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Motivation

Fuzzy relations and operations on fuzzy relations are the
key to the thorough understanding of fuzzy inference.
Thelir study, therefore, is indispensable.

We start with a short overview of classical relations in or-
der to understand the background.
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Classical Relations

Let X and Y be non-empty sets. A subset R of the Carte-
sian product X x Y Is called a relation from X to Y. If

(z,y) € R, for some pair (x,y), we say that = Is R-related
o y.

If X =VY,ie Risasubsetof X x X = X2, we say that R
IS a binary relation on X.

If, for any z € X, there is exactly one y € Y such that
(z,y) € R, we call R a function from X to Y.
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Example 1: “Owning Cars”

X = {Alice, Bob, Christine, Daniel, Eva, Martin, Sylvia, Thomas}
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Y = {BMW 3, Chrysler Voyager, Ford Focus, Mazda 6, Mercedes C, Opel Vectra, Toyota Corolla,
Volvo V40, VW Passat }
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Example 2: “Having a Relationship”

X =Y = {Alice, Bob, Christine, Daniel, Eva, Martin, Sylvia, Thomas }

o %)

5 © c © ©
8lal2|s|e|5l2]s

S |a|0o|lo|la|l=|a|F

Alice O] 0|1 0]0O0O|0]|O0 0 1
Bob O] O0O|l0O0]0O0O|l0]O 0 0]
Christine | O 0] 0 1 0 1 0 0]
Daniel 0] 0] 1 0] 0 0] 0 O
Eva O] 0O0O|10]0O0O|0]|O 0] 0]
Martin 0] 0] 1 0] 0] 0 1 O
Sylvia O] O]l 0] 0O 1 0] 0]
Thomas 1 0] 0 0] 0 0 0 O
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Example 3: “Close To”
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X=Y=1{1,.
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Example 4: “Equality”

X=Y=1{1,.

77

Fuzzy Logic |



T
L

.
< JOHANNES KEPLER
UNIVERSITAT LINZ

rrrrrrrrrrrrrrrrrrrr , Lehre und Praxis

Set Operations on Relations

Let R and @ be relations from X to Y.

Intersection RN Q: xis RN Q-related to y If z Is R-related to
y and x I1s ()-related to y

Union RUQ: xis RU Q-related to y if x Is R-related to y or x
IS Q-related to y

Complement CR: x is CR-related to y if = is not R-related to y

Inclusion: wesay R C Q if (z,y) € R always implies (x,vy) €
Q

Inversion: If R is a binary relation on X, the inverse Is defined
as
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Composition of Relations

Let R be arelation from X to Y and Q be a relation from Y
to Z. The composition R o Q@ is defined as a relation from
X to Z in the following way:

RoQ = {(x,2) | there is a y € Y such that
(z,y) € Rand (y,z) € Q}
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Example

X ={a,b,c}, Y ={rs,t,u}, Z ={x,y}

Q|lx |y

R|r|s|t|u
r | 0O]0

a | 1]10]1]0
s |10

b 11111010
t |11

c 100|001
u |01

Ro(@Q =7
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Properties of Binary Relations

Reflexivity: (xz,z) € Rforall z € X

Irreflexivity:  (x,xz) ¢ Rforall z € X

Symmetry: If (z,y) € Rthen (y,z) €¢ Rforall z,y € X
Asymmetry: If (x,y) € Rthen (y,z) € Rforall z,y € X

Antisymmetry: If (x,y) € Rand (y,xz) € Rthenz =y
forall z,y € X

Transitivity: If (z,y) € Rand (y,z) € Rthen (z,2) € R
forall z,y,z € X

Combletenec<s: forall » w2 X (+» Y Ror (. ») c R s



Example 3: “Close To’

X=Y=1{1,...,8}

Which properties does t

Fuzzy Logic |

1 2 3 4 5 6 7 38

1 1 1 O] 0|0l O0O]0O0]O0
2 1 1 1 010 O]l 010
310 1 1 1 O] 0| 0|O
4 | O] O 1 1 1 O]l 01O
5101010 1 1 1 OO
6 O]l 0] 0O 1 1 1 O
710000 |O 1 1 1
810|100} O0]O0 0] 1 1
n1s relation fulfill?
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Example 4: “Equality”

X=Y=1{1,...,8}

Which properties does t
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1 2 3 4 5 6 7 38

1 1 O|]O0O|l]O0OlO]O0O]|0O0Y}(O0
2 0] 1 O]l 01O O]l 010
31010 1 O[O0O[O0O}|O0O0]|O
4 | Ol 010 1 0 O] 010
51010100 1 O[O0 |O
6 O]l 0|0} O0O0]O0 1 010
710000 O0|O 1 0
810100 ]|]0]O0 OO0 1
n1s relation fulfill?
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Example 5: “At most as large as”

X=Y=1{1,...,8}

Which properties does t
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1 2 3 4 5 6 7 38

1 1 1 1 1 1 1 1 1
2 0] 1 1 1 1 1 1 1
3 0] 0] 1 1 1 1 1 1
4 0] 0 0] 1 1 1 1 1
5 0] 0] 0] 0] 1 1 1 1
6 O]l 0|0} O0O0]O0 1 1 1
710000 O0]|O 1 1
810100 ]|]0]O0 OO0 1
n1s relation fulfill?
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Example 5: “Much smaller than”

X=Y=1{1,...,8}

Which properties does t

Fuzzy Logic |

1 2 3 4 5 6 7 38

1 0] 0] 0] 0] 1 1 1 1
2 O]l 0]0O0Of[O0O0]O0 1 1 1
310000100 1 1
4 | Ol 0|0 O0O0]|O0 OO0 1
510010101001 0]O0
6 O|]O0O|O0O|O0O0|O0O O]l 010
7100 O0O|O0O|0O0|0O0|0O0]O0
810100 ]|]0]O0 O] 010
n1s relation fulfill?
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Special Types of Binary Relations

Preordering:
reflexive and transitive

Weak Ordering:
reflexive, transitive, and complete

Equivalence Relation:
reflexive, symmetric, and transitive

Ordering:
reflexive, antisymmetric, and transitive

Linear Ordering:
reflexive, antisymmetric, transitive, and complete

Strict Orderlng

Fuzzy Logic |
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Some Basic Results

= Ristransitive ifandonlyif RoRC R
» RU{(x,x) | x € X} Is reflexive

» RNC{(z,z) | z € X} is irreflexive

» RN R~ and RU R~ are symmetric

» RN CR1 is asymmetric

= RUCR1 is complete

Fuzzy Logic | 87
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Fuzzy Relations

Let X and Y be non-empty sets. A fuzzy subset R of the
Cartesian product X x Y iIs called a fuzzy relation from X
toY. For (z,y) € R, for some pair (z,y), up(x,y) Is the
degree to which z Is R-related to y.

If X =Y, i.e. Risafuzzy subset of X x X = X2, we say
that R Is a binary fuzzy relation on X.

Fuzzy Logic | 88



E.,”,‘
= JOHANNES KEPLER
UNIVERSITAT LINZ

rrrrrrrrrrrrrrrrrrrr , Lehre und Praxis

Set Operations on Fuzzy Relations

Let R and Q be fuzzy relations from X to Y and let (7,5, N)
be a De Morgan triple.

T-Intersection RNy Q: prnp(z,y) = T(ur(x,y), po(z,y))
S-Union RUs Q: prugs(z,y) = S(ur(x,y), po(z, y))
N-Complement CyR: MGNR(%?J) = N(MR(CB,y))

Inclusion: we say R C Q if and only if ur(z,y) < po(x,y)
forall (x,y) € X xY

Inversion:  p,-1(z,y) = pr(y, )

Fuzzy Logic | 89



Example 6: “Likes”

X =Y = {Alice, Bob, Christine, Daniel, Eva, Martin, Sylvia, Thomas }
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g | - 2

8| g | 22| 5|25

< o0 O (@] Ll = n (o

Alice 1.0 00|00 |03]05|01]00] 10
Bob co|10 | 00| 00| 00| 1.0 | 0.0 | 0.0
Christine | 0.5 | 0.3 | 1.0 | 1.0 | 0.0 | 1.0 | O.7 | 0.3
Daniel 0302|1010 )] 05| 00| 02] 0.5
Eva 00| 00| O0O)| 00| O00|O00] 00|00
Martin 0808|1009 04)| 09| 10 0.6
Sylvia 0203|0505 |04 |10])] 09|00
Thomas 1.0 00| 00| 00| 00| 00] 00] 0O
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Composition of Relations

Let R be a fuzzy relation from X to Y and @Q be a fuzzy
relation from Y to Z. The T-composition R ot Q Is defined
as a fuzzy relation from X to Z in the following way:

tror (@, y) = sup{T (ur(z,y), no(y,2)) |y € Y}

Fuzzy Logic | 91
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Example

X = {CL,b, C}’ Y = {r,s,t,u}, Z = {x,y}

Fuzzy Logic |

L Yy
T S t U

0.3 0.4
1.0 0.2109]0.2

1.0 0.6
0.8|11.0 0.0 0.2

0.9 0.8
0.0 0.3]0.2 0.9

0.3 1.0

ROTMQ:? ROTLQ:?
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Properties of Binary Fuzzy Relations

Reflexivity: pgr(x,x) = 1forallz € X

Irreflexivity:  pugr(x,z) =O0forallz € X

Symmetry: ur(z,y) = pur(y,x) forall x,y € X
T-Asymmetry: T (ur(x,y),ur(y,z)) =0forallz,y € X

T-Transitivity: T(ugr(x,vy), ur(y,z)) < ur(x,z) for all
T,Y,z € X

S-Completeness: S(ugr(x,y), ur(y,z)) =1forall z,y € X

Strong Completeness: max(ugr(xz,y), ur(y,z)) = 1 for all
T,y € X

Fuzzy Logic | 03



Example 4: “Similarity”

X=Y=1{1,...,8}

Which properties does this relation fulfi
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1 2 3 4 5 6 4 3
111005 00| 00| 00| 00]| 00| 0.0
21051100500 00| 00| 00]|{O0.0
31001051005 |00]|00]|00]| 0.0
410000051005 ]00])] 00| 0.0
510000 00|05]|10] 05| 00] 0.0
6100|0000 00)|05|10]|05]|0.0
7|1 00| 00|00 0O0O)| 00|05 ]| 10]0.5
810000000000 |00(|05]|10

7
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Some Basic Results

Let (T, S, N) be a De Morgan triple and let E denote the clas-
sical equality.

» RisT-transitive ifandonly if Ropr R C R
» R Ug F is reflexive

» RNy CyE is irreflexive

= RNy R~! and R Ug R~ are symmetric

» RNy CxyR~1 is T-asymmetric if T'(z, N(z)) = 0 holds
(first law of excluded middle)

» RUgCnyR1is strongly complete if S(x, N(z)) = 1 holds
ruzzy Lofsecond law of excluded middle) 05
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Special Types of Binary Fuzzy Relations

T-Preordering:
reflexive and T-transitive

Weak T-Ordering:
reflexive, T-transitive, and strongly complete

T-Equivalence Relation:
reflexive, symmetric, and T-transitive

Strict T-Ordering:
irreflexive, T-asymmetric, and T'-transitive

Fuzzy Logic | 96



1T
e

)

LIE

=i JOHANNES KEPLER
UNIVERSITAT LINZ

rrrrrrrrrrrrrrrrrrrr , Lehre und Praxis

Other Classes: Fuzzy Orderings

Given a t-norm 1" and a T-equivalence E on a non-empty do-
main X, a fuzzy relation L on X Is called T-FE-ordering if and
only If it is T'-transitive and has the following two properties for
all x,y,z € X:

E-Reflexivity:  upup(x,y) < pr(z,y)
T'E'Antisymmetry: T(ML(xa y)a /LL(?% QZ‘)) S /LE(aja y)

Fuzzy Logic | 97
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Other Classes: Resemblance Relations

Given a distance measure d : X? — IR{(;L on a non-empty do-
main X, a fuzzy relation R on X is called d-resemblance re-
lation if and only if it is reflexive and symmetric and has the
following property for all =z, y,r, s € X:

Compatibility: d(xz,y) < d(r,s) implies ug(x,y) > ur(r,s)

Fuzzy Logic | 08
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Images and Preimages of Functions

Let f : X — Y be afunction and A be a subset of X. Then
the image of A w.r.t. f is defined as follows:

f(A)={yeY | thereisanz € Asuchthaty = f(x)}

Let B be a subset of Y. Then the preimage of Y w.r.t. fIs
defined as

f71(B) ={z € X | thereisay € B such thaty = f(z)}.

Fuzzy Logic | 99
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Images and Preimages of Relations

Let R be a relation from X to Y and A be a subset of X.
Then the image of A w.r.t. R is defined as follows:

R(A) ={y €Y | thereisan x € A suchthat (z,y) € R}

Let B be a subset of Y. Then the preimage of Y w.r.t. RIs
defined as

R~ Y(B) = {z € X | thereis ay € B such that (z,y) € R}.

Fuzzy Logic | 100
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Example

X ={a,b,c}, Y ={rs,t,u}, A= {a,b}, B={r}

S
oO|lr |
o|lr | O
o|lo |
—~ | o | o

R(A)=? R YB) =7

Fuzzy Logic | 101
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General Method to Compute R(A)

Suppose that R is a relation from X to Y and that A is a subset
of X.

1. Cylindric Extension: Define a dummy relation R’ from X
toY as

R = {(z,y) |z € A},
2. Intersect: Compute an intermediate relation R = RN R/;

3. Project R” onto Y: Define a set B as
B ={y €Y | thereisanx € X suchthat (z,y) € R"};

The set B is then exactly R(A).

Fuzzy Logic | 102
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General Method to Compute R~1(B)

Suppose that R is a relation from X to Y and that B is a subset
of Y.

1. Cylindric Extension: Define a dummy relation R’ from X
toY as

R = {(z,y) | y € B};
2. Intersect: Compute an intermediate relation R = RN R/;

3. Project R” onto X: Define a set A as
A={x e X | thereisay € Y suchthat (z,y) € R"};

The set A is then exactly R—1(B).

Fuzzy Logic | 103
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R(A) =7

...,8}, A= {4,577}

Example
X =Y ={1,
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Step 1: Cylindric Extension R’

A=1{4,5T7}

X

V(NP W[IN]|+
OOl Rr|H[O|O|O|K
O|lr|O|r|mr|[O|O|O|N
OoO|lr|O|Rr|Rr|[O|O|O|W
O|lr|Ofr|—r|O|lO|lO| >
O|Rr|O|Rr|Rr|O|O|O|0O
ORI O|Rr|FR[O[O|O|O
O|rRr|O|+r|rRr|[O|OC[O]| N
O|lr|O[Rr|Rr|[O|O|O| 0
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Step 2: Intersection R”
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Step 3: Projection of R" onto Y

/!

=y

|IN|O[OO|[PITWIN|F
O|lO0|O0O|O0|O0|O|O|O|H+
O|O|OC(|O(|O|O|O|O|N
O[Ol O|O|OC|O|O|W
O|O|OC|O|(r|O|O|O| P+
O|lO|O|—r|[HRH|O|O|OlO
OOl O|Rr|H|O|O|O|O
ORI O|Rr[RLR|IO|IO|O]|N
O|lRr|O[rRr|Rr|[O|O|O|

R(A) ={4,5,6,7,8}
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Images and Preimages of Fuzzy Relations

Let R be a fuzzy relation from X to Y and A be a fuzzy
subset of X. Then the T-image of A w.r.t. R is defined as

follows:
trpa) (W) = sup{T(pa(z), pr(z,y)) | z € X}

Let B be a fuzzy subset of Y. Then the T-preimage of Y
w.r.t. R iIs defined as

tp1 gy () = sUP{T (ur(z,y), kp(y)) [y € Y}

Fuzzy Logic | 108
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General Method to Compute Rr(A)

Suppose that R is a fuzzy relation from X to Y and that Ais a
fuzzy set on X.

1. Cylindric Extension: Define a dummy relation R’ from X
toY as

pr(x,y) = pa(x),
2. Intersect. Compute intermediate relation R” = R Ny R/;

3. Project R” onto Y. Define a fuzzy set B as

np(y) = sup{ppi(z,y) |z € X}

The set B is then exactly Rr(A).

Fuzzy Logic | 109
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General Method to Compute R.' (B)

Suppose that R is a fuzzy relation from X to Y and that B is a
fuzzy seton Y.

1. Cylindric Extension: Define a dummy relation R’ from X
toY as

pr (T, y) = p(y);
2. Intersect. Compute intermediate relation R” = R Ny R/;

3. Project R” onto X: Define a fuzzy set A as

pa(z) = sup{ugr(z,y) |y €Y}

The set A is then exactly B! (B).

Fuzzy Logic | 110
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Example

X ={a,b,c}, Y ={r,s,t,u}

y | uB(y)
R| r S t U T | pa(x)

r 0.0
a | 1.0]02]09)|0.2 a 1.0

S 0.3
b |0.8]1.0/0.0]0.2 bl 04

t 0.7
c 10.0]03]0.2|0.9 c 0.0

U 0.1

Ry, (A) =7 _Eﬁ(B)z?

Fuzzy Logic | 111
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X=Y={1,...,8}
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pa ()

0.0

0.4

1.0

0.5

0.0

0.0

0.0
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R 1 2 3 4 5 6 4 8

1 /0000000510 |10]|10] 10
2100|0000 |]00O0O}05]10]10| 10
3 /00|00 0O} 0O0|00O0|05|10]10
4 00| 00|00 |00]|00O0|00]05]|10
51 00|00| 00| 00| 00| 00| 0.0] 0.5
6| 00| 00| 00| 00| 00]|O00] 00| 0O
7 | 00| 0O| 0O0O| 00| 0O00O0]|O0OO0]|O0O0O]|O0.O
8| 00| 00| 00| 00| 00]|O00] 00| 0O

RTM (A) =7

OIN|O[O|PH|W[IN|H]]8

0.0
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Step 1: Cylindric Extension R’

pa(z)
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0.0

0.4

1.0

0.5

0.0

0.0

0.0

VIN|O[O|P|W[IN|H]]S8

0.0

R | 1 2 3 4 5 6 7 8
1 [00|00|00|00]| 00| 00]|00]|DO0.0
2 | 0404|0404 04|04|04]| 04
3 |10|10|10]10|10]| 10| 10| 1.0
4 |05|05|05|05|05|05|05]|05
5 | 00| 00| 00|00|00]|00]|0.0]0.0
6 | 00| 00| 00|00|00]|00]|00] 0.0
7 | 00]00]00|00|00]|00]|00]00
8 | 00| 00| 00|00|00]|00]|0.0]00
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Step 2: Intersection R = R Ng, R

Fuzzy Logic |

/!

R 1 2 3 4 5 §) 7 3

1 00| 00| 0O| 00| 00| 00| 00]O0.0
2 0.0 00| 0O|0O0O| 04|04 |04 )04
3 00| 00| 0O0O|0O0O|00O0|05|10] 10
4 0.0 | 0O | 0.0 | 0.0 | OO | 0.0 | 0.5 ] 0.5
5 00| 00| 0O 00| 00| 00| 00]O0.0
S 0.0 | 0O | 0O | 0O | OO | 00| 0.0 ]| 0.0
7 00| 00| 0O| 00| 00| 00| 00] 0.0
8 0.0 | 0O | 0.O | 0O | OO | 00| 0.0 ]| 0.0
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Step 3: Projection of R" onto Y

R 1 2 3 4 5 6 7 3 v MRTM (4) (@)
1 0.0 | 0O 0.O| 0O0O| 00| 00| 00|00 1 0.0
2 00 | 0.O| 0O O.O| 04| 04|04 ]| 04 5 0.0
3 00| 0Ol O0O|OO|OO|0O5]|]10] 10 3 0.0
4 00| 0.O| 0O|] 0.O| 0O|] 0.O| 05| 05 4 0.0
5 0.0 | 0O 0O| 0O| 00| 00| 00|00 5 0.4
6 0.0 | 0.O| 0O| 00| 00| O00]|00]O00 6 05
7 0.0 | 0O 0O| 0O0O|0O00O| 00| 00|00 Z 1.0
8 0.0 | 0O | 0O|0O| 00| O00]|00]O00 3 1.0
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Graphical Representation of Rr(A)
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Example with Infinite X

X =R
pe(x,y) = max(1l — |z —yl,0)

If x <y
,UL(CB, y) — _
max(1l —x + y,0) otherwise

E Is a T -equivalence; L Is a T} - E-ordering;
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Graphical Representation of £ and L
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Example: Fuzzy Set A

0.8
0.6!
0.4
0.2/
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Example: E7, (A)
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Example: Ly, (A)
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Example: L;Ll(A)
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