq, eq| be the strictly increasing bijection given by

Ya(x) = ag + (60 — aq) - ,

then for eachy € A the functionT,,: [0,1]> — [0, 1] defined by

To(z,y) = 05 (T(@alz), paly))

is a continuous t-norm which has only trivial idempotent elements, and which is also Archimedean
because of Corollary 2.7. A simple computation verifies that fonadl A and for all(x,y) €
[aa, €a]? We have

T(x,y) = aq + (ea — aa) ~TQ(M M)

eq—0q’ €q—aq

If (z,y) € [0,1]? (without loss of generality we may assume< y) is contained in none of
the squaregu,, e,]? then there exists some idempotent elentent [z, y] which acts as neutral
element or|0, b] and as annihilator ofb, 1], and we have

T(x,y) =T(T(x,b),y) =T(x,T(b,y)) = T(z,b) = x = min(z,y),

completing the proof thal’ = ((aq, €a, Ta))acA-

The uniqueness of the representatiofi’a$ an immediate consequence of the one-to-one cor-
respondence between the set of idempotent elemefitand the family of interval§|a,, €4 ) aca-
O

The combination of Theorem 3.2 and of the results of Section 2 yields the following represen-
tations of continuous t-norms:

Corollary 3.3 For a functionT': [0, 1]> — [0, 1] the following are equivalent:

(i) T is a continuous t-norm.
(i) T is isomorphic to an ordinal sum whose summands contain only the t-rigsraad 7. .

(iii) There is a family(]aq, ea[)aca Of NON-empty, pairwise disjoint open subintervalgf |
and a familyh,: [aq,ea] — [0,00] of continuous, strictly decreasing functions with
ha(eq) = 0 for eacha € A such that for all(z, y) € [0,1]2

K (ha(2) + ha(y))  if (2,y) € [aa, €al?,

, (3.1)
min(zx, y) otherwise.

T(I‘,y) = {
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N

3 3 0 07 08 1

Figure 1: Contour plots of the isomorphic t-norffigleft) and7; 7 o.s from Example 3.4

Example 3.4 Consider the continuous t-norin(see Figure 1) given by

max (%’0) if ( ) [07 %]2’
T(x,y) =  srios—ore=s it (2,y) € [3.1],

min(z,y) otherwise.

This t-normT can be written as the ordinal suifo, 3,11), (%, 1, T»)) with 71 andT» being given
by

Ti(z,y) = max (%, 0)

Ly
Tr(z,y) = cty—ay

Observe that the nilpotent t-norfiy was introduced in [40], and that the strict t-noffnis the
Hamacher producti! [26], and that the functions, t2 given by

t1(x) = —log -3 iz

fo(z) = 1%

X

are continuous additive generatordgfandT;, respectively. Defining the functiois : [0, 1] —

3
[0, 00] andhy: [2,1] — [0, oc] by

hl( ) log 1+3J:

3— 33:
h -
2(w) = 3z —
we can represent our t-norfin the form (3.1). For any numbeasb € ]0, 1] with a < b consider
the t-normT,;, = ({0, a,TL), (b, 1,Tp)) (See Figure 1). TheR is isomorphic tdl,;, i.e., we have
T = (T,), Where the strictly increasing bijectigm: [0, 1] — [0, 1] is given by

a logl(olgzgx) if x € [0, %} ,
plz) =qat(b—a)Bz—1) itz e]3,3],
+(1- b)edz 2 otherwise.

Analogous representations for continuous t-conorms can be obtained by duality (making the
necessary changes, e.g., replacitig by max).
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4 Consegquences of the representation theorems

Theorems 2.1 and 3.2 simplify the work with continuous t-norms in the sense that it suffices to con-
sider (a family of) continuous Archimedean t-norms and, subsequently, their additive generators.
In particular, the additive generator (which is a one-place function) of a continuous Archimedean
t-normT carries all the information of the whole t-norfn

Knowing the structure of continuous t-norms allows us also to deduce general properties from
partial information. For instance, if for a continuous t-ndfrand for somex, € |0, 1| the vertical
sectionf: [0,1] — [0, 1] given by f(y) = T'(z¢, y) is strictly monotone and satisfiggy) < y
forall y € ]0, 1], thenT is a strict t-norm.

In this section, we demonstrate the impact of Theorems 2.1 and 3.2 on the problems of (point-
wise) comparison and convergence of continuous t-norms, and on the determination of continuous
t-norms by their diagonal sections.

The following necessary and sufficient condition for the comparison of continuous Archime-
dean t-norms can be found in [38, Lemma 5.5.8] (see also [24, Theorem 6.2], for the special case
of strict t-norms it was proved first in [36] (see also [5]).

Theorem 4.1 Let 77 and T, be two continuous Archimedean t-norms with additive generators
t1,t2: [0,1] — [0, o], respectively. The following are equivalent:

() Ty < To.

(i) The functiort; o t;*: [0,%2(0)] — [0, oc] is subadditive, i.e., for alli, v € [0, t2(0)] with
u-+v € [0,t2(0)] we have

ti oty Nu4v) <ty oty (u) 4+t oty (v).

There exist criteria (some of which are only sufficient) for the comparability of continuous
Archimedean t-norms which sometimes are easier to check than the subadditivity in Theorem 4.1.
The following sufficient conditions can be derived easily from Theorem 4.1 (recall that a function
f: [a,b] — [0, o] is called concave if

FOz+ 1 =Ny) > M(z)+ (1 =Nf(y)

forall z,y € [a,b] and for allX € [0, 1]) and from [16, (103)].

Corollary 4.2 LetTy andT; be two continuous Archimedean t-norms with additive generators
t1,t2: [0,1] — [0, o], respectively. Then we ha¥g < T5 if one of the following conditions is
satisfied:

(i) The functiort; o t,*: [0,%9(0)] — [0, oc] is concave.
(i) The functionf: |0,%2(0)] — [0, oo] defined by

(toty)(x)

fz) =

iS non-increasing.
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(iii) The function

t/
771: ]051[ - [O’OO[
2

is non-decreasing.

Example 4.3 In [26, Example 2.10(i)] we have seen that for each continuous Archimedean t-norm
T with additive generatat: [0,1] — [0, oc], and for each\ € ]0, oc|, the functiont*: [0,1] —

[0, oc] is an additive generator of a continuous Archimedean t-norm which was denote@'there
Now we are able to show that the famil§’® ))Ae]o o[ IS strictly i mcreasmg with respect to the
parameten. Indeed, for\, i € ]0, oo[ the composite function’ o (t#)~1: [0,¢(0)*] — [0, o0]

is given by
A

o (t) 7 (2) = o¥,
and it is concave whenever < 1, showing that7™), 4 [ is a strictly increasing family of
t-norms. Consequently, the families of Yager t-norms [41], of Aczél-Alsina t-norms [3], and of
Dombi t-norms [12] are strictly increasing families of t-norms.

A nontrivial problem was the monotonicity of the family of Frank t-nor(ﬁl§F)A€[O’oo] [13].
A first proof thereof appeared in [7, Proposition 1.12]. In the following we give a simpler proof
[23] based on Corollary 4.2(iii) (see also [24, Proposition 6.8]).

Proposition 4.4 The family(TAF)Ae[Ojoo] of Frank t-norms is strictly decreasing.

Proof: Recall thatT}F = Ty, TF = Tp, whose additive generataf is given by} (z) =
—logz, andTY¥ = Ti, whose additive generatef, is given bytE () = 1 — 2. For each

A €10, 1[U]1, oo[, T¥ is a strict t-norm, and its additive generatBiis given bytf (z) = log $=4

Trivially we haveT¥ = Typ > T¥ for all A € ]0, co]. From

(tOFO)’(m) _ {x if A =1,

Aﬁ’];g& if A\ e]0,1[U]1, 00,

it follows that for each\ € |0, oo[ the functlon((tF)) is non-decreasing, implyingX, < 7T and,

sinceTX, is nilpotent andl} is strict, everilf < T¥F.

Now let us show thal} < T} wheneverl < A < u < co. Observe that for all: € ]0, 1] we
get

(tf:)’(x) A\ —Dlogpu  logp 1-(3)°
F T oyx(,T - — 1\%-
(t3) A?(p® —1)log A logA 1 (u>
g;ggj i ,1[if and only if

A

(1= ())(5) Togx < (1= (3)") ;)" log 3,
i.e., if and only if we have the inequality

(1)7105% _ 1 (
( ) logi_l—(

) (4.1)

i

T ==
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1 & 1

Figure 2: Contour plot of the strict t-norffi (left) considered in Example 4.5 together with the
incomparable opposite diagonal section§'adndTp (right)

Consider now the functiong, g: ]0,1[ — [0, co[ which are defined by (z) =1 — (5)" and

g(z)=1- (i)x Then, by the Cauchy Mean Value Theorem, for each |0, 1] there exists a
y € ]0, z[ such that

Ylog} _ (1)7los
)ylogi (%)xlogi

—_
|
—~
T = [>=
~—
8
Q
—
8
~—
|
Q
—
=)
~—
Q\
—~~
<
~—
—~
T[>

F\/
This proves inequality (4.1) and, consequently, the func%jp;a is non-decreasing, i.éT,f < Tf
A
and, because df; # T}, evenT; < Ty in this case. Similarly we can shofif’ < T} for all
A €11, 00[.

The casé < A < p < 1 can be transformed intb < i < % < oo, and the casé < )\ <
1 < u < oo is proved combining the two latter cases. O

The comparison of arbitrary continuous t-norms is much more complicated, and it is fully
described in [23] (see also [24, Theorem 6.12]).

When comparing t-norms it is evident that the incomparability of their diagonal sections im-
plies the incomparability of the t-norms themselves. The converse, however, is not true in general,
not even in the case of continuous Archimedean t-norms.

Example 4.5 Consider the functiort: [0,1] — [0, c0] defined by (the index. may be any
number inZ)

0 if =0,
1 .
0 if x =1,

thent is an additive generator of some strict t-nofim A simple computation shows that the
diagonal sections df’ andTp coincide, but the opposite diagonal sectiahs dr, : [0,1] —
[0,1] given bydr(z) = T(x,1 —z) anddry, () = Tp(z, 1 — ) are incomparable (see Figure 2).

This shows that different continuous t-norms may have identical diagonal sections. Note that
there are methods to describe all continuous t-norms having a given diagonal section [21, 24,
30]. Here we only mention one of these methods applied to strict t-norms [21, 30] (see also [24,
Proposition 7.11]:
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Proposition 4.6 Let§: [0,1] — [0, 1] be a strictly increasing bijection such thatz, z) < =
for all z € ]0,1[. Then a continuous t-norffi has diagonal section if and only if 7" is strict and
the functiont: [0, 1] — [0, oo] given by

00 if x =0,
t(x) =20 f(6CM(x)) if x € 6D (0.5),60(0.5)]
0 ifzx=1,

is an additive generator df', wheref: [§(0.5),0.5] — [1,2] is a strictly decreasing bijection,
§©) = idjg), 60 = § 0 6("~1) wheneven € N, andé™ = (5")) ! whenever-n € N,

As a consequence of Proposition 4.6, two different strict t-norms with the same diagonal sec-
tion are necessarily incomparable, compare also Example 4.5 (the same result holds for arbitrary
continuous t-norms).

Additive generators characterize also analytical properties of the continuous Archimedean t-
norms. For instance, a continuous Archimedean t-nortrLigpschitz if and only if it has a convex
additive generator [32, 38].

Also, convergence properties can be expressed by means of additive generators [19] (see also
[24, Corollary 8.21]).

Proposition 4.7 Let (T,,),en be a sequence of continuous Archimedean t-norms arifl ket a
continuous Archimedean t-norm. Then the following are equivalent:

() lim T, =T.

(i) There exists a sequence of additive generattys [0, 1] — [0, o0])nen Of (T,)nen Such
that the restriction

(Jim )0,y

coincides with the restriction of some additive generatdf'ad |0, 1].

Note that, whenever in Proposition 4.7 the limit t-ndfiis strict, thenlim t,, is an additive
n—oo
generator off".

For example, for each > 1 the functiont,,: [0, 1] — [0, co] given by

n—1

_ 2
tn(®) = gty 108 vt

is an additive generator of the (strict) Frank t-nofth [13]. Then for allz € ]0,1] we have
lim t,(x) = 1 — z, i.e., the sequenc@nho,”)ml converges to the restriction of an additive

generator of the Lukasiewicz t-norffi, to |0, 1]. Therefore, the sequenc¢gY),,~1 converges to
TL(=TE).

Finally we mention that the continuous Archimedean t-norms form a dense subclass of the
class of all continuous t-norms (with respect to the uniform topology), i.e., each continuous t-
norm can be approximated by some continuous Archimedean t-norm with arbitrary precision [20,
24, 33]. More precisely we have:
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Theorem 4.8 LetT" be a continuous t-norm. Then for each> 0 there is a strict t-norn¥; and
a nilpotent t-normil; such that for all(z, y) € [0, 1]

T(z,y) — Ti(z,y)| <€,
T(2,y) — Ta(x,y)| <e.
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