Logics for approximate entailment
in ordered universes of discourse

Thomas Vetterlein', Francesc Esteva?, Lluis Godo?

1 Johannes Kepler University Linz, Altenberger Straflie 69, 4040 Linz, Austria;
Thomas.Vetterlein@jku.at
2 IIIA - CSIC, Campus of the UAB s/n, 08193 Bellaterra, Spain;
{esteva,godo}@iiia.csic.es

Abstract

The Logic of Approximate Entailment (LAE) is a graded counterpart of clas-
sical propositional calculus, where conclusions can be drawn that are only ap-
proximately correct. This is achieved by equipping the underlying set of possible
worlds with a similarity relation. When using this logic in applications, however,
a disadvantage must be accepted; namely, in LAE it is not possible to combine
conclusions in a conjunctive way. In order to overcome this drawback, we propose
in this paper a modification of LAE where, at the semantic level, the underlying
set of worlds is also endowed with an order structure. The chosen framework is
designed in view of possible applications.

1 Introduction

In his seminal work on similarity-based reasoning [19], E. Ruspini proposes the inter-
pretation of fuzzy sets in terms of (crisp) sets and fuzzy similarity relations. To this
end, he builds up a framework for approximate inference that is based on the mutual
similarity of the propositions involved. Following these lines, a number of approaches
have dealt with similarity-based reasoning from a logical perspective [8, 9, 10, 12]. In
particular, in the PhD thesis of R. Rodriguez [18], the so-called Logic of Approximate
Entailment (LAE) is studied.

LAE is a propositional logic and propositions are interpreted, as in classical logic, by
subsets of a fixed set, called the set of worlds. Propositions can be logically combined
like in classical propositional logic and the Boolean connectives are interpreted by
the corresponding set-theoretic operations as usual. However, it is in addition assumed
that the set of worlds is endowed with a fuzzy similarity relation, which associates with
each pair of two worlds their degree of resemblance. The basic semantic structures are
hence fuzzy similarity spaces, which consist of a set of worlds and a fuzzy similarity
relation, and the core syntactic objects of LAE are implications between propositions
endowed with a degree. The intended meaning of a statement of the form « >, [ is



that /3 is an approximate consequence of « to the degree ¢, where c is a real number
between 0 and 1. If ¢ = 1, the implication is defined to hold under the same condition
as in classical propositional logic: at any world at which « holds, also 5 must hold. If
c < 1, however, the statement is weaker, namely, we do not require in this case that if «
holds at a world w, also 3 holds at w, we only require that there is a further world w’ at
which /3 holds and whose similarity with w is at least c. See Figure 1 for an illustration.

(>
Figure 1: The graded entailment in LAE. Let A and B be the sets of worlds
at which « and 8 hold, respectively. Then o >. ( means that A is in the c-

neighbourhood of B. Note that ¢ varies between 0 and 1 and a smaller value of
¢ corresponds to a greater distance.

Logics dealing with statements that are interpreted in metric spaces have been studied
also from different points of view. Logics for spaces endowed with a metric or a more
general distance function have been considered in a series of contributions; see, e.g.,
[14, 15]. Furthermore, logics on comparative similarity have been studied; see, e.g.,
[1, 2]. It is also worth mentioning that there are also some connections with graded or
fuzzy consequence relations as studied by Pavelka [17, 16], Chakraborty [5, 6] or Gerla
[11] among others in the context of many-valued logics, since indeed, graded implica-
tions o >, (3 capture, at a syntactic (meta-)level, the idea of 3 being a consequence of
« to the degree c. However, in the present context, o and /3 are classical propositions,
not many-valued ones.

The starting point for the present paper is the aforementioned logic LAE. Although the
concept underlying this logic is appealing, a disadvantage must be accepted. Deploy-
ing LAE in applications is difficult for a simple reason: in LAE we cannot combine
conclusions in a conjunctive way. Assume that we have o >.  and o >4 7y, where
0 < ¢,d < 1. Then we can not in general derive in LAE a statement of the form
a >, [ A~y for some non-zero e. This feature of LAE is a straightforward consequence
of the chosen semantic framework: if o implies that we are close to a situation in which
B holds and moreover close to a situation in which « holds, we cannot conclude that
we are actually close to a situation in which both £ and = hold. In other words, for
any sets of worlds A, B and C, if A is in the c-neighbourhood of B as well as in the
d-neighbourhood of C, we cannot make any prediction about the value e such that A is
in the e-neighbourhood of B N C'. Refer to Figure 2 for an illustration. In the extreme
case, § and y can even be contradictory. In such a case the sets at which /3 or «y holds,
respectively, have an empty intersection and the e-neighbourhood of the empty set is
empty for any e.

The lack of a rule that combines conclusions in a conjunctive way may be found re-
strictive in applications. Let us consider the following example; let the symbols «, 3,
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Figure 2: The conjunction in LAE. If A is in the c-neighbourhood of B as well
as in the d-neighbourhood of C, we cannot make any prediction about the value
e such that A is in the e-neighbourhood of B N C.

v denote the following properties of a car:

a “power(car) = 110 CV”
B “price(car) > 20 000 €”
v “consumption(car) > 6 1/100km”

Assume that our domain knowledge tells us that powerful cars are expensive to some
extent and at the same time they have a high consumption. These facts could be re-
flected by a theory containing the graded implications

a > ﬁv Q>4 7, (1)

where c and d are some appropriate non-zero degrees. It then seems natural to be able
to derive o >, 3 A ~y for some positive degree e.

This situation is certainly not appropriately reflected by Figure 2. The crucial differ-
ence is the independence of the properties /3, v occurring in the conclusions. Price and
consumption, respectively, can in fact be assumed as not being interrelated. Conse-
quently, a model can be based on a set of worlds consisting of all pairs of possible
prices and possible consumptions. Property «, the power of the car, is in turn assumed
to have an influence on the other two. To reflect this influence, « is to be identified with
all those pairs of a price and a consumption that are not in contradiction with it. As-
suming, for instance, that a power of 110 CV implies a price range between 15 000 €
and 30 000 € as well as a petrol consumption between 5 1/100km and 9 1/100km, our
model would be the one indicated in Figure 3. Finally, a similarity between worlds
can be computed as an aggregation of the similarities with regard to 8 and +, like for
instance their minimum. Under these assumption, we are able to derive from (1) the
implication & >pin(a,p) B A Y-

We discuss in this paper extensions of LAE that are tailored to a scenario of this kind.
We shall consider two logics. As a first step, we define the logic LAEC corresponding
to the particular semantics where the sets of worlds in the similarity spaces are totally
ordered. We show that in this case the approximate graded implication >. allows,
under a natural condition, the conjunctive combination of conclusions.

In a second step, we consider the many-sorted logic LAEPC whose semantics is based
on similarity spaces which are Cartesian products of totally ordered ones (i.e. where
the set of worlds is a Cartesian product of chains and the similarity over the product
space is defined as the minimum of similarities over the components). In this logic,
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Figure 3: The conjunction of independent properties, modelled by B and C. If
a set A is in the c-neighbourhood of B and in the d-neighbourhood of C, then
A is also in the e-neighbourhood of B N C, where e is calculated from ¢ and d
according to some aggregation function.

components in the product spaces correspond to different sorts in the logic, and con-
junctive combination of conclusions are supported whenever, roughly speaking, they
are of a different sort.

The paper is organised as follows. After this introduction we review in Section 2 the
basic definitions and results of the logic LAE. In Section 3 we present the logic LAEC
for totally ordered similarity spaces, while in Section 4 we introduce the more general
logic LAEPC, which can cope with products of totally ordered similarity spaces. The
final Section 5 contains some conclusions and additional remarks.

2 The Logic of Approximate entailment

The Logic of Approximate entailment LAE is a propositional logic where propositions
are interpreted by subsets of a fixed set, called the set of worlds. Propositions may
be logically combined like in classical propositional logic; the Boolean connectives
are interpreted by the set-theoretic operations. We will, in addition, assume that the
set of worlds is endowed with a similarity relation. The core syntactic objects are
implications between propositions, endowed with a degree. The intended meaning
of a statement of the form o >. [ is that a implies 5 to the degree ¢, i.e., 5 is an
approximate consequence of « to the degree c, where c is a real number between 0 and
1. If ¢ = 1, the implication is defined to hold under the same condition as in classical
propositional logic: at any world at which « holds, also 8 must hold. If ¢ < 1, however,
the statement is weaker, namely, we do not require in this case that if o holds at a world
w, also (3 holds at w, we only require that there is a further world w’ at which 8 holds
and whose similarity with w is at least c.

Formally, we specify LAE as follows. We proceed largely in accordance with [10], to
which we refer for further details. The original account is, however, due to [18]; see
also [12]. A further, recent approach to the axiomatisation of LAE is contained in [21].

We start with a finite number ¢, ..., @y of variables. The number N > 1 can be
chosen arbitrarily, but will be fixed. The basic expressions of LAE are built up from the



variables as well as the constants L, T by means of the binary operators A and V and
the unary operator —. We denote the set of basic expressions by B.

Furthermore, we choose a finite subset V' of the real unit interval containing 0 and 1.
The elements of V will be used as degrees of approximation. To express transitivity
of the approximate entailment relation, we need to endow V' with a binary operation
© fulfilling the following conditions: ® is associative; ® is commutative; 1 is neutral
w.rt. ©; and ® is monotone in both arguments. In other words, ® makes V into a
finite, integral, commutative totally ordered monoid. In the present context, ® is also
called a discrete t-norm [7]. We will assume that the pair (V, ®) is chosen arbitrarily,
but fixed throughout this paper.

A graded implication of LAE is a triple consisting of two basic expressions ¢ and v as
well as an element ¢ € V'; we write

© > Y.

LAE uses a two-level language and the graded implications represent its inner level.
At the outer level, we use the classical connectives to combine graded implications
into more complex expressions. That is, formulas of LAE are built up from graded
implications by means of the binary operators A and V and the unary operator —. The
additional (definable) connectives — and <> will have the usual meaning of CPL and
to avoid brackets, these connectives will be given lowest precedence.

We next specify the semantics of LAE.

Definition 2.1. Let W be a non-empty finite set. Let S: W2 — V be such that, for
any u,v,w € W, (i) S(u,v) = 1if and only if u = v; (i) S(u,v) = S(v,u); and (iii)
S(u,w) > S(u,v) ® S(v,w). Then we call (W, S) a finite similarity space based on
(V,0).

For some degree ¢ € V and a subset A of a finite similarity space (W, S), we put
Uc(A) = {w € W: thereis an a € A such that S(w, a) > c}.
Note that then U.(A) = U, ¢ 4 Uc({a}) and in particular U, () = 0.

Definition 2.2. An evaluation for LAE in a finite similarity space (W, .S) is a mapping
e: B — P(W) such that, for any p,¢ € B, e(p AY) = e(p) Ne(y), e(p V) =
e(p)Ue(y), e(~p) = W\ e(p), e(L) =0, ande(T) = W.

Moreover, the evaluation e in (W, S) is said to satisfy a graded implication ¢ >, 1),
written (W, S, e) = ¢ >c 9, if

e(p) € Uc(e(¥));

the satisfaction of the remaining formulas of LAE is defined in accordance with classi-
cal propositional logic.

Finally, a theory of LAE is a set of formulas. We say that a theory T semantically
entails a formula ®, written 7 |=_ ag P, if the following holds: for any finite similarity
space (W, .S) and any evaluation e in (W, S), if (W, S,e) = ¥ for all ¥ € T, then
(W, Se) |= @.



We have defined LAE on a semantic basis; we now turn to its axiomatisation. We will
need an additional syntactic concept. By a literal, we mean a variable or a negated
variable. A maximally elementary conjunction, or m.e.c. for short, is a conjunction of
literals in which each variable of LAE occurs exactly once. We note that these formulas
are also known in the literature as min-terms.

Definition 2.3. The following are axioms of LAE, for any ¢, 4, x € Band ¢,d € V:

(A1) @ > 9, where @, ¢ are such that ¢ — ) is a tautology of CPL
(A2) (p>19) = (p A > 1)

(A3) (¢ > ¥) = (¢ >a ¢), where d < c

(A4 =(¢p >1 L) = (¢ >0 ¥)

(AS) (p> L) = (p>1 1)

(A6) —(6 >1 L)YA(d >ce) — (e > 0), where § and € are m.e.c.’s
(A7) (> X)N W > x) = (VY > x)

(A8) (e > V) = (€ > @)V (e > ), where ¢ is am.e.c.

(A9) (Qp > 1/1) A (1/1 >d X) — (50 >eod X)

(A10) Given a tautology of CPL, the formula resulting from a uniform replacement
of the variables by graded implications of LAE is an axiom of LAE.

Finally, modus ponens is the only rule of LAE: for any formulas ¢, ¥

® U

(MP) T

A proof of a formula ® from a theory 7T is defined as usual. If it exists, we write
T Frag ©. A theory T is called consistent if T does not prove T >; L.

We have the following soundness and completeness theorem for LAE. We include a
proof that is just detailed enough to serve as a reference in the subsequent sections; for
full details, we refer to [10].

Theorem 2.4. Let T be a theory and ® be a formula of LAE. Then T i ag @ if and
only if T FLae ©.

Proof. The “only if” part follows from the soundness of the axioms (A1)—(A10), which
is easily checked.

To show the “if” part, assume that 7 does not prove ®. Extending 7 if necessary, we
can w.l.o.g. assume that 7 is complete, that is, 7 Fiagpc ¥ or 7 Fiagpc —V for each
formula .



For o, € B,let o < ¢ if T F ¢ > 1. Let = be the symmetrisation of <, that is,
let p = ¢ if ¢ < ¢ and Y < . By (Al) and (A2), =~ is an equivalence relation that
is compatible with A, V, and —. We denote the ~-class of some ¢ € B by (p)~. Let
L ={{p)~: ¢ € B}; then L, endowed with the induced operations A, V, - as well as
the constants (L), (T )~, is a Boolean algebra.

Note that £ is finite and the atoms are (£)~,, where € is a m.e.c. such that 7 ¥ ¢ > L.
Let W be the set of atoms of £, and for ¢ € B, let

e(p) = {{elx eW:rex 0} 2

Then e: B — P(W) is an evaluation for LAE.
For (0)~, (€)~ € W, we define

S((0)as (€)n) = max {c € V: T F§ > e} 3)
By (A6) and (A9), S is a similarity relation. Furthermore, we have, for any ¢, € B,

The>y iff e(p) CUce(y)). 4)

Indeed, the case that ¢ =~ 1 or v ~ 1 or ¢ = 0 is covered by (Al), (A4), and
(AS). Otherwise, we have by (A1), (A3), (A7), (A8), and the completeness of T that
ThEe>Yiff T+ VH@ 0 > \/€<w e, where ¢ and € are meant to refer to m.e.c.’s.
Now the latter holds iff for any é < ¢ there is an & < ¢ such that 7 + § >, ¢, and this
holds iff for any (§)~ € e((p) there is an (¢)~ € e(¢) such that S({§)~, (€)x) = ¢,
and finally this holds iff e(y) C U.(e(¢))).

It follows that e satisfies all elements of T, but not ®. That is, 7 does not semantically
entail P. O

3 Approximate Entailment on a Chain

The Logic of Approximate Entailment LAE, which we have defined in the previous
section, might be appealing because of its transparency and simplicity. However, we
should admit that the practical usability of LAE is limited. Roughly speaking, we may
observe that LAE is well-behaved as regards the logical disjunction, but poorly behaved
as regards the logical conjunction. In LAE, like in classical propositional logic, we can
in fact derive from ¢ >, x and ¢ >, x that ¢ V ¢ >, x, and vice versa. In contrast,
assume that we have ¢ >. x and ¢ >. v, a probably even more common situation. In
general, there is no way to derive in LAE from these statements alone that ¢ >4 x A ¢
such that d > 0. The only exception is the case ¢ = 1, which allows classical reasoning.

To respond to this weakness, we consider in this subsection a more special framework.
We assume that we proceed in accordance with typical applications. In fact, configura-
tions are often described by parameters and distinctions are often made by the reference
to a totally ordered structure. In this paper, we consider two variants of LAE that are
based on exactly this assumption.



In our first step, which is the topic of this section, we will assume that our set of worlds
is equipped with a total order, so they form a chain. We will extend our language so as
to be able to refer to the total order. In a subsequent step, discussed in Section 4, we
will go further and work with a direct product of chains.

In order to be able to refer to a total order, we will use two modal operators, denoted by
O~ and ¢ Disregarding the similarity relation, our new calculus is closely related to
the modal logic S4.3; see, e.g., [13]. Our notation is chosen accordingly; the particular
symbol <>g is borrowed from [4]. S4.3 can be viewed as the logic of total orders and a
proposition oS  is interpreted by the set of all those worlds that are smaller than some
world at which ¢ holds. This is exactly the way we will interpret ¢%; in addition, we
add the operator ¢”, which will be interpreted in a dual way.

Let us now formally specify the Logic for Approximate Entailment on a Chain, or
LAEC for short. We fix again a finite number of variables ¢1,...,pn. The basic
expressions of LAEC are again built up from the variables by means of the Boolean
connectives and constants L, T; this time, however, the two unary operators Og and <>2
are available as well. We denote the set of basic expressions again by B. From B, we
define the remaining syntactic constituents similarly to the case of LAE.

A basic expression of the form o por Oggo for some ¢ € B will in the sequel be called
a diamond expression.

On the semantic side, our basic models will include a total order.

Definition 3.1. We call a triple (W, .S, <) a fotally ordered similarity space if: (i)
(W, S) is a finite similarity space based on (V,®), and (ii) < is a total order on W
such that, for u,v,w € W, u < v < w implies min(S(u,v), S(v,w)) = S(u,w).

Note that condition (ii) of Definition 3.1 requires the similarity relation S in a totally
ordered similarity space (W, S, <) to be compatible with the underlying ordering < in a
natural sense: proceeding from some element u along the chain upwards or downwards,
the similarity with u becomes successively smaller.

In order to define the interpretation of the two new unary operators of LAEC, let us
make the following definitions. Let (W, .S, <) be a totally ordered similarity space and
let A C W be a subset of worlds; then we put:

O0SA = {v e W: thereis aw € A such that v 1,

S )
OCA = {v € W: thereisaw € A such that v > w}.

In a finite chain (W; <), given two elements u, v € W such that u < v, we call a set of
the form [u,v] = {w € W: u < w < v} an interval of W. If w is the bottom element
of W, we also write (—oo, v]; if v is the top element, we also write [u, c0). Note that,
for any non-empty A C W, we have

OSA = (—o0, max A,
O"A = [min 4, o).



Therefore, <><A and <>>A are intervals in W. Trivially, the intersection of intervals is
either empty or an interval as well. Note that, in particular, <><A N <>2A is the smallest
interval containing A.

The following lemma compiles some obvious properties of the operators (5).

Lemma 3.2. Let (W, S, <) be a totally ordered similarity space. Then we have, for
any A,BCWandceV:

(i) ACO°A

(i) OS0SA =0 A

(i) OS0 = 0.

(iv) At least one of O°A C O°B or O°B C O~ A holds.

() If A C U.(B), then O A C U.0"B.
In particular, A C B implies (S A C O~ B.

In addition, each statement (1)—(v) still holds when we replace all symbols “ s by

«<>2 s
Moreover, we have for all A,B C W:

i) Foranyw € W, 0~{w} N ¢~ {w} = {w}.

i) AN OB = 0 implies " AN OB = 0. Similarly, AN B = O implies
OSANY B =0.

One more statement concerns our very motivation to define the logic LAEC: the be-
haviour of the approximate implication >. with respect to conjunction.

Lemma 3.3. Let (W, S, <) be a totally ordered similarity space. For intervals A and
B of W with a non-empty intersection and for any ¢ € V, we have

U.(ANB) = U.(A)NU(B).

Finally, we can define the evaluations in LAEC.

Definition 3.4. An evaluation e for LAEC in a totally ordered similarity space (W, S,
) is defined as in case of LAE; in addition, we require, for any basic expression ¢,
that e(0~ ) = O e(p) and e(O” @) = & e(p).!

Moreover, the notions of satisfaction and semantic entailment are defined analogously
to the case of LAE. We write (W, S, <,e) = @ to denote that an evaluation e in
(W, S, <) satisfies an LAEC formula ®, and 7 = agc @ to denote that a theory T
semantically entails ® in LAEC.

< > . . .
I'Note that we use the same symbols ¢~ and {” for both the syntactical and semantical operators, but it
will be clear from the context when we refer to one or the other.



We now turn to the axiomatisation of LAEC. Note the close relationship to S4.3; the
axioms (A11), (A12), (A14) are analogues of the axioms T, 4, H, respectively.

Definition 3.5. The axioms of LAEC are, for any ¢, 1, x € B and any ¢ € V, those of
LAE and in addition the following ones:

(Alla) ¢ > 0% (AL1b) ¢ > O
(Al2a) OS0Sp > OS¢ (A12b) "7 > O
(Al3a) "L > L (A13b) "L > L

(Alda) (05 > OSY) V (051 > 0Fp)  (Al4b) (" > O Y) V (O7Y > O )

(A15) <><5 A 025 > €, where ¢ is am.e.c.

(A162) (0 >c 1)) = (05 > O°0) (A16b) (p > 1) = (07 > O71)
(A172) (p A O 1h > 1) } (A17b) (@ AO71p >y 1) i
= (TeNOTY > 1) = (A Y > L)

(A18) =(eNa >1 L)A(p > 0) A(p > 0) = (¢ > 0N 0),
where g, o are conjunctions of diamond expressions.

Moreover, the only rule of LAEC is (MP).

Note that the last axiom (A18) literally captures the above mentioned expected con-
junctive property of the >, operators: if p and o denote interval properties that follow
from a same premise ¢ to the degree c, and if ¢ and o are not contradictory, then their
conjunction g A o follows from ¢ to the same degree c.

Lemma 3.6. In LAEC, we can derive, for any basic expressions p and 1),
OV e) >1 0T VO™ and (V) > 0TeV O (©6)

Proof. From ¢ >; <><g0 and ¢ > ng, we get o Vi > <><<,0 V <><1/J. By (Al4a), we
have (<><g0 > Q<¢)V(O<¢ > Oggo). From <><<p > ng, we conclude V1) > ng
and by (A16a) and (A12a) O~ (o V ¢) > "t and hence O~ (¢ V ) > O @ V 0S4
Similarly, OS> <><<p implies oS (p V) > <><<p V ng as well. The first part of (6)
follows. The remaining part is shown analogously. O

Theorem 3.7. Let T be a theory and ® be a formula of LAEC. Then T Fiaec ® if and
only if T FiLaec ®.

Proof. As regards the “only if” part, the soundness of (A1)-(A10) follows from The-
orem 2.4. The soundness of (A11)—(A17) follows from Lemma 3.2. The soundness of
(A18) holds by Lemma 3.3.
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To see the “if” part, assume that 7 does not prove ®. Extending 7 if necessary, we can
assume that the theory 7 is complete.

We write ¢ < ¢ for T F ¢ >; 1, we let & be the symmetrisation of <, and we
proceed like in the proof of Theorem 2.4 to construct the Boolean algebra £ of ~-
classes. Furthermore, by (A16) also <>< and <>> are compatible with ~; hence we can
define 0% ()~ = (0"¢)~ and 07 ()~ = (07 )~ forany ()~ € L.

Let W again be the set consisting of the classes (¢)~, where ¢ is a m.e.c. such that
T ¥ & > L. Then the infimum of two distinct elements of W is (L)~ and the
supremum of all elements of W is (T)x.

We claim that, for any m.e.c. {(¢)x, € W, (<><5>z is a supremum of elements of W. In
fact, let § be a further m.e.c.; the claim will follow from the fact that either § < <><5 or
8 A Qe &~ L. If § and ¢ coincide, the first case applies because of (A11). Let § and ¢
be distinct. By (A14), one of the following two possibilities applies:

Casel. "0 <O e. Then SA O e m SAOSAO e <IN A0 e~dhe~ |
by (Al1) and (A15).

Case 2. ("¢ < 4. In this case, if we furthermore have that {~¢ < 06, it follows
erx 0Se Ad"e < 05 A Q7S & 4 by (Al5), in contradiction to our assumption that &
and ¢ are distinct. Hence, by (A14), we have 058 < O ¢ and thus, by (All), 6§ = OSe.

By Lemma 3.6, it further follows that, for any basic expression ¢ in which O~ and O~
does not occur, <<><<p>f~» is a supremum of elements of W. We may argue similarly to
conclude that the same applies to <<>2 ©)~. Hence W is the set of atoms of L.

We next define e: B — P(W) by (2). Then e preserves the Boolean operations and
constants. Furthermore, we define S: W2 — V by (3). We conclude as in the proof of
Theorem 2.4 that (W, S) is a finite similarity space such that (4) holds.

For (§)~, (€)~ € W, let

<

(0)n < (E)n if 06 < Oc.

Note that, by (A14) and (A15), (0)~ < (e)x iff e < O°6. We claim that < totally
orders W. In fact, reflexivity is clear; antisymmetry holds by (A15); and transitivity is
evident as well. Finally, the linearity of < holds by (A14).

Let (0)n, (€)a, (()x € W such that (§)x < (e)x < ({)~ and assume T F & >, (.
Then we have (¢ > ¢”§ and, by (A16), o) >, <>>C; hence (" ¢ >, OBC. We
also have <><£ > <><§ and hence <><5 A 025 >, <>>§ as well as <><E A e >, OSC.
Furthermore, by (A15), <><C A <>>C ~ ( and by assumption 7 ¥ ¢ >; L; hence, by the
completeness of T, ﬂ(<><C A <>>C >; 1). We conclude by (A18) that OSe N e >

OS¢ land{y” ¢ and, by (A15), & >, ¢. It follows that S(()~, (()x) = S((0)x, ({)x).
Similarly, we proceed to derive also S((d)~, (€)~) = S({d)~, (()~). Thus, we have

shown that (W, S, <) is a totally ordered similarity space.

It remains to show that e preserves the modal operations; it will then follow that e
is an evaluation for LAEC. For (§)~, (¢)~ € W, we have § < (¢ if and only if
086 < OSeifand only if (6)~ < (€)~. That s, OS¢ is the supremum of all § such that
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(0)~ < (&)~ It follows that, for any (p)~ € L,

O (@) = (0%9)
\/{(0 €)~: (€)~ € Wsuch thate < o}
\/{<6>w € W: (§)~ < (€)n for some (g)~, € W such that e X ¢},

N R

and a similar statement holds for <>2 ©.

We summarise that e is an evaluation, which, by (4), satisfies the elements of 7 but not
d. O

4 Approximate Entailment on Products of Chains

The logic LAEC, which we have presented in the previous section, is designed for the
case that the universe of discourse is endowed with a total order and that this total
order is, in a natural sense, compatible with the similarity relation. LAEC is meant as a
preparation of what we actually have in mind. In the present section, we consider the
case that is more likely to occur in practice; we assume that the universe of discourse
arises from the distinction with respect to several parameters, each of which refers to a
totally ordered structure. That is, we will assume that the set of worlds is, not a chain
but, a product of chains. We will use variables that refer to only one of these total
orders; accordingly, we will deal with variables of different sorts.

We define the Logic for Approximate Entailment on Products of Chains, or LAEPC
for short, as follows. Our set of variables will this time be partitioned as follows. We
fix a number M > 1 and for each ¢ = 1,..., M, we fix a finite number of variables
@il --->Pin;. We will say that the variable ¢;; belongs to the sort i. Moreover,
the truth constants L and T are considered to belong to any sort. Finally, we use an
additional finite set 1, ...,y of variables that are not bound to a particular sort. We
call the former variables sorted and the latter unsorted.”

Basic expressions for LAEPC as well as graded implications and formulas are defined
as in case of LAEC. A basic expression ¢ all of whose variables belong to the sort i
will itself be said to belong to the sort . We also say in this case that ¢ is one-sorted.

By a m.e.c. we mean now a conjunction of literals in which all sorted variables occur
exactly once. Moreover, by a one-sorted m.e.c., we shall mean a conjunction of literals
in which all the variables of a sort ¢ occur exactly once. Finally, we say that two basic
expressions ¢ and v are disjoint-sorted if all variables occurring in ¢ and 1) are sorted
and no variable occurring in ¢ is of the same sort as a variable occurring in ).

The models for the new logic are defined in the following way.

2 Actually, we will use the unsorted variables as a sort of syntactic sugar, in the sense that they will not
play an active role in determining the possible worlds, but will governed by the (truth-value of the) sorted
ones. This will be reflected by axiom (A21) below.
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Definition 4.1. Foreachi =1,..., M, let (W;, S;, <) be a totally ordered similarity
space based on (V,®). Let W = [[.W;. For each v = (vi,...,vp) and w =
(wl, . ,wjvj) in W, let

S(v,w) = | in Si(vi, w;). @)

Furthermore, for each ¢, we define the preorder <; on W as follows:
(1, onm) <6 (w,. . wny) i v <w;. (8)

Then (W, S, (<;)i=1,....m) is called a component-wise ordered similarity space.

It is easily verified that, if (W, S, (<;)i=1,...,m) is a component-wise ordered similarity
space, then (W, S) is a finite similarity space.
We will interpret the modal operations of LAEC in the following way. Let the compo-

nent-wise ordered similarity space (W, .S, (<;)i=1,...a) be given. For a subset A C
W, we define

.....

OSA = {w € W for each i, there is a v € A such that w <; v}, ©
OCA = {w € W: for each i, there is a v € A such that w >; v}.

Let OZZ- and <>f, foreachi =1,..., M, be the modal operations for the totally ordered
similarity space (W, S;, <), defined according to (5). Then the modal operations on
w, <>< and <>>, are determined by the operations Of- and Of in the following sense. Let
us write, for some C C W;,

mC = {(wl,...,wM) e W: w; EC}

That is, 7C' may be viewed as a cylindrical extension of C' into W. oS applied to a set
of this form is determined by Of. Indeed, for C' C W;, we have

OSrC = 7(¢50).
Furthermore, let A be an arbitrary non-empty subset of W. Then

0°A = ({m(0; {w:}): w; € W; such that A C (07 {w;})}- (10)

To improve the expression on the right side, for each i, let e; be w.r.t. <; the largest
element of W; such that w{e;} has a non-empty intersection with A. Then (~A C
7¢O~ {e;} and in fact we have

04 = (\m(0i{ei)). (11

7

Similar statements hold for {”. An illustration can be found in Fig. 4.

Based on Definition 4.1, let us now define the notion of satisfaction for LAEPC.
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Figure 4: Illustration of the meaning of the modal operator <.

Definition 4.2. Let (W, S, (<;);=1,....m ) be acomponent-wise ordered similarity space.
An evaluation for LAEPC in (W, S, (<;);=1,....m) isamapping e: B — P (W), subject
to the same conditions as in case of LAE and to the following two additional conditions:

(i) for any variable ¢ of sort 4, e(¢) = wA for some A C W;;

(i) for any unsorted variable «, e(«) is the union of intersections of sets of the form
e(p) or W\ e(p), where ¢ is a sorted variable;

(iii) for an arbitrary basic expression ¢, we require

(0%¢) = OTe(w),
o >

e(07p) = Oe(y).

Moreover, the notions of satisfaction and semantic entailment are defined analogously
to the case of LAEC. We write (W, S, (<;)i=1,...,m,€) = ® to denote that an evalu-
ation e in (W, S, (<;)i=1,....m) satisfies an LAEPC formula ®, and 7 =i agpc @ to
denote that a theory 7 semantically entails ¢ in LAEPC.

Again, we compile some basic properties of the operators (9). Regarding the notation
of (9), we will write forany A C W;, x ... x W;,,where 1 < i3 < ... <i <M,

TA = {(wl,...,wM) eWw: (wil,...7wik) EA}

Lemma 4.3. Let (W, S, (<;)i=1,..,m) be a component-wise ordered similarity space.
Then, for any A, B C W and c € V, the following holds:

() AC O A
(i) OS0SA =0 A
(i) 00 = 0.

14



(iv) If A C U,(B), then O~ A C U,O" B.
In particular, A C B implies $SA C O~ B.

In addition, each statement (1)—(iv) still holds when we replace all symbols “«oS” by
“o? .

Moreover, let 1 < 11 < ... < iy <K Mand1 < j1 < ... < ji £ M such that
{i1,...,ix} and {j1, ..., ji} are disjoint. Then we have:

(v) Let A,C C W;, x ... x W; and B,D C W; x ...x Wj,. Assume that
A, B, C, D are non-empty. Then 1A C Uo(wC) and 7B C U.(nD) if and only
ifmf(Ax B) CU.(r(C x D)).

(vi) Let A C Woandlet BC Wy, x ... x Wy, and C C Wy, x ... x Wj,. Then
OCSANTBNaC =0 ifand only if S ANTB =0 or 0" ANTC = 0. A similar
statement holds for “° " replacing “0°”.

Finally, we have:

(vil) Let A C W, for someiandlet B C W. If?TAﬂOgB = (), then (Y (ﬂA)ﬂOgB =
0. Similarly, if tAN < B = 0, then O~ (rA) N & B = ).

Proof. (1) and (iii) follow easily from the definition (9).

(i1) follows from (11).

(iv) Let A, B C W such that A C U.(B). We have to show that (~ A C U.(0°B).
Foreach: =1,..., M, let a;; € W; be the largest element w.r.t. <; such that there is
an a; = (a1, .,Q4,...,a;0) € A; cf. (11). Then OSA = {(wy,...,wp): w; <
a;; for all 7}. Furthermore, by assumption, there is, for each ¢, a b; = (b;1,...,biar) €
B such that S(a;,b;) > ¢. Then (b11,...,bypa) € OSB. Furthermore, because
Si(aii, b”) = c for each i, we have S(((Ill, ey aMM), (b117 . ,bMM)) = c and
hence (ai1,...,anpa) € Uc(OgB). The claim follows.

(v) Note first that TA C U (7C') holds if and only if, for any (v;,,...,v;,) € A there
isa (w;,,...,w;) € Csuchthat S; (v; ,w;,)>cforallp=1,... k.

We conclude that 1A C U.(wC) and 7B C U.(nD) if and only if, for any (v;,, ...,
v;,,) € Aand (vj,,...,u;) € B, thereisa (w;,,...,w;, ) € Canda (w;,,...,wg,) €
D such that S; (v,,w;,) > cforallp = 1,...,k and S; (v; ,w;, ) > c for all
q = 1,...,1. Provided that the considered sets are all non-empty, the latter statement

is obviously equivalent to (A x B) C U.(w(C x D)).

(vi) From A C W, let ey € Wq,...,ey € Wy be defined like in (11). Then
OSAN 7B # ( holds if and only if there is a (v;,,...,v;,) € B such that e;, <;,
Viys - €y <4y, Vi, Note furthermore that 1B N wC' = w(B x C).

We conclude that S AN 7B N 7C = () if and only if OSAN#B # () and OSANTC +
(). This proves the indicated statement; the version with “()2” replacing “<><” is seen
similarly.
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(vii) The assertion is trivial if B = ). Otherwise, T AN <><B = () iff a € A implies that
a >; bforall b € B. The first part follows; the second one is seen analogously. O

Note that, as in the case of LAEC, in the present case of LAEPC we will have the axiom
(A18) that will allow us to combine conclusions in a conjunctive way. Its soundness is
due to the following lemma.

Here, by an orthotope we mean a Cartesian product of intervals. Note that, for any
non-empty subset A of W, <><A N <>>A is the smallest orthotope containing A.

Lemma 4.4. Let (W, S, (<;)i=1,...m) be a component-wise ordered similarity space.
Let A, B C W be orthotopes with a non-empty intersection and let ¢ € V. Then

U(ANB) = U(A)NU.(B).

Proof. This is an easy consequence of Lemma 3.3. O

N
=
D
Vs]

e

c eAd

/ B

d

SQL

51

Figure 5: Illustration of Lemma 4.4.

We proceed by proposing an axiomatisation of LAEPC.

Definition 4.5. The axioms of LAEPC are, for any ¢, ), x € B and any ¢,d € V, the
following ones:

axioms (A1)—-(A10) of LAE;

axioms (A11)—(A13), (A16), (A18) of LAEC;

axiom (A14), where ¢ and 1/ belong to one coinciding sort;

axiom (A15), where € is a one-sorted m.e.c.;

axiom (A17), where ¢ is one-sorted;

as well as
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(A19) (A @' >1 L) = ((¢ > V) AP > ¥') & (o A @' > p AY)),
where ¢ A 1 and ¢’ A 1)’ are disjoint-sorted

(A20) (((}’)Ax/\w > 1) = (7 ap)/\x > )<\/(( @)A1 > L) and
(O @) AxXAY >1 L) = (09) Ax >1 L)V ((05p) A >1 L),

where y and 1 are disjoint-sorted

(A21) (&‘ > Oé) V (6 > _‘O(),
where ¢ is a m.e.c.

Moreover, the only rule of LAEPC is (MP).

Theorem 4.6. Let T be a theory and ® be a formula of LAEPC. Then T Fiaepc @ if
and only if T ELaepc ©.

Proof. We check again the “only if” part first. The soundness of (A1)—(A10) follows
from the soundness part of Theorem 2.4. The soundness of (A14)—(A15) follows from
part (i) of Definition 4.2 and the soundness part of Theorem 3.7. Moreover, the sound-
ness of (A21) follows from part (ii) of Definition 4.2.

The soundness of (A11), (A12), (A13), (A16), and (A17) holds by parts (i), (ii), (iii),
(iv), and (vii) of Lemma 4.3, respectively. (A18) is sound by Lemma 4.4. Finally,
(A19) and (A20) are sound by part (v) and (vi) of Lemma 4.3, respectively.

To see the “if” part, assume that 7~ does not prove ®. Extending T if necessary, we can
again assume that 7 is complete.

On the set of basic expressions B, we define the relation <, its symmetrisation =,
and the Boolean algebra £ of ~-classes like in the proof of Theorem 2.4. By (A16),
also ¢ and ¢~ are compatible with ~ and hence induce unary operations on L. Note
furthermore that by (A21), each unsorted variable « is equivalent to a basic expression
in which only sorted variables occur.

Let us consider a sort 1 < ¢ < M. Let B; C B consist of all basic expressions of the
sort 4. Moreover, let £; be the Boolean subalgebra of £ generated by the ~-classes of
elements of B;. Note that all axioms of LAEC apply to B;. Hence we can proceed like
in the proof of Theorem 3.7 to construct a totally ordered similarity space (W;, S;, <;)
such that W; = {{e)~ € L;: € is am.e.c. of sort i such that 7 ¥ € >; L} and, for any
@ € B, 0% is the supremum of all m.e.c.s € of sort i such that ()~ <; (§)~ for some
m.e.c. § < o of sort 4, and similarly for <>>.

Let now W be the set consisting of the (£)~.’s, where € isam.e.c. suchthat 7 ¥ ¢ > L.
Let (g;)n € Wi fori =1,...,M; then T ¥ ¢; > L for any i and it follows from
(A20) that 7 ¥ A, &; >1 L and consequently (A, €;)~ € W. We conclude that W can
be identified with the direct product of the W;’s. Under this identification, we extend
<; to a preorder on W according to (8).

For (§)~, (€)~ € W, we define S((6)~, (¢)~) by (3). By (A19), we conclude that S
depends on the S; according to (7). Hence (W, S, (<;)i=1,....a) iS @ component-wise
ordered similarity space.

.....
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By (A13), we have oS (L) = e (L)~ = (L)~. Our next aim is to show that, for any
()~ € L\{{(L)~}

<><<Lp>z = /\{(}< (€)a: € is a one-sorted m.e.c. such that ¢ < Q<5}7
O ()

It will then follow that <>< and <>> are defined on £ in accordance with (10).

(12)
= /\{(}2 (e)~: € is a one-sorted m.e.c. such that ¢ < O ¢}

Q

We restrict to the first part of (12); the second part is shown analogously. The “<”
relation follows from (Al6a), (Al12a), and (A18). To see the “=" relation, let J be a
m.e.c. such that § A <><<p ~ 1.Letd =~ &1 A...Aenm, where ¢; is, for each 7, a one-
sorted m.e.c. belonging to the sort . By (A20), there is an ¢ such that ¢; A <><<p ~ L.
By (A17), it further follows Oe; A <><gp ~ L. Hence ¢ < <><<p < e ~ <><5,’i,
where ¢/, is the predecessor of ; w.r.t. <;. Moreover, § A <><5; = <><g; ~ 1, and
the claim follows.

In particular, WV is the set of atoms of £. We conclude that the mapping e: B — P(W)
defined by (2), that is,

e(p) = {(e)a eW: T Ee> 0},

is an evaluation in (W, S, (<;)i=1,...,m). We argue as in the proof of Theorem 2.4 to
see that (4) holds. Hence the evaluation e satisfies all elements of 7 but not ®. ]

The system LAEPC is thus an advanced variant of the original logic LAEC that, in a
scenario with different sorts (or attributes) and a global similarity relation built from
individual ones on each sort, is able to cope with a restricted conjunctive inference
pattern.

At this point it is interesting to go back to the example introduced in Section 1. Re-
member we had three propositions «, (3, v denoting the following properties of a car:

a “power(car) = 110 CV”
B “price(car) > 20 000 €”
v “consumption(car) > 6 1/100km”

and that our domain knowledge was modelled by a LAEPC theory 7 containing the
graded implications « >, 3, « >4 , that is,

T;{a>cﬂ7 Oé>d')/}-

Further assume, as suggested already in Section 1, that £ and v belong to different sorts
(power and price, respectively) and that « is assumed to be unsorted. Moreover, the
intended semantics of 5 and <y is to denote upper intervals in the range of prices and
consumptions, so we can assume that they are for the form OZB" and 0=+, respec-
tively. Furthermore, they are clearly not contradictory. Consequently, we can assume
that the conditions necessary to apply axiom (A18) are fulfilled, hence LAEPC allows
us to approximately conclude from 7 to the degree c that if the power of a car is 110
CV then its price is above 20 000 € and its consumption will be at least 6 litres per 100
km, that is,
T FLAEPC @ >min(e,a) BA Y-
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5 Conclusions

In this paper we have been concerned with extending the logic LAE, a logic for rea-
soning about graded similarity-based approximate conditionals ¢ >, 1, to allow for a
conjunctive closure of the conclusions of these conditionals, a feature that is lacking
in its original formulation. The semantics of these logical systems is based on Kripke-
like structures, consisting of a set of worlds equipped with a fuzzy similarity relation.
For our purpose, we have considered two particular classes of these structures. In a
first step, we have considered fuzzy similarity structures where the set of worlds is en-
dowed with a total order and the similarity relation is compatible with it. Under these
assumptions we have shown that, in the resulting logic LAEC, one can derive the con-
ditional & >, S A~y from o >, 3 and « >, -y as soon as 3 and -y are non-contradictory
propositions interpreted as intervals in the chain of worlds. Then, in a second step,
we have generalised this approach to axiomatise a many-sorted logic LAEPC whose
corresponding classes of fuzzy similarity structures are Cartesian products of totally
ordered similarity structures, each one for a different sort of the language. In both log-
ics, we have extended the basic language with modal operators OS and O to be able
to capture properties of Cartesian products of intervals.

A number of open issues remain to be addressed in future developments. For instance,
even if the logic LAEPC already has a much better expressive power than the original
LAEC, it would certainly be desirable to have a logic without the technical constraints
that we introduced to validate the conjunctive combination of conclusions in graded
implications. A possible alternative approach to explore is to introduce a notion of
context into these graded implications, where contexts basically encode subsets of pos-
sible worlds that enforce the validity of the graded implications they are qualifying.
This approach was already considered in [8] in the setting of graded consequence re-
lations. A second important question to be addressed is the complexity of these logics
and efficient proof methods for them; cf. [1, 2].
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